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PKEFACE. 

This Treatise is intended to be a continuation of 
Mr. Hamblin Smith's Algebra (Part I.). 

I have prefixed to it an Appendix to Part I., contain- 
ing several propositions and proofs, which properly belong 
to the portion of Algebra treated of in that Part, but 
were thought too dif&cult for the student when first 
beginning the subject. 

My thanks are due to several friends who have aided 
me with their suggestions ; but I am especially indebted 
to Mr. J. H. Davis of Painswick Grammar School, and to 
Mr. G. R. Jellicoe of London. The former corrected the 
proof-sheets and worked through most of the examples, 
except in the portion relating to Probabilities, which the 
latter kindly undertook. 

I wish also to acknowledge the help I have obtained in 
Probabilities from Mr. Venn's "Logic of Chance," as I 
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have attempted to make the view taken in that work the 
basis of my own explanation. 

I cannot but fear that in a volume containing so many 
indices and suffixes several errors still remain undetected. 
I shall very thankfully receive any corrections, or sug- 
gestions for the improvement of the book, which may be 

sent to me. 

E J. GROSS. 



GONVILLE AND CAIUS CoLLEOE, 

October, 1874. 



I have to thank numerous friends for the corrections 
they have sent. I trust that by their aid the work is 
now free or nearly free from errora 

E. J. GROSS. 

February, 1884. 
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1. Tu£ following is an extension of the method of [Art 21 5J. 
to simaltaneous equations involving three unknowns. 

To solve the equations, 

GiX+biy+CiZ^di . . . (i), 
aiX+b^t/+c^z=idt . . . (2), 
aiX+biJ/+CiZ=d^ . . . (3). 

If we multiply equation (i) by itC,— fts^a, (2) by ^sCi— ^iC,, 
(3) ^y ^i^^f^^tCi ^^^ ^^^) ^^ obtain the equation, 

a?{ai(*,Cs— ^sC,)+o,(5sCi— 6iC.)+a.(5iC,— 6,ct)} 
=Ji(5,Cs— 5,c,)+e/,(68Ci— 5iCs)+e?3(5iC,— 5,c,) . (4). 

Thus X is determined, and in a similar manner by multiplying 
the equations (i), (2), (3), by appropriate multipliers, we might 
obtain equations for separately determining y and z, 

2. This is called the Method of Cross Multiplication. 

It will be observed that to form any particular multiplier, such 
as that for equation (2) in finding x, we start with b^ the co- 
efficient of the succeeding unknown in the succeeding equation, 
and multiply it by Ci the co-efficient of the remaining unknown in 
the remaining equation, and from this subtract the product biC^, 
In this observation we consider (i) as the equation succeeding 

to (3). 

3. The expression for y obtained as above has the denominator 

=5i(c,as— Csaa) + 5a(c8ai— Cia8)+58(c,at— CjO,), 
which the student will readily see is the same as the denominator 
in the expression for « obtained from (4). 

A 
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4. To eliminate a?, y^ z from the equations, 

o,a?+5iy+c,2;— . . . (i), 

o,a?+6,y+Ca«=0 . (2), 

O8a?+^8y+c»2=0 . (3). 

Multiply (i), (2), (3), respectively by ijCg— ^gC„ etc., as in 

Ai*t. 1, and we obtain 

a?{ai(i,C8— 5sC,)+aa(i8Ci— 5iCs)+as(6iC,— 6,Ci)}=0, 
or «i(ijC8— 68Cj,)+etc., =0. 

Note, — Any equation of the first degree is said to be linear. 

EXAMPLES.— I. 

Solve the equations 

I. a^a?+'*y+^= — ^*» 2. 3a: +2^ +4? =19, 

5»a?+5y+-?= — 5», 2a?+53/+3z=21, 

c*a?+cy+^= — c*. 3a?— y-\- z= 4. 

3. 3a?— 4y+ 5«= 9, 4. a?— y+^=0, 

1x+2y'-10z=lS, [h+c)x'~{c+a)y+{a+b)z=:0, 

6a?— 6^—15-?= 6. bcx'-cay+abz=l, 

5. a?+2y+3«= 14, 6. 5-?+cy=a, 

2a?— 3^+4-2= 8, ca?+a«=5, 

3a?+4y— 3^=— 4. ay+bx=ic. 

^+i^+-=l 

s.,x+.,+„»(yi-y=)(yf-ys)(yi-y^). 
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5. We now return to the principle mentioned in [Art. 383]. 
Bat before we proceed to the proof of it, it will be useful to give 
a few explanations of the words and notation employed. 

6. Any expression containing, or mvolmng^ a particular 
symbol, as a?, is called a function of that symbol [Art. 331], and 
is often denoted by writing the symbol within brackets and 
some letter before the first bracket, thus F{x)j /(«), <l>{x) 
denote different functions of x, 

7. F{x), F(a) denote the same functions of x and of a; for 
example, if F{x)=:x''^2x — «-» +6aj* +7, 

then F(a)=a«+2a -a-^ +6a* +7, 
and i^(2)=2»+2.2-2-»+6.2l+7. 

8. If we divide any positive integral function of x [Art. 331], 
such as 3a5*+5a;^— 2a5+l) by a simple expression, such as oj— 2, 
it will be found that at each step the remainder is a positive 
integral function of x^ but the highest power of x in it is lower 
by one than that in the preceding remainder, until at last 
we obtain a remainder not involving x at all. This, unless 
anything is expressly said to the contrary, is called the re- 
mainder when the given function is divided by the simple 
expression. 

The following Proposition shows that we can obtain this 
remainder at once, by writing 2 for x in the dividend, or in 
other words, that the remainder is the same function of 2 that 
the dividend is of x, 

9. Prop. If <^(x) he any positive integral function of x and 
^(x) he divided hy x—o., tJien the remainder will he <^(a), i.e. 
it will he the same function of ^ as the dividend is of "z. 

Suppose the division performed, and that Q is the quotient, 
and a the remainder ; 

/. ^x)^(x^a)Q'\-B . . (t). 
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Now since <^(aj) is a positive integral function of x, R cannot 
contain «, and therefore will remain unchanged whatever value 
we give to «; put then x=a and we obtain from (i) 

<^(a)=JB. Q.B.D. 

CoR. I. Ka be a root of the corresponding [Art. 332] equa- 
tion <^(aj)=0, or in other words, if <^(a)=0, then i?=0, and the 
expression <f>(x) is divisible by a?— a. 

CoR. 2. Conversely J if the expression (l>{x) be divisible by a?— a, 
we have JB=0, i.e. <^(a)=0, and /. a is a root of the corre- 
sponding equation <^(a5)=0. 

From Cor. i we can often see whether a given expression is 
divisible by a?— a ; for if it be, it must vanish when in it we put 
x=a. [Art. 838, Ex. (2.)]. 

10. Ex. To show that xi/z is a factor of the expression 
i-x+y+2)(oc-'y+z)(x+i/-^z)+x{x-^i/+z){x+i/--z) 

+!/(x+2/-z){'-oc+t/+z)+z(—x+t/+z){x'-t/+z). 
In it put a;=0, it becomes 

= (2/+^){y-^){-2/+^+!/-^}=^l ••• ^'^^ factor. 
By symmetry, i/ and z are also factors ; .*. xyz is a factor. 

11. Ohs. From this example we can show that the given 
expression =4iXyz. 

For by the example xyz is a factor of it ; .•. we can put 
{-x+y+z){x—y+z){x^y—z) + x{x-i/+z){x+y—z) + etc.=sNixyz; 
and if we were to multiply out the factors on the left-hand side, 
all the terms containing 05*, x^y, etc. must cancel out, and leave 
only the terms containing xyz as a factor ; and the numerical 
CO- efficients of these terms, with their proper signs, must make 
up N^ i.e. JV is a number, and does not involve oj, y, or z^ and 
.*. remains unaltered, whatever value we give to oj, y, and z. 
Put then x=2, y=l, r=l; 

... — aj+y+z=0, «— y+<8=2, «+.y— r=2; 

.-. 2.2.2=Ar.2 1.1 ; .-. ^^=4., 
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EXAMPLES.— II. 

1. Write down the remainder after the division of 4a?' — So;' — 7 

2. Is 2aj*— 5a5'+7aj+l divisible by a?— 1 ? 

3. Is 3a?«-7a;»+2a?»-40 divisible by a?- 2? 

4. Prove that 

(a+5+c)(5c+ca+a6)-(5+c)(c+a)(a+6)=aJc. 

5. Prove that (6 — c)(aj — 6)(aj — c) + (c— a)(a? — c)(a? — a) 
+ (a— &)(a?— a)(aj— i)=— (5— c)(c— a)(a— J). 

6. Prove that BG(B -^ G) -\-GA(G -^ A) ^ AB(A^ B) 
= -^{B'^C) (G'-A) (A-^B). 

7. If s=a+b+Cj prove that 5(5— 26)(s— 2c)+5(s— 2c)(5— 2a) 
+.s(s-2a) {5-26)-(s-2a) (5-26) (s-2c)=8a6c. 

8. Prove that {a4- J + c)*-(6 + c)*-(c + a)'-(rt + *)' 
+a4+i,4+c*=12a5c(a+5+c). 

. 9. Prove that 

(6+c)s(s— a)+a(5— &)(«— c)— 2ics 
= (c+a)5(«— 6) + 5(5— c)(s— a) — 2ca5 
=(a+ft)s(5— c)+c(5— a)(a— J)— 2a55. 

10. If25=a+&+c, prove that 

a(5— 6)(s— c)+5(«— c)(«— a)+c(s— a)(«— 6) 

=a(5-a)«+6(5-5)»+c(5-c)« 

=aftc— 2(5 — a)(«— i)(s— c). 

11. Prove that 

(6+c— a— a?)*(5— c)(a— a?) + (c+a— ft— rc)*(c— a)(i— a-) 
+ (a+6— c— a7)*(a— 5)(c— a?) 
=16(J-c)(c-a)(a-5)(a?-a)(a;-«»)(a7-c). 

12. Show that a?*+y+2^-2a;y-2^V-22V is divisible 
by the four expressions xihyzhz. 
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12. Let Fi^Qc) denote a positive integral function of re, of the 
nth degree, say i?«a?»+|?n-.iic»-*+ . . . .pix-\'p^. 

Let ai, at . . . . a^ be n different values of a?, which make 
-F(a?)=0. 

Then F{x) is divisible by re— Oi ; denote the quotient by Qi, 
then -F(a7)=Gi(a;— ai). 

Hence Qi(rc— ai)=0, when rrs=a, ; but a,— Ci is not equal 
to 0, since a, and ax are different; 

.*., [Art. 324], Gx must vanish when rr=at ; 

.*. Qi is divisible by re— a, ; denote the quotient by Qt ; 

.*. i^(rc)=:Q,(rc— ai)(rr?— a,). 

Now Qx is a positive integral function of x of the (n— l)th 
degree, of which ^n^?""* is the first term, hence Q^ is a similar 
function of the (n— 2)th degree, of which the first term is j^nrc**-*. 
Proceeding thus, the co-efficient of the first term of each quotient 
being p^^ we at last come to 

i^(rc)=^n(a?— ai)(rc— aj) . . . (re— a„). 

13. ^re. What are the limits of the values which x must have 
in order that 6rc'+7re— 20 may be positive ? 

Solving 6re«+7re— 20=0 we find re=— f, or J; 

.-., Art. 12, 6a;«+7re-.20=6(re+|)(a?-t). 

« 

(i) If re is greater than ^ both the factors re +4, and re— |t 
are positive, and then their product is positive. 

(2) If re is less than — |-, both the factors are negative, and 

their product again is positive. 

(3) If re is less than ^, and greater than — f, then re— j^ is 

negative, and re+|- is positive, and their product is 

negative. 
Hence re must be greater than j^, or less than — f , in order 
that 6rc' + 7re— 20 may be positive, or in other words, 
6a?«+7re— 20 is positive for all values of a?, except those which 
lie between the roots of the corresponding equation. 
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14. Ex. Investigate the limits of the values that the eKpression 
rg^ \fi i Q <5an have, consistent with x being a real number. 

Put ^^±|^=u ; 
then a?*(l— w)+a?(3-5t*)+4— 2m=0; 



_ -(3-5m) ±: ^^4(l-^)(2^-4) + (3--5^)« 
•'• ^ 2(l-«0 

_ 5m«-3±:V-7+17u«-6m 

"" 2(l-w) ' 

. •. 17m* — 6m — 7 must be positive. 
Nowifl7M*-6M-7=0, 

3=t^^ll9+9 3d=8v/2 

"= — 17 — =-rr"' 

..., Art. 12, 17M«-6M-7=17fM^^+|^2y,.8-^ 

• as in Art' 13 ^ ^^ ^ 

..,jwmArt 13, ^ ^^^ 3-8V2 

M must be greater than — =-= — , or less than — ^-= — . 

It will be remarked here that 17m»— 6m— 7 is positive so long 
as u does not lie between the roots of the corresponding equation. 
This statement and that at the end of Art. 13 are particular cases 
of the proposition investigated in the following Article. 

15. Pbop. To show that for all real values of x the expression 
ax^ +bx+ c has the same sign as a, except when the roots of the corre- 
tpo^iding equation are real and different^ and x lies between them. 

For ax^ +hx+c=ai x*+^-^+-^\ 

-^\^ + a + 4a^ + a 4a«;~''tv 2a/ 4a« /' 

and .*. has, or has not, the same sign as a, according as 

b V 6'— 4ac 
a?+^ I TT~ ^^ positive, or negative. 



( 
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. • ^^^^ 

Now (^+9-) 9 being a square, ifl always positive, whatever 

real value x may have. 

1°. Let the roots of the equation aa?*+5a?+c=0 be impossible, 

then o'— 4ac, and .*. — 7— i — , w negative; .*. I ^+9- 1 . , 

is positive. ^ ^ 

2^. Let the roots of the equation be real and equal, then 

6«-4ac=0 ; .-. L^^J!!:^ becomes (a?+^Y, and .-. 
is positive. 

Hence in both these cases a and aa?*+5a?+c have the same 
sign. 

3°. Let the roots of the equation be real and different, then 
6*— 4ac, and .•. — j-^ — , is positive. 

Now f^+2^) j^ ^s positive as long as (^+2^) « 

greater than — ^ ; 

I.e., 07+^ IS numerically greater than ± ^ > 

I.e., a? +9- does not lie between and J^ — , nor between 

- , V^«— 4ac 
^^^^ 2^—' 

«>., a?+o- ^®^s °^* ^® between ^ f" ^^ and — ^T" ^^ ; 

I.e., a; does not lie between ri-JT-^, "" ^^ and ^ — ZLi!?. 

But these last expressions are the roots of the equation. 
Hence in this case a and ax*-\-hx-\-c have the same sign, 
except when x lies between the roots of the equation. 
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EXAMPLES.— III. 

1. What values of x will render 3a;*— 7a? +2 positive? 

7a;*+3a;+l 

2. Find the least positive value which — ^.^ , ^ can have. 

3. When X is real, find the limits to the values of 

2a;*— 3a?+l . 3a;*+7a;-l 
a,+l '*^^— ^?+3 

X* I 10a? I 25 

4. Find the greatest value which — » 1 k 17 can have. 

5. What values of a? will make 4a?— 7a;'+l positive? 

aj«— 4a?+5 ,9a?*+9a; + 2« 

6. What values are possible for ^.^^^j^^ ^^'^^ ^^,^^^^.2. 

7. Determine the limits between which q a 10 — jH ^^®® ^^^ 
all possible values of ar. 

16. Ex, To find the sum of the squares of the first n natural 
numbers. 

Let 27i» denote l«+2«+ . . . +7i*. 
Now (n+l)»=n»+3n* + 3n+l, 

n»=(n-l)»+3(n-l)*+3(n-l)+l, 
etc. = etc. 
3»=2»+3.2«+3.2+l, 

2»=1»+3.1*+3.1+1; 
.•.,adding,(n+l)»=l+3(n«+.. + 2*+l-)+3(n+..+2+l)+n 

= l+32n»+3^^^^^+n; 
.^2n*=i{(n+l)».(n+l)-3"-(^^ 
=!i+l|2(n+l)«-2-3nJ 

_ n(n+l)(2w+l) 
6 
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17. Ex, To find the sum of the cubes of the first n natural 
numbers. 

Let2n»=l»+2»+ . . . +n». 

Now (n+l)*=n*+4n»+6n*+47i+l, 

n*=(n-l)*+4(n-l)»+6(n-l)«+4(n-l)+l, 
etc. = etc. 
2*=1*+4.1»+6.1*+4.1 + 1 ; 
/., adding, (w+l)*=l+42w«+n(n+l)(2w+l)+2w(n+l)+n. 
/. 2»«=i{(n+l)*-(n+l)-n(n+l)(2n+l)-2n(n+l)} 
=i(n+l){(n+l)»-l-n(2n+l)-2»} 
=Jw(n+lXw«+3n+3— 2w— 1-2) 

In the same way, by expanding (n+1)* etc., and adding, we 
might obtain an expression for ^^ 

18. Ex, These expressions can be easily applied to obtain the 
sums of n terms of other series. 

Thus 1.2+2.3+3.4 + . . . +^(w+l) 

=l»+l+2«+2+3«+3+ +n«+n 

_ n(n+l) (2n+l) . n(w+l) 
"" 6 +2 

=^-^){2.+l+3} 

n(n+l)(w + 2) 
"" 3 

EXAMPLES.— IV. 

Sum to n terms the series — 

1. 2.3+2.3.4+3.4.5+ +n(n+l)(n+2). 

2. 2«+4«+6« + +2^*. 

3. l«+3*+6«+ + (2n-l)«. 

4. 2»+4»+6»+ +(2n)». 

5. 1.3+2.4+3.5+ +w(n+2). 

6. 1.2+2«.3+3''.4 +n«(n+l). 
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19. Ex, Since recurring decimals are Geometric Progressions, 

we can find an expression for their values. 

269 32 82 

Thus 2-26982=2+^0+ j5pg5+jpgg^+eto. 

_o , 269 , 32 f ., , 1 . 1 . , ) 

~ "''iooo''"ioo,ooo t "^100 +(100)'"'" | 

_., ^ 32 1 



1000"riOO,000 1-T^ 
_o 269 32 100 
""^ 1000 "^100,000* 99 

-2-I-M4. 32 
~ "*"1000'''99;000 

_„ 269x99+32 

~ "•" 99,000 

_o . 269(100-1) +32 

~ '•' 99,000 

_ 26932-269 

~^^ 5^9,000 * 

20. Generally, let P and Q denote respectively the sequences of 
digits in the non-recurring, and the recurring, parts of a decimal. 
Suppose there are p digits in P and 2 in Q. 

Then the decimal =j^+jg^| 1+ j^,+j^+etc. j 



~"ino4 



Q 



lOp-r^Qp+j 






10« 
G 1 



10'^ 10'' 10«-1 

_ P.10^+Q-P 

~ 10^(10*- 1) * 
Now 10«=100 ... to g' cyphers, and 10^=100 ... to 
f cyphers, and 10«— 1=999 ... to g' nines; .-. lO'ClO'— 1) 
stands for q nines followed by J9 cyphers ; and P.10* + Q repre- 
sents the sequence of figures to the end of the first period. 
Hence the rule given in Arithmetic. 
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21. To fintd the number of combinationa of n things taken r at 
a time. 

Denote the n things by the letters a, 5, c, e?, . . . and the 
required number by (n)r. 

We can form all such combinations into n classes, — (i) those 
in which a stands first, (2) those in which h stands first, and so 
on ; and the sum of the numbers in all these classes is r{n)r» 
For every combination occurs r times, viz., once in each class 
in which any one of its component things stands first. 

For instance, when r=4, the combination dbcd occurs in each 
of the first four classes. 

Now every combination of the first class can be formed by 
placing a before one of the combinations of the n— 1 things 
5, c, e? . . ., taken r— 1 at a time ; and every one of these latter 
combinations gives a different combination of the first class. 
Henoe the number in this class =(n— l)y_i. Similarly we can 
show that (n— l)r-i is the number in each of the n classes; 
.*. the sum of the numbers in all these classes =n(n— l)r-i. 

Hence rQi)r = n(n— l)r_i ; 

n— 1 

and (n-l)r-i=^:^(n-2V_„ 

etc. = etc., 

,.. , . , . n(n— 1) . . . (n— r+2), . ,, 

.-., multiplying, (nV=-^ ^— j^^^ :?— ^(n-r+1), ; 

but (w— r+l)i=n— r+1 ; 
... (nX- <^""^) • • ' (n-r+2)(n-r+l ) 



^ 

"♦ 
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22. To find the number of ^permutations o/n things taken r at 
a time. 

Denote the n things by the letters a, &, c, (f, . . . and the 
required number by the symbol (n)^. 

We can form these (n)r permutations into n classes, — (i) those 
in which a stands first, (2) those in which b stands first, and so 
on ; and (n)r is the sum of the numbers in all these classes. 

Now every permutation of the first class can be formed by 
placing a before one of the permutations of the n— 1 things 
bj Cy d, , , , taken r— 1 at a time ; and every one of these latter 
permutations gives a different permutation of the first class. 
Hence the number in this class =(n— l)y_,. Similarly it can 
be shown that (n— l)r-i is the number in each of the n classes; 
.'. the sum of the numbers in all these classes =n(/2 — l),._i. 

Hence (n)r=n(n — l)r-i, 
and (n— l),._i = (72— l)(n— 2)r-.i, 
etc. = etc. ; 

(n-r+2),=(n-r+2)(n-r+l),, 
.-., multiplying, (n)y=w(n — 1) . . . (n— r+2)(?i— r+l)i; • 

but (n— r+l)i = n— r+1; 
/. (n),= w(M— 1) . . . (n— r4 1). 



^n t^t ifunHameatal €)pet:atiDii0 of JSUpbra. 

1. Arithmetical Algebra is the science which treats of the 
operations of arithmetic and their results, when they are per- 
formed on, and with, arithmetical numbers, these being repre- 
sented by symbols which stand, not each for some one number, 
but for any which will allow of the operations indicated being 
performed. 

Thus 5 can only stand for the number five, and J for the 
number three-fourths, so that 5+|^ can only express the sum 
of five and three-fourths ; but a and b can stand for any two 
arithmetical numbers, so that a+b can express the sum of any 
two such numbers. 

In Arithmetical Algebra we have then the consideration of 
such general theorems as are capable of proof in arithmetic for 
every particular case, which can be obtained by giving some 
one value to each of the symbols employed in the corresponding 
general theorem. 

2. In some expressions we must understand that a certain 
limitation is imposed on a symbol, as to the numbers for which 
it can stand, on account of the proviso above mentioned that 
they must be such as to allow of the operations indicated being 
performed. 

Thus in the expression a^b^a may represent any arithmetical 
number we please; but whatever that number may be, b can 
only represent some number not greater than a, for otherwise' the 
operation we are directed to perform, — ^viz., the subtraction of 
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h from a, would be impossible in arithmetic. Again, in a?**, 
m can only represent whole numbers. 

Again, a-\'h^c=:a'-'C-\'h, is a theorem which can be proved 
for each set of particular values we can give to a, ft, c, provided 
the value we give to c is not greater than the one we give to a. 
Hence it is true for all values of a, 6, c, except when c is 
greater than a. 

Also, a5'*-^aJ"=a5'*~" can only be proved in arithmetic when 
m and n stand for wlwle numbers, and n is less than m, 

3. With such limitations as the above, we have the following 
theorems (or laws) in Arithmetical Algebra : — 

I. The Commutative Law. 

(i) Additions and subtractions may be performed in any order. 
Ex, a+6+c— £?=a+J— £?+c=a— (?+5+c=:ft-6?+«+c=etc. 
This is generally considered self-evident, since the operations of 
addition and subtraction are not confined to arithmetic. 

(2) Multiplications and divisions may be performed in any order. 

Ex. a>cbxc=bXaXc=aX cxb=cxaxb, [Arts. 39, 41.] 

Also aXb -r c=a -T cXb=b -T cXCL^ctG. 
1.1 T J 1 ab 

c c 

and a-rCXi=aX — Xft = —• 

. c c , 

Similarly we can show that b-r cXa^z — , and .*. the opera- 

c 

tions indicated by a X ft -f c, etc., give the same result. 

II. The Distributive Law. 

(i) Additions and subtractions of numbers maybe distributed 
over a series of additions and subtractions of their parts. 

Ex, a+ft+(c+^— e)=a+ft+c+dZ— e. 

a+b-(c+d-e)=a+b—c—d+e. [Art. 18]. 

(2) Multiplications (and divisions) of numbers by one 
another may be distributed over a series of additions and sub- 
tractions of the products (and quotients) of their parts. 
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Ex. (a— ft) (c— (?)=ac— 5c— a^+5^?. 

(a+6) (c— dZ)=ac+&c— odf— 6A [Art. 48-55.] 
Also (a+5— c) -5-05=0-05+6 -^ 05— c-r a:. 

For let j'l =a -^ oj, j'js J -f 05, ^,=c -f a ; 
/. 0=^1*, ft=g,aj, 0=^8^5 ; [Art. 72.] 

.*. a+i— c=gia7+g',a?— j,a?=(5'i+5',— g',)a?, by .Ea. above ; 
.-. (a+5— c)-fa;=ji+j,— J,. 

TIL Laws of Exponents. 

(i) a?«Xa?'»=a?«+». [Art. 269.] 

(2) 05™ -f a?'»=a;"*~'*, if w > n 

= 1, ifw=n [Art. 272.] 



1 V ^ 

= ^ ^ , iim<n. 



a?' 



This can as easily be proved as (i) is in 

(3) (x'^Y^^x'^'^ 

(4) (xyY^^x'^yr 



Art. 269 
Art. 269 
Art. 288' 



4. In Symbolical Algebra we consider the symbols, both of 
number* and of operation, as capable of haying any meaning 
that will permit of their obedience to the fundamental laws of 
Arithmetical Algebra. 

5. Suppose then, first of all, that a and h represent numbers, 
but remove the limitation that in the expression a— &, & is not 
greater than a. Put a=0, 5=6 and we have 0—6. 

This is a result we have never met with before; we must 
therefore invent a new symbol for it. Denote it by — 6. Generally 
we define —5 to mean 0—5, and call it a negative number or 
symbol. 



* By a symbol of number, we mean such a symbol as up to this 
point we have used to represent numbers. 

B 
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6. By analogy we should denote 0+5 by +5, and call it a 
positive number or symbol. 

Now +5=0+6=6+0, Art. 3, L (i), 

=5. 
Thus positive numbers, and arithmetical numbers, are the 
same. Indeed this was anticipated in [Art. 12], where it was 
stated that '' when no symbol precedes a term the symbol + is 
understood." 

7. In the symbol —5, — is called the sign oi affection^ and h 
is called the magnitude of the number. Thus —5 and +5 are 
said to be equal in magnitude and opposite in sign, so that to 
every negative there is a corresponding positive number, equal in 
magnitude and opposite in sign, and also a corresponding arith- 
metical number. 

8. We must now investigate what meanings must be attached 
to the symbols of operation, when used with negative numbers. 

Addition and Subtraction. 

a+(— 6)=a+(0— 6), by definition, 

=a+0— 5, Law I. (i). 

=a— 6. 
a-(-6)=a-(0-6), 

=a-0+6, 

=a+5. 

Hence to add, or subtract, a negative, is the same as to sub- 
tract, or add, the corresponding positive number. 

9. Again, — Jdba=0— 5±a=0— (Jipa)=— (6ipa). 
Hence to add, or subtract, a positive, to, or from, a negative 

number is to decrease, or increase, the magnitude of the negative 
by that of the positive number. 

10. Multiplication with negative numbers has been explained 
in [Art. 68]. 

Thence it follows that — a=(— l)a, and (— a)'»=dba'*, 
according as m is an even, or odd, integer. Also if a =—5, 
-a=(-l) (-b) = b. 
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11. Division. 

Let q denote the quotient ^a-rb ; 

.-. — a=ij; [Def. Art. 72] 

.•. a=— 5j Art. 10 

=6(-2) ; [Art. 58] 

.'. — g=a-f ft; .'. j= — (a-f i). 

Hence to divide a negative by a positive number is the same 

as to divide the positive number corresponding to the dividend 

by the divisor, and prefix the sign — to the quotient. 

Again let q denote a -r (— 5) ; 

.'. — j=a-r&; .'. g'ss— (a-s-6). 
Hence to divide by a negative number is the same as to divide 
by the corresponding positive number, and prefix the sign — to 
the quotient. 

12. We give no d priori definition of an operation performed 
with, or on, a negative symbol, but deduce its meaning from the 
principle that the result of such an operation is to he the same in 
form as if the symbols operated on had represented arithmetical 
numbers. 

Thus we gave no definition of the operation of addition of a 
negative number, but from the principle that 

«+(c— &)=«+c— ft, whether 5 is>c or not, 
we found that it must mean, such an operation that its result 
is the same as subtracting the corresponding positive number. 
And any meaning that may hereafter be assigned to a negative 
number must allow of this meaning being true ; accordingly we 
find in [Art. 35] that if we represent a gain by 200, the loss 
equal in amount is represented by —200. 

13. The fraction — - has no meaning if either, or both, of x 



and y are negative. We must, in this case, extend the meaning 

of the symbol. It has been shown in [Art. 158] that, when x 
and y are positive, — =a;-f y. Let us then define — to repre- 

y y 

sent the quotient a? -f y, whatever x and y may be. 
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Therefore 

— « , /.T.\Ai.ii ^ f where —a is negative 

' ( and 6 is positive. 

« . / rx / . i\ ^ f where a is positive and 

=|=_a + (-J) = _(_« + 6) = _{_(a*&)}=a-s-J=l, 

where —a and —5 are both negative. 
From these all the theorems relating to fractions with positive 
terms can be proved for those in which either, or both, of the 
terms are negative. 

14. The meaning and laws of combination of x'^^ when the 
limitation as to m is so far removed as to allow of its repre- 
senting a positive, or a negative, number have been already 
discussed in [Chap, xxni.] 

15. Positive and negative numbers are classed together as 
real numbers. That is to say, any symbol composed of an arith- 
metical number, preceded by the sign 4-) or by the sign — , is 
called a real number. 

16. Since (4-5) (+&)=&*, and (-&) (-«>)=&•; 
therefore 6* has two square roots, — ^viz., (i) +5, or ft, which is 
the one we have been accustomed to in Arithmetic ; and (2) — &, 
which is equal in magnitude to the arithmetical root, but opposite 
in sign. 

17. Since the squares of all real numbers are positive, a real 
number cannot be the square root of a negative number. 

Hence V— &*, or (—&*), where — &• is a negative number, is 
something we have not previously met with. Call it an 

imaginary number; it is such that (V— &*)*= — &*. 

This does not accurately define the meaning of V— &*, or of 
the operation ( )• performed on V — &*. All we say is that 
^/— &^, and the operation, must be such, that the performance 
of one on the other must give — &' as the result 
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18. We can put V — 6* into another form. 

For V:=^= VPT)&"* = ( - 1)*(6*)*. Law III. 4. 

19. Any expression involving the symbol V— 1 is called an 
impossible^ or imaginary^ expression ; and any expression which 
does not involve this symbol is said to be real, 

20. In the symbols + b V^^ and —6 V—l, b is generally sup- 
posed to be real, and is then called the magnitude of the 

symbol; also +5V--1 is called a positive, whilst — ftV— 1 
is called a negative, imaginary number. 

We shall always understand b ^/^i to mean the same as 

21. Prop. If a+b V^^ = 0, and a and b are real, then a=0 
arw? b=0. 

For by Law I. i, a+b ^/^l=b V— 1+a ; 

. -.6/^^+0=0; 

.'. &V^l+a— a=— a; 

.-. bi^~^-\. =— a; 

.'.[b^/~ly =(-a)«; 

... _&a =a^; .-. a«+&« = 0. 

Now if either of the two positive numbers, a* and &*, be of 
appreciable magnitude, their sum cannot be zero. Hence each 
is zero ; 

.•.a'* = 0, &« = 0; .-. a=0, &=0. 

Cob. 7/* a, b, a,/? are reaZ, and a+b V— ! = «+/? V— 1 ^Ac7i 
a=a, b=jS. 

For since a+6 V— l=a+/? V— 1, 

0=ti+&V^l-.(a+j8V^l) 

=a+& V— -1— a— /? V—l, LawII. I. 

=a— a+6 V— 1— /? V—i, Law 1. i. 

=a— a+(6— /?) ^f^\ ; Law 11. a. 

.•. a— a=0, and 6— jS=:0, by the Prop., 
or as: a, and &=j8. 
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22. The following are examples of the ways in which we can 
combine imaginary numbers with one another and with real 
numbers. 

By Art. 13, —j=-=a -j- h vCo[,= j say ; 

.'. (— l)a V^=2'&; 
.\q=^ 4 =,Art.lO, =; = ~--V^l. 



Similarly 



b 



b^/'-l h 

Again (a V^l)*=a*( vCa)*=a»(-l)*; 

and (a+5 V-1) (c-c?V^) 

=ac+6 V— 1 c— arfV—l— & V— 1 c?V^, Law 11. 2. 
=ac+5c V^^— a6?V^— 56?V— 1 V--1, „ 1.2. 

=ac+5c//^-arfV^-&rf(-l), Def. Art. 17. 

=ac+5c V^— ac?V^l+&(?, [Art. 58.] 

23. Also 



For let ;==^=2; .-. a=^qic+d^^^)\ 

c+6?v— 1 






9'= 



w 



(c+c?V"-l) 



a __ a(c— 6?V^1) __ac— ac?V— 1 



OPERATIONS OF ALGEBRA. 



Again 

w(m— 1) (m— 2) „ ; — -, 

m(7w— 1) (wi— 2) , y — 

- m(m— 1) (m— 2) , , , 

Thus (a+& V-—!)** has been reduced to the form ^-(-^ V— T, 
wliere A and 5 are real. 



24. !ro|)w* Va+b V— 1 ^'f^^o {keform o+j8 V^. 
Let Va+5 ^/^= Va?+ Vy a/ITi ; 
.-. a+h V— l=a?— y+2 V^ V^l ; 
.*. a^x—y^ 6=2 Vary, Art. 21. Cor. ; 

•'•^"■"2 2 ' 
*"^ 2^=- 2^ 2 ' 

.■. y;;iv^,=(|±-'^)V(-|±^)* v^r, 

both the upper, or both the lower, signs being taken. 
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25. A system has been devised by which imaginary expres- 
sions represent the positions, as well as the lengths of lines, so as 
still to obey all the fundamental Laws of Algebra. For explana- 
tion of this system the reader is referred to the works of Warren, 
Peacock, and De Morgan. 

EXAMPLES.— I. 

1. Express {a+h^/^iy, and (a— 6V^)» in the form 
A +B V^. 

2. Kationalize the denominators in 

4. Find the value of (2+3 V^)*+(2-3 V^5>. 

5. Find the values of (=^^)', and (=^^±^J. 

6. Find the square root of —79— 8 V^^. 

7. Express in a form free from imaginaries the squariB of 



8. Reduce 



1+VCl 5-V^ 



____ • 



1«.V^' 1+ V-2 
9. Prove that V3+4V-i+ V3-4V-1=4. 
10. Keduce to a real surd the expression 

V3-*-2V^+ V3-2 V-1. 



II 

26. The symbol oo indicates that the symbol with which it is 
comiected represents a magnitude, or ratio, which is being endlessly 
increased; thus ^' a? is oo '^ means that the magnitude, or ratio, 
represented by x is endlessly increased, or, as it is sometimes 
expressed, is increased without limit. 

Obs, 1. Thus the learner will understand that by saying that 
a? is GO we do not mean that x is to have any precise value, 
as we do when we say that a? is 2 ; we only mean that there is 
no end to the increase of the magnitude, or ratio, represented 
by a?. 

Obs. 2. The word " infinite *' is often used instead of the words 
'^ endlessly increased,'' and had better be imderstood to mean 
exactly the same thing. By an infinite number we mean a 
number which is endlessly increased. 

Obs. 3. The symbol = is often placed before oo , instead of 
" is," or some other similar verb. Thus we have " x=qo ," 
which is read " x is infinite," or less correctly " x equals 
infinity." And we often find, " when a?=Qo," used instead of 
the more correct phrase, "as x is endlessly increased," as if 
there were some precise point at which x ceased to be finite 
and became infinite. 

Obs, 4. This abbreviation is likely to lead to great confusion, 
unless its precise meaning is carefully remembered. 

Obs, 5. Thus when x=2 and ^=2, we at once infer, as in Euc. 

Ax. I., that x^y. Similarly when a;=sQo and ^=00 , the learner 

11 
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is apt to think that x^y^ forgetting that s= before go has not 
the same meaning as = before % or any other symbol of finite 
number. Take another instance, although as 07=00 , 40?= go 
also, yet x and 4a? do not tend to equality, or in other words, 
X : 4o? does not tend to a ratio of equality, for it always remains 
the same as 1 : 4. 

27. The symbol means, as stated at the beginning of Arith- 
metic, absolute nonentity^ or the total absence of any magnitude, 
such as in any statement may be denoted by the symbols of 
number. 

The symbol has also another use. It indicates that the 
symbol, with which it is connected, represents a magnitude, or 
ratio, which is being endlessly decreased ; thus " x is 0," means 
that X represents a magnitude, or ratio, which is endlessly 
decreased, or, as it is sometimes expressed, is decreased without 
limit. 

Observations similar to 1, 2, 3, 4 of Art. 26 apply to 
when used in this sense, only reading " decrease" for " increase," 
" zero " for " infinite " and " infinity," " " for " 00 ." 

Oi«. 5. Further, when a?— ^=0, if we know that a? and y 
represent finite numbers, we can infer that x^y\ but if both 
o;-=0 and y=0, then we cannot infer that 0?=^, for since x 
and y are now endlessly decreased, their difference is also, 
whether they tend to equality or not. 

Hence the only general test of x being equal to y, whether 
X and y are endlessly decreased, or increased, or are finite, is 

X ^ y 1 
— =l,or^=l. 
y X 

28. We will exemplify our statements by remarks on some of 
the connexions between and go . 

When a?=0, — =qo . This means that, as a? is endlessly de- 
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creased, the fraction — is endlessly increased. We also ex- 

a 
press this by saying that — has no limit, or is infinite, when 

X is zero. 

Conversely when a: =00, -—=0. This means that as a: is 

endlessly increased, — is endlessly decreased, in other words, 

that as 0? increases without limit, — decreases without limit. 

29. Again if a<cl, a'=0 when a;=Qo . This means that as 
X is endlessly increased, a' is endlessly decreased, or decreases 
without limit. 

Consider the expression ft+a*, where a-cl; when 35=00, 
i.e, is endlessly increased, a'=0, i.e, is endlessly decreased, and 
6+ a* approaches endlessly near to b. 

We sometimes express the same thing thus, if a<:l, 5+ a* 
has & for its limit, when a:=QO , by which we mean, that as x 
increases the value of 5+ a* approaches 6, and by taking x 
sufficiently great, the difference between it and h can be endlessly 
decreased, or in other words, can be made infinitely small 

In the same way a*, i.e. 0+a* is often said to have for its 
limit, when 07=00 , i.e. the difference between a' and can be 
made infinitely small by endlessly increasing x. But if the 
here spoken of have the second meaning, viz., of endless 
decrease, a^ has no precise value, and cannot be spoken of 
properly as a limit. If, on the other hand, is here supposed 
to have the meaning of nonentity, it is to be observed that a*, 
when a;=Qo , represents something, though endlessly small, and 
there is therefore, as it were, a difference in kind between it and 
the symbol of absolute nonentity. 

It would therefore seem advisable to content ourselves with 
the statement that a'=0 when a;=QO, giving to these phrases 
the meanings assigned in Art. 26, 27. 
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30. If in the product aj8, one of the factors, as a, is zero, 
whilst )3 is zero or finite, then the product vanishes ; but if a is 
zero whilst )3 is infinite, it does not necessarily follow that a)3 is 
zero. 

For take the following simple examples : — ^Let a=t;', and put 

(1.) ^= — , then aj8=t?; .•. when a=0, i.e. t;=0, j8=(x> 
and aj8=;0; 

(2.) ^=-j, then aj8=l; .-. when a=0, i.e. t;=0, j3=ao 
and aj8=l ; 

(3.) ^=jjj, then a^= — ; •' when a=0, ».c. t;=0, )8=oo 
and aj8=Q0 . 

31. We will now explain more fully the meaning of the word 
limit which we have used above. 

2-4- 3ay 
Consider, for example, the expression qTo ' > c^ i^ -4. 

When 07=1, ^ has a precise value, namely 1, and so it has 
for every other finite value of x except — f, which we shall 
speak of later. Next let a;=0, if by this we mean that x repre- 
sents absolute nonentity, then A has a precise value, namely 
§ ; but if by a;=0, we mean that a? is to represent a continually 
decreasing magnitude or ratio, then A cannot be said to have 
any precise value, for x has not, but the more x is decreased 
the more nearly does A approach to §, and by endlessly de- 
creasing X we can endlessly decrease the difference between A 
and §, so that \ is the limit of Uie values which A has, as a? is 
endlessly decreased. 

Again, when 07=00, ^ cannot be said to have any precise 

X 

value*; but -4= q- ; .'. as o? is increased, the more nearly does 

X 
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A approach to f , and by endlessly increasing x we can end- 
lessly decrease the difference between A and \ ; hence f is the 
limit of the values which^^ has, as a; is endlessly increased. 

When 07=— f, -4=qo, i.e, the value of A is endlessly in- 
creased as X approaches — f , and therefore A cannot be said to 
have then any precise valae, nor is there any limit to the various 
values which A has then. 



Ill 

iDtt 3|ttequaUtfe0^ 

32. In this Chapter we shall discuss a number of propositions, 
which have for their object to prove that one of two given expres- 
sions is greater, or less, than another. 

33. Definition. An expression (a) is said to be greater than 
another (h), when the difference a— 6 is positive, and less if 
a—hiB negative. 

34. We use the symbol >► for the words " is greater than," 
and -< for " is less than." 

Thus5>3, V 5-3= +2; but-5<-3, v-5-(-3)=-2; 
and, generally, if a>"&, then a— 6 being positive, 6— a, or 
— a— (— &), is negative, and .*. — a-<:— 6. 
Again 0>-7, for 0-(-7)=+7. 

35. The statements a :>&, and a^<,b, are called inequalities. 
The statement a:>-&:>-c means that a:>-&, that &>-, or =, c, 

and that therefore a'>'C, 

The statement a^h is to be read '^ a is greater or less 
than 6." 

36. If a>*&, and if m is positive, then ma:>'mb^ 

for Tna^mhj i.e.j m(a^h)y is positive, for both m and a— & are 
positive; but if m is negative, then w(a— &) is negative, and 
.*. ma -^^mb. 

Similarly, if a<:6, ma'^mb, according as m is negative or 
positive. 

Again a+m^b+m according as a^b whatever m may be, 
positive or negative. 

16 
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37. If a and 6 are real, a*— 2a6+6*=(a— 5)* ; but we know 
that the square of every real quantity is positive; .*. a*+5*— 2a5 
is positive, hence a*+6*>-2a&. 

Similarly if x and y are both positive, x-^-y^^^sfxy^ since 
( >y/a7— v'ly)* is positive. 

38. We can apply these considerations to prove a great 
number of inequalities. 

Ex, 1. a*+6*+c«>5c+ca+a&. 

For «" + 2';>2a& I .^^^^j^ 2(a«+5«+cO>2(a6+&c+c^ 

Note, — If a=h:=c this inequality becomes an equality. 

Similarly most inequalities become equalities for special values 
of the symbols involved. 

Ex, 2. The sum of any positive number (a) and its reciprocal 
>2. 

For aH — =_!_>_> 2. 

a a a 

Ex, 3. If a, &, c are real numbers, not all equal, then 
(ft— c)(c— a) + (c— a)(a— &)+(a— 6)(&— c) is negative. 

For the expression = &c + ca + a& — (a^ + &* + c^), and this 
is negative, since by Ex, 1, bc+ca+ab<a*+¥+c*. 

Ex, 4. If a? and y are positive, x^+y^^x*y^xy* is positive. 
For the expression =a:(a?*— y*)— y(a:*— ^*) = (a?— y)(a?*— y) 
= {a^+y^){x+y){x—yy, and this is positive, since each of the 
factors composing it is positive. 

Ex. 5. If a, hj c are positive, and not all equal, prove that 
a(a— 6)(a— c) + &(6--c)(&— a)+c(c— a)(c— 6) is positive. 

Let a, by c be in descending order of magnitude. 

The expression =(a^b){a*^ac^b^'{-bc)+c{c^a){C'-b) 
= (a— &)*(«+&— c)+c(c— a) (c—&), and this is positive since 
a+&>»c, and r— a, c—b are both negative. 
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39. The attention of the student is drawn to the following 
statements ; he will immediately perceive their truth. 

(i) If a>-& and o<?, then a+o&+(f, and ao^hd. 

<z h 

(2) If ar>& and c-<^, then a— c>^5— rf, and — ^>-j' • 

(3) If a>^&, a and h being positive, when w is a positive 
integer, then a*'>6'*, and «"•*<&-»*; but when n is fractional, 
the character of the inequality will depend on the signs we affix 
to the roots. 

Thus if a=3, &=2, n= J, then ^J%> a/2, wWlst - V3< V^, 
- ^3<- V2, and V^ > - V^- 



40. Ex. I. If a and 2) are positive, and a-^^h, find the limits to 
the value of a? when ^ 



By Art. 39 (3) ■Siqp^>-jr+^ , 
- 2aa? - 2&a: 



OKB 6a? 



.". a7(a— 6) (a:*— a6) is positive ; 

but (a—h) is positive, .*. a{x^ fjah) {x+ sfab) is positive; 
.'. if 05 is negative it must not be numerically greater than V«&, 
and if positive it must not be less than \/ah ; 
,'. X must be between and — Va&, or be greater than ^/ ah. 
See Appendix to Part I. Art. 13 and 14. 
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Ex, 2. Show that (n+ !)«-»<{ I^*}". 
We have n+l<r(n— r+2), 

if r*— (n+2)r+n+l is negative, 
i.e., if (r— n+l)(r— 1) is negative, 
i.e., if r lies between 1 and n+1. 
Hence^ patting r successively equal to 2, 8, ... n, 
we see that 

n+l<2.n, 
n+l<8.(n-l), 
etc. < etc., 
n+l<n.2, 
and there being n— 1 of these inequalities, we have by 
multiplying 

(w+l)«-i<{|n}«. 

41. If r- t iTj • • • iT ^^ fractions, which are not all equal, 

^Aen !> I V I — TTh ^*^ hetvaeen the least and greatest of them. 

Change the signs of the numerator and denominator of any one 
of which the denominator is negative, so that we may take all 
the denominators as positive. 

Let -T- be the least of the fractions, denote it by A ; 

Of 

61 6, Or On 

then since &i, . . . &n ^^e all positive, 

aj>A&i, a,>A6„. . . . Oy=A6,., . . . an>A6„, Art. 36; 
.-. aj+a,+ . . . +an> A(6i+6,+ . . . +l>n), Art. 39, i ; 

Similarly it can be shown that f\—r—. — '—^-^ — rir is less 
•^ ^i+6«+ . . . +0n 

tiian the greatest of the fractions. 

c 
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EXAMPLES.— IL 

Prove that the following inequalities are generally true, stating 
the cases of exception, the letters denoting positive numbers 
except when otherwise indicated. 

1. a*5«+a'2'*>2a»&»; (a+2>)">4a5. 

2. (— a+2>+c)*+(a-2>+c)»+(a+2>-c)»>&c+ca+a&. 

5+c c+a o+ft g 

5. «*+l>a^+iP» if. «+l 1>« positive ; and a?'— l>a:**-;i?, if 
x>\. 

6. a*+3a5*^&'+3&a* according as a^&. 

7. ac+J^>2 sldbcd^ ah-\-de>2\fcMl^ etc. 

9. (ai+a,+a,+ . . . +gn)'< w(at'+a,'+ . . . +a«') ; 
and a^-f at+ai+a4>4\^aia,a,a4. 



10. Which is the greater a;«+y* or o^.y+ay* ? 

11. If a; is real, prove that a;*— 8^+22 can never be less 
than 6. 

12. If ai«+a.*+a."+ . • . +a„«=l=5,«+ V+ • • • + V, 
prove that the expression ajftj+a A + . . . +a»J» cannot be 
greater than unity. 

13. If a;,y,;?, . . . a, &, c, . . . are positive numbers, prove that 

( — ^T"l — \ — I 1 — ') cannot be less than 9, and, generally, 

. I X y \[ a h c \ 

that I — h^+ ... to n terms — | 1 J- ... to n terms I 

\a ]\x y t J 

cannot be less than n*. 



ON INEQ UALITIES. 2 1 

14. Prove that, yix^y^z are real numbers, 

a;*(aj-y) (x'-z)+y\y-z) {y-x)+z\z^x) {z^y) 
is necessarily positive. 

11 1 

15. Prove that X'\ — >1H — ,ifa;>lor <— , n not being 

nx n n 

less than 1, and x being positive. 

16. If 2a;— 1>10— 6aj, find a limit to the value of a?, 

17. If a, &, c are any real positive numbers, prove that 

i+ 1 + A is not greater than ?!±^. and not les8 than 
a h c ® abc ' 

fs/dbc 

18. Prove that {x^-\'y*y>ixy{x^—xy+y^), 

3 

10. Determine in what cases a; H — >, or<,4; and find the 

a; ' 

l\A-xY2-\-x'S 
numbers between which > ~J^ ' cannot be. 

3+a; 

20. If a? and n are both positive, and n integral and aj>l, 

n-H fi-l 

prove that «*»— l>w(a; * — « * ), except when 7? = 1. 

21. Show that 3«(n+3)«>2*«-^ [n+2, if w> 1. 

22. Prove that,- generally, 

(ai«+aa*+ . . . +an^)(&i*+ft2*+ . . . +V) is greater than 



23. Show that --;,-;, ■.^-~---^-,- • is less than y—- 
'^ 2.4.b ... tin V2w 



+ 1 



IV 

42. A 8ERIBS is a suocession of expressions formed, each, after 
some particular one, according to one and the same law. 

Thus a, ary ar* , . . is a series, the law being, that each 
expression after the first can be obtained by multiplying the 
preceding by r. 

43. The expressions forming a series may be connected in 
any way we please. 

Thus a.€tr,ar*.ar* . . ., and a+ar+ar^+ar^ +eto.y 
are both series, the first a series of factors, and the second of 
terms. 

Generally, however, unless the contrary is expressly stated, 
we shall suppose the expressions to be connected by the sign + 
or — , and each will be called a term. 

44. We expressed the law of the series in Art. 42, by stating 
how each term can be obtained when we know the preceding ; 
but it might also have been given in such a manner, that all we 
need specially to know, in order to determine a particular term, 
is its place in the series. The algebraic expression of such a 
law is called the general term of the series. Thus, above, ar^^^ 
is the expression for the term which stands in the nth place, so 
that by giving n the values 2, 6, 10, for example, we obtain 
from it immediately the 2d, 5th, and 10th terms. Hence it 
is called the nth, or general, term of the series. See [Art. 419, 
430.] 
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45. Again, in the series 1+2+3+6+9+17+eto., the law 
of formation may be given in two ways, by saying (i) that 
each term, after the second, can be obtained by multiplying the 
preceding by 2 and subtracting 1 from this product ; or (2) that 
the general, or nth term, is 2**""*— 2"-*+l, n being >1. 

46. A series is often stated by giving a few of the terms at 
the beginning, from which a law of formation can be easily 
inferred, but if this cannot be done we must have the law 
explicitly mentioned also. 

47. If a series stops at some one term, it is called z, finite 
series. 

Thus a'»+?wa'»->«+ . . . + - -^ '—f^ — ^a'^-'^x^+ etc., 

r 

is a finite series when ttz is a positive integer. 

If a series does not stop, but is endlessly prolonged, it is 
called an infinite series. 

Thus the above series is infinite when 771 is other than a posi- 
tive integer, and the series in Art. 43 are both infinite. 

48. We have various ways of expressing series generally; 
the following are examples : — 

Wo+Wi+w,+ . . . +u„_,+w„+etc. . . (i), 

/(a)+y(a+l)+ . . . +y(a+«)+etc. . . (2), 

u^+UiX+UtZ*+eto, +M„_iaJ"""*+M„^+etc. (3). 

We sometimes also write them thus 2o*u,», 2o*/(a+n), 
2o*w„aJ", by which we mean that in the general terms, w„, 
^a+n), w„^, we are to put n successively equal to and all 
integers from 1 onwards, and connect each term so obtained 
with the succeeding one by the sign +• 

The series Wo— Wia+etc.+(— l)"^^M«-.taJ»-*+(^l)»»M„a;«+ 
etc. would be denoted by 2o*(— l)'*w„^. 

The series (3) is said to proceed according to ascending 
powers of x. 
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49. We often denote the sum of the first n terms of a series 
by iS^nj so that the sum of an infinite number of terms starting 
from the first would be denoted by S^. 

50. It will be well for the student to practise himself in 
determining a form for the nth, or general, term from inspecting 
the first few terms of a series. 

Thus in the series 

7, 16, 22, 26, 32, 36, 42, etc., 

after the second, each term of an odd rank is obtained by 

adding 6 to the term immediately preceding, and each term of 

an even rank by adding 4 to the preceding term. 

Hence 

Mj,»==16+6+6+etc.tom—l terms +4+4+ etc. tow— 1 terms 

= 16+6(m-l)+4(m-l)=6+10/n=6+5.2w, 

and 

Wm+i=16+6+6+etc. to m terms +4+4+etc. to m— 1 terms 

=16+6m+4(m-l) = 12+10m=:7 + 5(2m+l); 

.-. Mm=6i-i(-l)«'«+6.2m, 

and tt.,„+i=6J-i(-l)»«+^+6(27w+l) ; 

.*. the genera], or nth, term can be put into the form 

See Bt Morgan^ 8 Algebra^ Chap. VIII. 



EXAMPLES.— III. 
Write down the general term ot each of the following series. 

'' r:3+3:5+6?7+ "*"• 

1 , 1.3 . 1.3.5 , , 
'• 2+21+2X6+ "*^- 

1.2 . 3.2« , 6.2» , 7.2* , , 

3-|5+lT+X5 + !T+^^'^- 



r 

r 
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^- lO "'"2:31+8X5+ *'*• 

S- (a!+l)(3a!+l)"*"(25+l)(4a!+l)"*"(3a!+l)(6a!+r)+^'°- 

6. 1— 2a;— 6a;«— 8a!«— lla;«— etc. 

7. 1+8+7+15+81+ etc. 

8. l+4a;+7a;«+10a;»+ etc. 

9. a-2(a+l)a;+3(a+2)a;'-4(a+3)«»+ etc. 

1_ , 1 , 1 , 1 , X 

6.16 "'"8.20"'"Io:2i"'" 12.28"*" ®"'' 

3 5,7 9, 11 , 
"• 5~'8"'"l7~a"*"r25~®**'' 

,3. l+n+>?(^+ "(n+lKn+2) ^,^. 
'5- 3J"'"5I3"'"7T5"'" "'*'• 



. , 1 2 2* 2» 
16. l+i2+^+f4+|5+etc. 



51. Let 5n denote the sum of n coDsecntive terms of a scries, 
starting from any one we please; then if as rzsoo (Art. 26), 
the values of Sn have a limit (Art. 29, 31), the series is said 
to be convergent; and if as n=:oo , 5„=oo , the series is said to 
be divergent ; but if 8n is equal sometimes to one number and 
sometimes to another, the series is said' to ha periodic. 
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52. Thus the sum of the first n terms of the series 

1+Hi+i+eto. is -^".^1 , which hajs 2 for its Hmit, when 

n is endlessly increased, this series is therefore convergent. 
Also the sum of the first n terms of the series 

1+2+4+8+etc., is 2»-l, which is infinite (Art.' 26, Ohs, 2), 
when n is endlessly increased, and therefore this series is 
divergent. 

Again in the series 1—1+1—1+ etc., the sum of any even 
number of terms is 0, whilst the sum of an odd number is 1, 
hence this series is periodic. 



53. When a general symbol of number is involved in the 

terms of a series, the numerical value of the expression for the 

sum of n terms may. have a limit, when n is endlessly increased, 

for some values of this symbol, but not for others. 

1— r* 

Thus in the series a+ar+ar'+eto. 5n=a-5 • 

1— r 

Hence if r has a positive value less than 1, the numerical 

values of 8n have the value , for their limit, when n is 

endlessly increased ; but if r is greater than 1, the numerical 
value of Sn is infinite (Art. 26, Oba, 2), when n is endlessly 
increased. 

Rules for determining whether a series is convergent or 
divergent will be given ii^ Chapter V. 

54. In the case of a convergent series we denote the limit of 
5„, when 7i=oo , by 5, and we often call it the sum of the series 
ad infinitum^ or shortly, the sum of the series. 

Let Xn=S-^Sw then Xn is the sum of the series, starting 
from the (n+l)th term, afid is often called the remainder, or 
remnant, of the series after n terms. 

Obviously X^^O (Art. 27), whQn n^oo (Art. 26). 
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55. The student must remember that Ihe algebraic ^/brm of S^ 
is unaltered when n is infinite. It is only the numerical vcU'weB 
of 8n which then have a certain limit, if the series is convergent 

For in algebra any one term of an expression is just as 
important as any other, whatever may be the arithmetical values 
assigned to the symbols involved. 

1— r»* 
Thus in the series of Art. 53, 8^ always has the form o-yz, 

whatever r and n may be, it is only its numerical values which 

a 

have =— - for their limit, when n=ao , if r< 1, or > — 1. 

56. When a function indicates that an operation has to be 
performed on an expression involved in it, we frequently find 
that if we perform the operation, there results an infinite series. 

The function is called the generating function of the series, 

and the series is called the development^ or expansion, of the 

function. 

1 
Thus the function ^j indicates that 1 is to be divided by 

1—x; if we perform this operation we obtain for quotient the 
infinite series, l+x+x*+ etc. 

57. If F denote the generating function of the series 
^o+^i+^t+ 6tc., we often meet with the expression 

P=Mo+Wi+Wt+ etc.; 
this means, not that F represents algebraically the sum of the 
series to infinity, but merely that if we perform the operations 
indicated by P, the result will be a series, such that, if the opera- 
tion be carried on to any one term of it, the result will agree 
with Uo+Ui+Ui+ etc. to. the same term. 
Thus we often have 

J— = 1 +«;+«•+ ... . . . (i), 

and also .--f=:l+x+x*+ . . . +^"-* + |— (2) 
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Here in (i) the sign = may be read ''is ^ generating 
function of the series;^* whilst in (2) it has its usual meaning, 
namely, strict algebraic and arithmetical equality, so that if 
any value be given to a? on both sides of it, the results are 
numerically equal. 

58. Oenerally, after an operation indicated in P has been 
carried on as far as some one term of the series, we find that 
there is a difference between P and the sum of the series up to 
the same term, this difference is called the '^ remainder,^' 

ThusP=Wo+Wi+Wi+ . . . +w«_i+22n. 

Here Rn stands for the remainder after n terms, and is always 

a function of n. Thus in (2) Rn=^ , and generally 

P=zSn+B„ or Rn=P-8n. 

59. Ex. If we carry on for n steps the division indicated 

^y y, I y. _/a — i > ^® s^*^ obtain a quotient of the form 

C0+C1X+ . . . +Cn-ii»**~* and a remainder -4aJ"+Pa:"+*. 
Hence 

And this form holds good, however large n may be. 

We will now show how Co, c„ . . . Cn-i may be calculated. 
Since the right-hand side of (i) represents the quotient when 
tto+aiX is divided by bo+biX+btX*, the product of it. and 
the divisor h+biX+b^x*, by [Art. 72], must be identical with 

Hence obtaining this product, and arranging it according to 
powers of x, we see that 

Cobo+x(Cibo + Cohi)+ . . . +x''(hQCr + hiCr^i+biCr-t)+ . . . 

must be identical with Oo+aiX ; 
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Ci&o+<?o2>i=ai, . . . (2), 
etc. =etc. 
Vr+^iCr-i + &iCr_, = 0, . . . (r+l), 

' etc. =0, 

-4+Vn-i + &«Cn-i = 0, . . . (n+1), 

^+c„.,6.=0, . . . (n+2). 
These equations give us means for obtaining in succession the 
coefficients Cq, Ci, . . . Cn_i, and .A and B. 

60. It may be observed that the coefficient of any one term, 
such as Cf, may be obtained from equation (r+l) as soon as the 
coefficients of the two preceding terms are known. Thus the 
law of the series is known. 

61. Here we have been able to show how to calculate the 
successive terms of the development, and also the remainder 
after any given number of terms. 

In Algebra, however, we can often find the generating function 
of a series, or the development of a function, without being able 
to find the remainder; but in the Differential Calculus we have 
theorems which enable us to expand such functions as we are 
generally concerned with, and to obtain as well the form of the 
remainder after any number of terms. 

62. If after some finite number of terms i^^ vanishes, the 
development stops at that point, and F has been expanded into 
a finite series, for the sum of which it is also the algebraic 
expression. 

63. The student must distinguish between the meanings of 
the expressions represented in this Chapter by 22^ and X^. 

We have Sn^^P'-Rn' Hence, if the numerical values of Rn 
have ^ limit, say B, when n is infinite, Sn has also a limit, viz., 
P^By and the series is convergent, and S=P—B. 

If, moreover, as a particular case of the above, when n is 
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infinite, 22„=0 (Art. 27), then P is the limit of 5„, or the 
generating function is the sum of the series ad infinitum^ and 
in this case only P=5. 

64. Generally it is found by means of theorems in the 
Differential Calculus, that if the series is convergent, i2„=0 
when n is infinite, and in Algebra we always cLssume that 
it is so, and therefore also that the generating function of a 
convergent series is its sum ad infinitum. 

Thus in Euler's Proof of the Binomial Theorem [Art. 425], 
we show that (l+x)^ is the generating function of the series 

l+mx-\ — ^"o~^**+ ®*'^*> *°^ *^®^ ^^^ ^ values of x and m 

which make the series convergent we always assume that 
(1+^)^ is the sum to infinity. This assumption is shown to be 
correct by one of the theorems in the Difi^erential Calculus 
above referred to. 

65. Thus to sum up, the generating function can never 
express the algebraic form of the sum to infinity. For how- 
ever many terms we take into the sum, there is always a 
difference between its form and that of the generating function. 
But in most cases of convergent series the value of the expression 
for this difference endlessly decreases as we increase the number 
of terms taken into the sum ; and therefore the numerical value 
of the generating function is the limit of the sum to infinity. 



Convergence anti SDitiergence^ 

66. In Art. 52, 53^ in cnrder to discover T?hether the scries 
were divergent or convergent, we discussed the expression for the 
sum of n terms. 

There are, however, many series for which we are unable to 
obtain the corresponding expression. 

We shall, therefore, in this Chapter consider some other ways 
of determining the convergence or divergence of^a given series. 

67. First, it is obvious that a series is divergent, if from and 
after some definite term each is equal to, or greater than, some 
finite number. 

For let Mo+Wi+Wf+etc. denote the series, and Sr the sum 
of the first r terms. 

1°. Let Wt.=Mr+i=etc.= some finite number p. 

Then Sr+m=Sr+mP, and therefore, when »?=qo (Art. 26), 
Sr+m=°° . Hence the series is divergent (Art. 51). 

2°. If from and after the rth term each is greater than 
some finite number j8, then each term is greater than the 
corresponding term of i° ; hence Sr+m is greater than in i°, and 
therefore, d fortiori^ the series is divergent. 

OoB. A series is divergent if from and after some term (say 
the rth) each is equal to, or greater than, the preceding. 

For then each term after the rth is equal to, or greater than, 
the finite number Ur^ and therefore the series is divergent. 
This is sometimes expressed by saying that a series is divergent, 
if from and after some definite term the ratio of each to the 
preceding is equal to, or greater than, unity. 
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We have now, therefore, only to discuss those series in which, 
from and after some definite term each is less than the pre- 
ceding, or, in other words, the ratio of each to the preceding is 

less than unity. 

• . 

68, The first method we shall employ will be best explained 

by some examples of it. 

To show that the series 

1 !• 

l+l+.-g+j-g+etc., • • (i), 

is convergent. 

Q. 111111, 

Since ,^<^,^<-, 2<2;,etc., 



each term of (i) after the third is less than the corresponding 
term of the series, 

l+l+-2+2i+2-s+®*^-5 

.*. the sum of an infinite number of its terms, beginning with 
the first, is 

.*. the given series is convergent (Art. 51). 

69. The following is an important example :^ 
If n he a positive number the series 

is convergent, or divergent, according as n is, or is not, greater 
than unity. 

L Let n > 1. 

2 1 

The second and third terms are together <^<-^^ ; the 

.^* 1111 ,,, 4^1 

next four terms j^, ^, g;;, ^ arc together < - < ^^^ 
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8 1 

the next eight terms are together less than g;^ < osiPr,; ^^^ ^^ 

taking 2^ terms together, then 2', and so on, we see that the 
som of the series ad infiniixvm, is less than 

l+2S:ri+2iii:ii+ etc., 

1 2^* 1 

and .•. less than j— , which = 2n-i^l ^'^"^ 2'*~'— 1 ^ 

.*. the series is convergent. 

IL Let n=:l. 

The third and fourth terms are together > \ which =|; the 
next four terms, \^ \^ ^, \^ are together > f which =1; the 
next eight are together > -^^ and so on. 

Hence the sum of the series ad infinitum is greater than 
1+ J+J+ etc., and therefore goes on endlessly increasing, the 
series therefore is divergent. 

III. Let n < 1. 

Each term after the first is greater than the corresponding 
term of the series considered in II., and therefore, d fortiori^ the 
series is divergent. 

70. Upon the method of proof pursued in the preceding 

articles we will make a few remarks. 

In Article 68 wer have compared each term of the series 

1 1 

^+2+[3+'^^' 
with the corresponding term of the geometric series 

1+ -2+25+ ^*®-\ 

and have shown that each term after the second is less than the 
corresponding term of the G.P., which we know to be con- 
vergent. Hence we conclude that the given series is con- 
vergent. 
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In Article 69, L, we have cnt up the given series into batches, 
the first term forming the first batch, the next two terms forming 
the second batch, the next four the third, and so on, thus 
forming a new series by taking each of these batches as a term, 
at the same time showing that each term of this new series, 
after the first, is les» than the corresponding term of the G.P., 

l+2?ii:i+2ii^+ etc-, 

which we know to be convergent. Hence we conclude that the 
given series is convergent. 

Again in Art. 69, II., the new series which we form by taking 
the terms of the given series in batches, is shown to be, term for 
term after the second, greater than a series which we know to 
be divergent, and therefore the given series is seen to be 
divergent. 

Hence we arrive at the following rule to show that a series is 
convergent for divergent]. Transform it, when necessary, into 
a new series, convenient for comparing with a known convergent 
\(yr divergent] series ; if after any fixed term each term of the 
new series is less \or greater] than the corresponding term of the 
known series, then the given series is convergent [or divergent]. 



EXAMPLES.— IV. 

I. Prove that the series /==+ ,==+ /==?+ etc. is di- 

kJ\^ ^|^ ^|^A 

vergent, and that —.-}--. + --.+ etc. is divergent. 

Are the following seven series conTergent or divergent ? 

a- l+I+F"''I+F+T+ii+®**'- 

3. The series whose nth term is Vn«+T— » 
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1 1. 1 , 1 

_, . , , . n'+l 

5. The senes whose nth term is — 4-7-1 • 
^ n*+l 

«• ^+75+ ^*°- +^;^"*' ""* 

9. Show that the series 

0,3,4,5 . 

is convergent, if m>2, and divergent if m=:, or <, 2. 

10. The series «o+^i+w,+ etc. is convergent, if from and 

after some definite term (t««)** is <k^ and divergent, if other- 
wise, h being itself less than 1. 

11. The series Wo+Wi+Wi+ etc. is divergent, if the limit of 
nu^ is not zero when n is infinite. 

12. If n^tfw, where h is greater than 1, is always finite 
however large n may be, then the series, whose nth term is u«, 
is convergent. 

13. If the terms of the series t^o+^i+^t+ e^* constantly 
decrease, then it, and the series t^o+^^i+'^^s+SiiT+lSiiif +6tc. 
are both convergent, or both divergent. 



71. The foregoing method is useful when (but not unless), we 
can remember some series with which we may conveniently 
compare the given series. 

The following method will be more immediately applicable in 

many cases. 

D 
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Prop. The «er*c«Ui+ii,+ . . . +^r+efcc. isconvergeTd^if after 
some fixed term (uj) the ratio of each term to the preceding is less 
than a number which is itself less than unity. 



Let X be this number, fly-i the sum of the first r— 1 terms. 

Then Ur+iKXUr, Ur+t<iCUr+i<X*Urf Ur+z<i^r+i<^^r) 

and so on ; 

.'. the sum of the series <Sr-.i+Ur{l+x+x* + . . . ad inf.) 

<Sr-i+Ur i- — , Since x<l: 
1—x ' 

.'. the sum of the series, when the number of terms taken is 

endlessly increased, does not exceed the finite number 

Sr., + ^ , and therefore the series is convergent. 

X "^X 

72. Ex. For what values of x is the series l+lla;+lllic' 
+11113?*+ etc. convergent, and for what values is it divergent ? 

10»— 1 
The nth term = — q — iB**-^ 

. (n-l)th „ = g iC"-"; 

• \ the ratio =j7) n-i_i ^' 

11 9 

Hence, if a;=jg, or >^, this ratio =, or >, l+fQ„_iQi 

which is never less than 1 ; 

.\, (Art. 67, Cor.), the series is divergent. 

If ic < j^, the ratio is <1, when (lO**— l)a;<10*-' — 1, 

or 1— a;<10»-i — lO'^a;, 
„ 10*-i(l-10«)>l-a;, 

or„-l>log.,jlr^. 
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1 — X , 
Hence if m be the characteristic of l^^gioj^TioJ* ^ 

n=m+2 the ratio is < 1, and since it continually diminishes, 
for all higher values of n it is less than when n=m+ 2, i.e., it 
is less than a number which is itself less than unity. Hence 
(Art. 71) the series is convergent. 

73. By Art. 67 all series are divergent in which, from and 
after some definite term, the ratio of each to the preceding is 
equal to, or greater than, unity. 

By Art. 71 all series are convergent in which, from and after 
some definite term, the ratio of each to the preceding is less than 
a number which is itself less than unity. 

These two Articles give a complete test except in the case of 
those series in which, from and after some definite term, the 
ratio of each to the preceding, though always less than unity, 
tends to unity as its limit. 

For such series we must adopt the method explained in 
Art. 69, 70, or proceed as in Art. 75. 

74. If there be two series 

Oo+«i+«a+ etc. . (i), and &o+<^i+<^«+ e^- • (2), 
of which (i) is convergent, and (2) such that, from and after 
some term (say the rth), the ratio of each term to the preceding 
is less than the corresponding ratio in (i), then (2) is convergent. 

For (2)=6.+ . . . +6r-.+6r(l+^^'+^^*-gi+ eto.) , 
which <&o+ . . . +^-.+6r(l+'^+J±^^+eto.), 

which =fto+ • • • +&r-l + — («r+«r+i+ar+« + etC.). 

And this latter series is convergent, since (i) is; .*. (2) is also. 
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CoE. If (i) be divergent, and the ratios -^ , etc. be greater 
than -^^ , etc., then (2) is divergent. 

75. Pkop. Let Uo+iii+^«+^tc. ht a series in which the ratio 
is less than 1, but tends to 1 for its limit when n increaseSy and 

let -^^ be put into the form r-. — • Then if na is never in- 

finite; hut, from and after some definite term^ is greater than a 
number which is greater than 1, the series is convergent, and if less 
than 1, divergent. 

Since the limit of -^^ is 1, that of a is 0. 

Un 

1° Suppose that from and after the rth term na is > — - , 

and that — > 1, so that p>q, 

a • 

Then (l+«x)*>(l+^)^ 

It 2«+— j[;2~ "^ n'^" l~S~ n*"*" ^» 

i.e., if wa+nai-jr— a+ etc. >— +— ^-s h etc., 

' 2 2 g' 2 n ' 

I.e. if na— — >~(-?-7r— . 1- etc. )— na( i^^— a+etc. 

P 
Now, from and after the rth term, na> — • Also, since as 

7 q 

n increases a decreases, we can give to n so large a value (say m), 
that, for m and all higher values of n, ^-^ h etc., and 

--n-^+ ^^^* &f® ^ small that this inequality holds good. 
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Hence from and after the (m+l)th term 

(H-)'>(H-^)', 




p 



«„+, . (»+!)' 



or-2Zi< 

Urn. 



n* 



but the series 1+ -7+ • • +-5+eto. is convergent (Art. 69,1.); 

therefore (Art. 74) the given series is convergent. 

2^. Suppose that from and after the rth term na<l, then 



a< — , and l+a<lH — > 
It fi 



or 



n 



n 

but the series 1+ J+ J+ etc., is divergent (Art. 69, IT.) ; there- 
fore (Art. 74, Cor.) the given series is divergent. 

76. Ex, Show that the series 

,1 1 , 1.3 1 , 1.3.5 1 . , 
^+2-3+2l'"5+2T6*T+^*°- 
is convergent. 
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m, / ^x 1^ . . 1-3.6 . . (2n-3)(2n-l) 1 
The (n+l)th term is 2T 6 . . 2(n-l).2n ' 2^=1 ' 

1.3.5 . . (2n-3) 1 
» nth, „ 2.4.6.. 2(n-l)'2n-l' 

, . . 2n-l 2n-l 4n«-4n+l 
.-. the ratio is -2;r*2M^= 4n^+2n ' 

and this is less than 1, but tends constantly to 1 as its limit when 
n increases. 

Now this ratio = ^ 5 — , so that «= ;}— j "" 



_6n-l_' 4n*-47i+l» 

l+4n*-4n+l 



4n«-4n+l . 4,1 

4 — I 

which has ^ for its limit when n is infinite, and is always > f , 
and this being >1 the series is convergent. 



EXAMPLES.— V. 



»* . «' 



I. Prove that the series ^+^+"0"+ ^^c. is divergent, if a?=l, 
or>l, and convergent, if aj<l. 



«» . «' 



2. Prove that the series l-f«+— -|-_+ etc. is convergent. 

2k \q 



Determine whether the following six series are divergent or 
convergent. 

3. e-*+e~**+e-**+ etc. 

, 1 , 1.3 . . 1.3.5 . . , 

4. l+-2^+23^ + 2^:6^ + ^^ 

5. The series whose nth term is -. — . -.w . mT . m *^ • 
•^ (n+l)(n+2)(n+8) 
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6. The series whose nth term is — — — ^. 

n«+l 

7. l+2*aj+3V+4V+ etc. 

8. l~na?+fci)aj.-!fcli^^ a; being a 

positive number. 

9. Prove that the series 

i+aj+ ^-+ [3 ;jr+ etc. 

is convergent, if n is greater than 1. 

10. Prove that the series 

^^ , t»(t»— 1) _,^. . , w(m— l)(m— 2)(m— 3) « ^ ^ , . 
a^+ >^ Q ^ aj'^-y + — ^ XL — ^»"*~*y*+ etc. 

is convergent, x being greater than y. 

77. We have treated hitherto only of series with all positive 
terms. If the terms be all negative, the same methods will 
evidently be applicable, as the divergence or convergence of a 
series depends only on the magnitade of its sum when carried 
on ad mfinitum, 

K we have a series with alternately positive and negative 
terms, there is one case in which we can shew that it is con- 
vergent, viz., when each term is less than the preceding. 

Let the series be Vj— Mj +**»"" **4+ ©^c. 

Then u^Ku^^^ and such a number as u^i-^Ur is positive. 

By writing the series thus 

(tti— w,)+(w8— 'W4)+(t*5— tt«)+ etc., 
since each number within brackets is positive, we see that the 
whole series is positive. 

By writing it thus 

/ 1*1— (wj— Ws)— (t*4— Wj)— etc., 
since each number within brackets is positive, we see that the 
whole series is less than Ui ; therefore the series is convergent. 



42 CONVERGENCE AND DIVERGENCE. 



EXAMPLES.— VL 
Prove that the following series are convergent : — 

■•(i±5)'-(i±-:)'+-+<-)"(s)'+- 

1.1,1,. 

1 . 1 . _i , 1 , , 

3- 2:5"*"81T"*"14.17'*'20J8"*' 
5- ^-i2+i4"°*'' 



7. Under what condition is the series 

EXAMPLES.— VIL 

1. Find whether the following series are convergent or 
divergent : — 

2. Under what condition is 

— ? — I TTT H T-o- +etc. convergent or divergent? 
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3. Prove that 1+2-^+3-^+4-*+ etc. is divergent. 

4. Prove that l+=^+=^+=^+etc., 

are convergent, or divergent, according as /x is, or is not, greater 
than 1. 

* 

5. If a be a whole number, then the two series 
^i+^«+^»+etc., and tti+au<,+a't*,a+a'tt^+eto., 

are both convergent, or both divergent. 

6. Prove that __+-j__+^-j-^+ etc. is convergent 
when X b positive. 



VI 



(Cjqponentfel &£rte0 anti Hoprtt^mfc &erfe0* 



78. As we shall use the series 

l+l+j2+|3 + eto. • • . (i), 

we here make a few remarks upon it. 

1°, Its sum, denpted by e in [Art. 464], is greater than 2. 
For the first two terms amount to 2 and all the other terms 
are positive. 

1111 

2°. Again e is less than 3. For j^ <— , ^ <~ , etc. ; 

.'. the series is less than 

l4-l + 2"+2i+2»'^®^*' ^^*V^-> ^^"^IHi*^^* 

Hence e lies between 2 and 3. 

By taking the sum of the first twelve terms of (i) the student 
will find the value of e (correct to 7 places of decimals) to be 
2-7182818. The terms after the twelfth only affect the digits 
after the seventh place. 

3°. Also e is a surd [Art. 289]. For if it is not, it can be 

m 
represented by a fraction — , where m and n are positive integers 

[Art. 289]; 

m 0.1,1, ,1. 1 , 1 t L 
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Multiply both sides by |n; since | n is exactly divisible by 
each of the factorials {2, [8, ... [n, and since | n=n | n— 1, 

-,1 1 

N<'^(«+1)(«+2)<kF^' 
1 ^ 1 

(n+l)(n+2)(n+3)^(n+l)»' 

eto. <eto. ; 
.'. the series 

.i+l+(n+l)(n+2)+ "*"• <;rri'*"(H^+ '*'• "^ '''•^''• 

1 
w+1 1 

1 L. ^ 

and thei^fore is a proper fraction; hence we have a proper 
fraction= m| n — 1 — an integer 

=an integer, 
which is impossible ; .*. e is a surd. 

79. Exponential Theobbm. Th^ series for a*, of ascending 
potoers ofx^is 



1 . 1 , g'logea |« , g'logea | » , 
Whatever n may be we have 



Now 



'=i+-+K«4)+rs('4X-l)+"- 



46 EXPONENTIAL SERIES AND 

Hence when n is infinite (Art. 26, Obs. 2), 
the limit of (l+£j =l+ic+|+^+ etc., 

and then also, by putting x=lf we see that 

the limit of (l+i)"=l+l+|i+|^+eto.=e; 

.-. from (i) c«=l+a;+^+^+ etc. 



And this is true whatever form the index of e may have. 
But logea'=idog^ ; .-. o»=c*io«e<» [Art. 447]; 

... a.=l+dog^+^l'+^'+ etc. 
This result is called the Exponential Theorem. 

/ l\naj 

The student will observe that we have taken (IH — j , the 

generating function of the series in (2), as the sum of the same 
series. This we do in accordance with the assumption mentioned 
in Art. 64, since the series is convergent. 



EXAMPLES.— VIII. 



1. Prove that n=l+\og,n+^^\^2^* + etc. 

2. Express n-| — in terms of logen. 

n 

3. Prove t^t 7=^+613 +"^-+ (2n+3)V+ I+ ^*^' 

4. Obtain a series for c— e~^ 

5. Prove that !^i "[2+14+ ^^' +72ir+ ®^- 
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6. Express the sum of the series .-^ + ri +eto. in terms of e. 

7. Showthatg^=l~ 1 l-g . 

l+|-3 + |-3-+eto., orf tn/fn 

1 2 2* 2» 

8. Prove that '- ,- >- — = =1 

9. Investigate a series for e^""*+c~ . 

xo. Sumtheseries j^+j^+^^^^g+etc. to infinity. 

1 

II. K 2; be a positive quantity, prove that af is less than e. 
80. Prop. The series for loge(l+x), of ascending powers ofx^ is 

X being <1. 

By the Exponential Theorem 



a'=l+vlog^+v^^^\^^\ etc.; 



2^3 



a*— 1 
Hence when v=0 (Art. 27) the limit of is logga. 

For the series within the brackets is convergent (Ex. V. 2), 
whatever finite value a may have, and therefore the product of it 
and V vanishes with v (Art. 30) ; 

•'• 'oge(l+^) ^8 *^® l'"^i* 0^ ^ ' ^ when vrsO. 
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Now, when a; is<l, the series for (1+*)^ obtained from the 
Binomial Theorem, is convergent ; 
.-. then (Art. 64) 



{l+x) 



__^ (l+..+!!(^,»+ K--^)(---^) ^+etc )-l 



V 



=«,+!^,.+ (!:=lfc2)^+,tc. 



and the limit of this, when t;=0, is 

X* . x^ X* 



X' 



2 



+"3 -4+ etc.; 



x'^ nr^ Qc^ 
.-. hge{l+x)=X'—^+-^-^j-+etc,, when x<l, 

81. We proceed to deduce some formulae for obtaining the 
. Napierian logarithms of numbers. 

X* X* 

We have, when x is <1, loge(l+«)=«— 2"^3'"' ®^^* (')» 

.•., writing —a; for x^ loge(l — «)= "^^""2"" 3""" ^*^^* ' 

1+a; / jc* a;' \ 

/., subtracting, logej-;;^^=2la;+g-+-g-+ etc. )• 

Putting ^i±- for =-^, and .*. o"" TT ^or x, we obtain 
n 1— a; 2n+l ' 

Again, put ^j^j-^ for j-^, and .-. ^^^^j-j for x; 
.-. log«m=— loge(m*— 1), i.e. 21ogem— log«(m— 1)— loge(t»+l) 

=2 { 2^+ 1 (2;itT)'+ 5 (2^)*+ "*°- } (3). 
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In (3) put nssl and we have, since log 1=0, 

log.2=2{i+|-i+i|;+etc. }, 

and by taking a sufficient number of terms of this series, we 
obtain loge2 to any required degree of accuracy. 
In (3) put m=2 and we have 

log,3-21oge2=-2|y+3-j^+-g-yj+etc. |, 

from which, since we have obtained loge2, we can now obtaiu 
logeS. 
In (3) put w=3 and we have 

log,4=21og,3-loge2-2|^+|- j-J-+|-j^,+ etc. |, 

which gives us log«4, since log^S, loge2 have been already ob- 
tained. 

And by putting ms=4, 6, etc. successively, we obtain the 
logarithms of all succeeding numbers. 

82. Obi, The series in ( i ) Art. 81 gives the logarithm of any 
number without our knowing the logarithm of any other 
number. 

The formula (2) gives the logarithm of one of the numbers of 
the form n, and fi+l, t.e., of two consecutive numbers, when 
the logarithm of the other is known. 

The formula (3) gives the logarithm of one of the numbers of 
the form w— 1, w, w+1, «.c., of three consecutive numbers, 
when the logarithms of the other two are known. 

The reason why it is preferable to use the formula (2) than to 
calculate the logarithm of each number separately from (i), is 
that the series in (2) is a much more rapidly converging series 
than that in (i), by which we mean that the terms decrease 
much more rapidly in the one series than in the other, and there- 
fore, to approximate to the sum of the series in (2), within any 
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required degree of aoouraoj, we need take fewer of its terms 
tlian we should of the series in (i) to obtain the same degree 
of accuracy. 

For the same reason the formula (3) is preferable to either 
(2) or (i). 

83. In calculating logarithms we need use the above formulas 
for primes only, for the logarithm of any other number can be 
obtained from the logarithms of its prime factora Thus 
logl2=log3+21og2. 

84. Having thus obtained the logarithms of numbers in the 
Napierian system, we can find the logarithms of the same num- 
bers in the common system, by the method explained in [Art. 
465]. 

EXAMPLES.— IX. 

1. Prove that 

logea=a-l-~(a-l)'+i(a-l)»-l(a-l)*+etc. 

2. Prove that 

lofra-loge«:=^-+2^— ) +3{— j +etc. 

3. Show that loge(l-aj«)=-2||-+j+^+etc. I • 

4. Prove that 

2 log.(«+l)=»' +!-!(«>♦ + i)+l{«:. +l)-eto. 

5. Prove thatlog.«=n- --gjn'-jjij+g(n'--j_etc 

6. Investigate the formula 

log,(a!+2)=2 log.(a;+l)+log,(a!-2)-2 lo&(a!-l) 
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7. Prove that 

log.(l+aj+a;«)=aj+ 2— 3«* + 4-+ 5~ 2" g-^ 

aj» a* 12 

8. Prove that n{ic-l- J(a;-l)«+J(«-l)'-eto.} 

aj»-l , 1 /a5«-lV , 1 /aJ^-lV . * 
=-^ + 2l^^j +3i^^) +^*^- 

and that log^l +(1 +«)+(!+«)«} =3 loge(l+a;)-logea; 

/ 1 . 1 1 . 1 1 . , ) 

■" ( (l+a;)»'*"2 (T+^'*'3 (l+aj)*"^®^^' j ' 

9. Find X from the equation 2*+2*-^=10. 

10. If a, )3 be the roots of the equation aa;^+5a;4-c=0, then 

loge(aa?«+5a?+c)=logea+21ogea?--(a+)8)-2^,(a«+^) 

-3^(«»+^')-etc. 

1 

11. If «o+«i^+«ia?'+eto. be the expansion of loge(l+a;)^~*, 
show that 2n(a„|_i— a,„)=l. 

OL XI. . 1 y-l-i(y-l)*+i(y-l)'-eto. 

1 2. Show that log^='^ - . — ?/ — 1 (^f; ^ (, — 7- 

o*^ a— 1— J(a— 1)«+J(a— 1)«— etc. 



s 



VII 

inamrmfnau €otttltltntfS. 

85. Prop, ^f any positive integral function of x of the nth 
degree vanish for more than ' n different values of x, then each 
of the coefficients must vanish. 

Let the function be Ns^+Maf^^ + . . . + Cb* +Bx+A. De- 
note it by f{x) for shortness. 

Suppose f{x) vanishes when x=ai, a,, . . . a^ and On^i. 

Then (App. Art. 12), /(aj)=^(a;— «!)(«— a,) . . . («— a„). 

Now when x^a^^u f(x)=0] but none of the expressions 
an+i^'Oij 0,14.1— Of, • . . On^.!— '0,1 vanish, since af^+l is different 
from each of the symbols ai, a, . . . a^; 

.". then N=0; 
but the value of N does not depend on x ; 

•*. alvxtys N=sO. 

Hence /(«) reduces to i8faJ»*-*+ . . . +Cb*+5a;+-4, which 
therefore vanishes when a;=sai, . . . a^+i* Hence we can show 
as above that M and each of the other coefficients vanish. 

We add another proof of this proposition. 

86. If the expression A+Bx+Cx^+Daf^O for more than 
three values of a;, then -4=0, 5=0, (7=0, jD=0. 

For let a, P, y, B be four values of x such that 

A+Ba+Ca*+Da*=0 . . (i), 
A+BI3+CP*+D^=:0 . . (2), 

A+By+Cy^+Dy'^^O . . (3), 
A+B8+CS^ + Di^^c\ . . (4). 

52 
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••"•^ — — -■ ^^^1 ■ ... ._ 

From (i) and (2) by sabtraotion we have 

(a-)8){5+(7(a+)8)+i>(a«+a)8+/?«)}=0. 
Now since a— ^ is not =0, a and ^ being different; 

... 5+(7(a+)8)+D(a«+aj8+jS«) = 0. 
Similarly B + C(a+ y) +2)(a« + ay + y») = . (5 ) ; 
.-., subtracting, 08-y){a+i>(a+)8+y)} = O ; 
but )8— y is not =0 ; 

/. (7+i>(a+)8+y)=0. 
Similarly (7+D(a+/?+S) =0 ; . . (6); 

.'. , subtracting, (y — S)jD = ; 

but y— 8 is not =0; 

.-. J9=0; 

.'. from (6) (7=0, and /. from (5) -B=0, and /. from (i) ^4=0. 
In tbe same way it can be shown that, if any jpositive integral 
fumction of j. of the nth degree vanish for more than n values 
ofj^ tJien each of the coefficients must vanish, 

87. Cor. 1. If A+Bx+ . . . +Nx'»=A'+B'x+ . . . +N'x'^ 
far more than n values ofx, then A=A', B=B', etc., N=N'. 

For since (.4-^') + (5- 5>+ . . . +(N-Ny^ = 0,{or 
more thann values of a;; .*. -4— -4'=0, etc., -AT— iV'=0. 

88. From this Proposition we cannot assume, if an infinite 
series involving positive integral powers of x vanishes for an 
infinite number of values of x, that therefore each of the co- 
efficients vanishes. For being an infinite series it is not of any 
definite degree. 

To this point we shall recur in Art. 93. 

89. Ex. Given A+Bx+Cx*+Dx'' + Ex*=l+5x* -9x* for 
all (or at any rate for more than four) values of x^ then A=l, 
5=0, (7=5, i)=0,J5;=-9. 
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90. The statement in this corollary is called the Principle of 
Indeterminate Coefficients, these two words meaning not ^' coeffi- 
cients which cannot be determined/' but '^ coefficients which 
have to be determined." 

By this principle, if two positive integral functions of x are 
equal to one another for a number of values greater than the 
degrees of the functions, we are allowed to equate the coefficients 
of the like powers of x on each side of the equation. 

91. Cob. 2. If two positive integral functions of x be equal 
for a number of values of x greater than the degrees of the 
functions, the highest powers of a; in both functions must be the 
same. 

For if 

anX'^+an-i^''^+ . • • +«i«+ao=^n+ia^+*+^naJ"+ . . . +^0, 
for a number of values of x greater than n-f 1, then bn+i=0, 

92. Ex. I. Investigate the relation which exists between m 
and n when ma?— {2m* + 3n)a;* + (m'+ 6mn)a;— 3m'n is a perfect 

cube. 

When it is a perfect cube it must be of the form 

c?si?+Sa*bx*+Sah*x+b* ; 
,*., equating coefficients, we have 

a*=m, (i), 

3a«6=-(2m«+3n), . . , (2), 
8a5'=m'+6mn, . . . (3), 
J»=-3m«n .... (4). 
From these equations we now eliminate a and b. 
By ( I ) and (4) aV = — 3m'n, 
„ (2) and (3) 9a»6'= - (2m» + 3»)(m»+ 6mn) ; 
.-. 27m«7i=(2m«+3n)(m«+6n) 
=2m*+15wm«+18n«, . 
or f»*— 6m«n+9n«=0; 
.'. w»'— Bn=0. 



INDETERMINATE COEFFICIENTS. 55 

Ex. 3. Detennine the relation which exists between |> and j 
when a^+iKB+2 is divisible by a factor of the form (a;— a)*. 

Let x-\'h be the other factor; 

.*. 5— 2a =0, and /. &=2a; 
a" — 2a&=|>, and . •. — 3a' =|> ; 
a'ftsj, and .*. 2a*=q; 

•■■(-f)"—(0> 



EXAMPLES.— X. 

1. Determine the relations which exist amongst a, b, c, d^ e,|>, 9, 
when ax^+hx*+cx^+dx+e is divisible by the factor x^+px+q. 

2. Investigate the condition for the expression 

4x*—4px*+^qx*+2jp{m+l)x+{m+iy 

being a perfect square. 

3. Investigate the condition for the expression 

Ax*+2Bxy+Cy*+2I)x+2Ey+F 

being divisible by a factor of the form ax+by+c, 

4. Besolve 2a;*— 21ajy— lly'— a;+34y— 3 into its factors. 

5. Express ^{x*+x*+x*+x+l) as the difference between 
two squares. 

6. Investigate the relations between the coefficients that the 
equation asfi+bx^+cx+d=:0 may be put under one of the 
forms— 

(i) x*={x*+px+qy, 

(2) q'=^{x*+px+qy. 
Solve in this way the equation, 2a;*~fl;*— 2a;+l=0. 
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7. If the two expressions aj^+^w'+g'aj+r, ic*+yic'+g''a;+r', 

have the same quadratic factor, then ?=^- =^ =^ ^« 

P — P 9, — 9, '^"^'^ 

Show also that the third factors are x+^—^r and a;+^— ^,r'; 

4*^—4* 4*^»4* 

r— / 



and that the quadratic factor is x*^- — ^^+ 

93. Pbop. ijT ^7t€ aeries ao+aiX+aaX*+a,a;*+ etc. is con- 
vergent^ and equal to zero for all values of x hetvoeen certain 
limits including zero, then all the coefficients ao, ai, etc. vanish. 

For all these values of x the series ax+^^^s^+^s^'+^tc. is 
convergent ; for in it the test ratio is the same as in the given 
series. Hence its sum is equal to zero, or some finite number. 
Denote it by Zr ; 

/. ao+icZr=0. 
Now L not being infinite, when 2;=0, xLz=lQ (Art. 30); 
.-. ao=0; 

.*. a;Z=0 always; 

.*. either a;=0, or, i!y=0 [Art. 324], so that we are certain that 
L vanishes for all the values of x which we are considering, 
except when a;=0, and it may also vanish then ; and since it 
vanishes for all the other values of x which we are considering, 
however small, we if^er that it does vanish when x=0. 

Therefore again we have a series ai+aiX+atX^+ etc., 
which is convergent, and equal to zero for all values of x between 
certain limits including zero ; 

.•., in the same way as above, we can show that ai=0 ; 
and we can go on to show that each of the other coefficients, in 
succession, vanishes. 

CoE. If for all values of z between certain limits, including 
zero, the expressions aQ+aiX+a^x*+ etc., bo+biX+biX^+ etc. 
are, one a convergent series, and the other a finite expression 
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or a convergent series, and are also equal to one another ; then 
the coefficients of any the same power of x in both expressions 
are equal to one another. 

For their difference, a©— 6o+(«i— ^OiB+Cflt— ^8)aJ'+etc., is 
a convergent series which vanishes for these values of x^ 

/. a©— 6o> «i— ^ij eto»i all vanish; 

94. Pbop. a function of any symbol x, which his only one 

form^ can only he expanded into one convergent series of ascending 
powers ofx. 

For if possible let it be expanded into two series, say 
«o+«i«+«8**+ etc., and ho+hiX+ etc. 

Then since both these series are, by hypothesis, convergent, the 
function, by the assumption of Art. 64, expresses the sum of 
each to infinity; therefore the two series are equal to one 
another for all those values of x for which both are convergent ; 

.*. 00= 5o, ^1=^1) etc., t.e. the series are identical. 

Obs, If a function can assume more than one form, then it can 
be expanded into one such series corresponding to each form. 

Thus the square root of 1+a; has two forms, and therefore two 
corresponding series, namely 

l+^ic— 5«*+ etc., and — 1— 2^+g»'— etc. 

95. Ex. I. To expand 6^(1—2;) in a series of ascending 
powers of x. 

Put ^o+^i«+^«»*+ etc. =f l+ic+^+ etc., Vl-ic). 
=l_|+etc. +(^^^^^yn+ etc. 

.-., equating coefficients, ^,.=j^-^^=-g?=-- j^ , 
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and -4o=l, ^i=0 ; 

^. 2. Prove that the ooefficient of af in the expansion of 
(l-3a;+2a;«)-' is 2^+^-1. 

^'^^ l-3a;+2a;* =^o+-4xa+-4,a^+ etc. ; 

.-. I=.4o+(^i-3.4o>+(2u4o-3.4i+.4,)a;«+ etc. ; 
.'., equating coefficients, we have uiln— 3^„-i+2^n~8=0. 
Let ^„_,=2»-i-l 

.-. ^„=3(2»-l)-2(2"-i-l) 
=3.2*-3-2*+2 
=2«(3-l)-l=2~+i-l. 
Hence if ^n-s &Qcl ^n-i ^&ve the given form, A^ has also. 
But iio=l=2o+i-l, 

and iii-8iio=0 ; .-. ^i=3=2i+i-l ; 
.'. Afi and ili have the given form ; .*. ^„ and each of the 
succeeding coefficients, has also, e.e. ^f.= 2^+^—1. 

Ex, 3. If a;=aiy+a,y'+aiy'+ etc., required an expression 
for y in terms of x. 

Suppose y = 6iaj+ h^x^-^rh^x* + etc. 

.-. a;=ai6ia;+(ax58+a86i«)aj«+(ag6i»+2aa5i6,+aift,)a;»+eto. ; 

.*. aiJi=l, 

a,6i«+2a,M«+«i^8=0, 
etc. =0. 

Thus we obtain sufficient equations to determine the coeffi- 
cients in turn. 

This determination of y in terms of x is called rever%vnQ the 
given series. 
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Ex. 4. To prove that 

n«-n(n-l)»+'^^^Cn-2)»-etc. =|n. 

By the Exponential theorem we have 

(c«— l)*=(aj+^*+eto.)*=af*+ higher powers of x (i) ; 

but also (c*— l)*=c««— ne<»*-»>*+^^^^6<**-«)«— etc. (2). 

Now, expanding each of the powers e***, e(**-0«j etc. by the 
exponential theorem, and picking out the term in each expan- 
sion which contains af", we see that the coefficient of af" in (2) is 

'n>—x — '-^ — \ ^ ' ^— i — '- — etc. The coefficient of x^ 

n n l.z I n 

in (i) is 1. Hence, the series in (i) and that obtained from (2) 
being both convergent, and the expansions of the same generat- 
ing function in ascending powers of Xj we have, equating these 
coefficients of a?", 

n»-.7i(n-l)«+^^^^(n-2)«- etc. =|_n 

Ohs, The coefficient of of in the series obtained from (2) is 
f (n-l)'- n(«-l) (n-2)'- 

E ijL ni FT ■ 

but there is no term in (i) containing a power of x lower than 
a?*, hence if r < «, nr—n(n—iy+ ^^*^~') {n—2y— etc. =0. 



Also by taking r>nj and finding the coefficient of af from (i), 
and equating to it the expression (3), we obtain another similar 
theorem for each value of r. 



EXAMPLES.— XL 



I. If An is the coefficient of aJ" in the expansion of ^ f"*", — 

1+aj+a?* 

then An=An^i. 

Write down the first six terms of the expansion. 
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2. If i^n is the coefficient of a^ in the expansion of 

c* 1 

= , then iln— -4»_i=j — • 

3. If ^ = x—^+^— etc., find a; in a series of ascending 

powers of y. 

4. Expand loge(l+a;)^~' in a series of ascending powers of x, 
when X is less than 1. 

5. Show, by equating the coefficients of o^ in the expansions 
of 21og,(l— a?) and loge(l— 2»+ic«), that 

2» — n2«-« + ^^ n 2**-* — ^ — =-^^5 ^2»*-« + etc.=i2 • 

6. If xSy+y*=0, find y in a series of ascending powers 
of «. 

7. Show that 

„».._„(„_l)»+.+!i(n=l) („-2)«-^.- etc. ="(3»+6)i!i±2 

lui 1 4 



VIJI 

©fnomfal C^eorem^ 

96. Wb shall, in this chapter, give some additional Theorems, 
and some examples of various problems, connected with the 
Binomial Theorem. 

97. To find the numerically greatest term in the expansion of 
(a+x)^ in ascending powers ofx. 

The magnitude of any term does not depend on the signs of 
a and x ; we shall therefore consider them both as positive. 
The (r+1)*^ term can be obtained by multiplying the r*^ by 

, the numerical value of which we therefore shall call 

T a 

the multiplier /or the (r+1)*^ term. 

If for several consecutive terms the multiplier > 1, each of 
them is greater than the preceding term, and if then the 
multiplier for some term becomes < 1, the terms then begin to 
decrease, so that just before this term we shall find the greatest 
of the terms considered. See [Arts. 410, 411, 421]. 

I. Let n be positive. 

Let p be such that I— 1 ) - =1, or p= ^^ . ^? , and, if 

^ \ p )a ' ^ a+x ' ' 

p is not integral, let q be its integral part. 

1°. Suppose n is an integer. Then the series terminates after 

the (n+1)*^ term, and r cannot be >n. 

(n+1 \x . 
— IJt^ always positive. It also decreases 

as r increases; .*. it >1 when r<o, and <1 when r>». 
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Hence, if |> is an integer, the p^ and the (/?+l)*^ tenns are 
equal to one another, and each is greater than any one of the 
other terms; and if p is not an integer, the (^+1)^^ term is 
the greatest. 

2°. Suppose n is a fraction. Then the series is infinite. 
When r>n+l, is negative, and therefore the multi- 

If a;>a, when r>z^^-— *^e multiplier is >1 and the terms 

go on increasing continually, and therefore there is no greatest 
term. 

If fl;<a, or =a, when r>n+l the multiplier <1 and the 
corresponding terms continually decrease, therefore the greatest 
term is amongst those for which r= or <n+l. 

Hence, as in i°, if ^ is an integer, the^**^ and the (p+1)*^ 
etc. 

n. Let n be negative. Then the series is infinite. 

Put n^'^m^ so that m is positive. Then — 1 

= — (iH )• And this being always negative, the multi- 

pUeris(l+^)j. 

Let y be such that (l+^) J=l, or ^'=^^^, and, if 
p' when positive is not integral, let g^ be its integral part 
1° Suppose m>l. 

Then -- — - is positive, and IH — — never <1, but decreases 
as r increases. 
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Hence, if a; > a, or s=a, the multipHer never <1, and the terms 
go on continually increasing. 

If 2;<a, the multiplier is >1 when r<p' and <1 when r>p'. 

Hence, similarly to I. i^, if ^' be an integer, the ^'*^ and 
the (p'+l)*^ etc. 

2°. Suppose m<l. 

Then is negative, and \-\ never >1, but increases 

as r increases. 

Hence if x<a^ or s=a, the multiplier is never >1, and the 
terms go on continually decreasing; .*. the first is the greatest 
term. 

\i x>a when r>'p\ the multiplier is >1, and the terms go 
on continually increasing, and therefore there is no greatest 
term. 



EXAMPLES.— XII. 

Determine, when possible, which is the greatest term in the 
expansions of the following : — 

I. (l+2a;)i 2. (3+aj)». 3. (l+3a;)-t. 

4. (l-4aj)^ 5. (2+3a;)-«. 6. (2+3ic)-*. 

98. Products are said to be homogeneous when the number 
of factors in each is the same. 

Thus a", a'&, ahc are homogeneous products of three dimen- 
sions. 

99. Prop. To find how many homogeneous products of r 
dimensions can he formed out of the n symbols^ a, b, c, . . . etc, 

[Mem. K m be the number of terms in the sum -4+5+C+ 
etc, and if we make A^ B, etc., each equal to 1, then the sum 
becomes equal to m.] 
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We have = =l+aa;+a«a;*+a"ic»+etc. 

j3^=l + &c+6«ic» +6»ic»+eto. 



=— — -=l4-ca; +c*a;'+eto. 



1 

ca; 

etc. s: etc. ; 
/., multiplying, we have 

+(a*+ft«+etc.+a5+ac+6c+etc.)aj^+eto. (i), 

the coefficient of o^ being the sum of all the homogeneous pro- 
ducts of r dimensions which can be formed out of the symbols. 
If now we put a=5=c=etc.=:l, each of the products will 
become equal to 1, and therefore the coefficient of of will be- 
come the number required. But now the left-hand side of (i) 
has become (1— a;)~*^, in the expansion of which the coefficient 

of a^ is ^ ^ * ', ' » Therefore this is the number 

Ll 

required. 

100. If pr denote the coefficient of a?** in the expansion of 
{l-|-a?)«« then 

2i?ol>tn-5^ii?fn-i+etC.+2(-l)'*-ii?n-ii>n+i + (-l)''i?n' 

= (-l)-i^n. 

We have 

(1 -|-a?)«»=;>,na?««-f.i),n-ia?''*-' + . . . +l>n+ia^+' -J- p^x'^ 

.'., multiplying, we see that 
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or 2{p^,„_p,p„_,+ . . . +(_l)"-';,,+,p^,}+(_l)»p„« 
^ooeficient of a^" in the expansion of (1— x*)*" 
=coefficient of «" in the expansion of (!—»}'" 

Ex. 2. Prove that the Bum of the piodacts of ever; two oon- 
Beontire ooeffioiente of an expanded binomial 
_ 1.3.6...(ih-l) » 

n being the index sad a positive integer. 

Let(l+a:)"=Oo+aia!+ . . . +a,.,a:n->+a^»; 

tl»n fn-iy=»,+|+ . . . +a._,_i_+i; 
.-. aoO,+BiO.+ . . . +(iB_,a„ 
=coeffieient of a; in ezpftneion of ^ '"''' 
=ooeffioient of «"+' in ezpanaion of (1+a:)'" 

1.3.6... (2»-l) . 

EXAMPLES.— XIIL 



. IfnbeapositiTO integer, proye tliat 
?! 



2.(2n-l) . 2n[2n-l). .(n+2) 
1-271+ pg . . . +(-1)"-' 1„_1 



Knd if n be an odd nnmber, that 



, 2.(2»-l) 2.(2n-l)(2.-2)(ito-3) 
1+ - 1 2_-^ ->■ [T +""■ 

+ |»-l|n+l=-^ ■ 
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2. If n be an even integer, show that 

1 . 1 . , 1 _2^' 

|1 |w-l "'"|3 In-S "*" • • • "^1 n-1 |J^~ | n_ 

3. lifCr) be the coefficient of x^ in the expansion of (l+a?)", 
prove that 



>':»")+,-:r=T/('— l)+rrHToA'— 2)+...+yi('— m) 



^^^^' ^'^(m=2[2-'^' -'-^•••-r-'v "''-\ r\m+n-r 



• 

4. If flo) «i> a» ... be the coefl&cients of (l+a?)**, show that 

|2n 

(1) Oo«r+«i«r+i+«s«r+s + .»«+«n-r«n=j "T ■ • 

\n — r |n+r 

(2) Oo^jr— «i«sr-i+«s««r-s— • • • +(— l)''~^ar-i«r+i 



+(-i)-K'=i(-i)'j;^^- 

(3) «o«r— «i«r+i+«i«r+s— • • • +(— l)'*~''an-r«n 

Examine the condition as to the values of n and r in this kst 
case, and find the value of the expression when this condition is 
not satisfied. 

5. If {x+a)^^poX^+piaf*-^a+piCcf^-*a*+ . . . , 
m and n being positive integers, find the value of 

Po^r+Pi^r-i+Piqr-t+ • • • 

6. If {n)r bo the coefBcient of a?** in the expansion of 
(l+aj)~ prove that (2n)r=2(n)r+2(n)i(n)r-i+ . . . , n being a 
positive integer. 

Write down the last term for the two oases in which r is odd 
and even. 

7. Find the sum of the squares of the coefficients of the 
expansion of (1+a?)**, n being a positive integer. 
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101. The above are examples of the equality of coefficients 
(Art. 87) in two finite series, which are known to be always 
equal to one another from their being expansions of the same 
function. 

We shall now give some examples of this equality in two 
infinite series, which are both convergent, and thus are known to 
be equal for the same reason (Art. 94). 

102. Ex, I. Prove that 

1— n*+n*.— hn*—7z — • — k ^ etc. =0, 

n being a positive integer. 
We have 

/-I I \«L 1 I I w(n— 1) . . n(n— l)(n— 2) . . ^ , v 
{l+x)'^=l+nai+-^ — lx*+ -^ — Y2S ^ '^ ®*^- (^)» 

(l+y^l,2i+^j!H±)^_ n(«+i)(n+2 )l ^^ 

\ xj X 2 X* 1.2.3 »» ^ '^ 

Multiplying we see that 1— n'+ ^ ^^J" ^ — etc. is the 



co- 



efficient of aj* in the expansion of (1+aj)'*. (l-{ — ) ; 

t.e., of (1 +ic)'».--^^, or of a.-** ; 

.*. 1— n* + — ^r ^— etc. =0. 

' 2» 

Here we were able to equate co-efficients, for when x is 
sufficiently large {i,e, > 1), the series in (2) is convergent, and 
therefore the series formed by multiplying it by the finite series 
on the right hand of (i), is convergent 

Ex. 2. Ifp^= ^y '/ ' ^^T^\ show that 

2.4.0 . . . 2r 

Herepr is the coefficient of a;'' in the expansion of (1— a?)""*; 

.-. (l-a;)"*=l+i>ia;+|),a;'»+ . . . +Psn+i»'**+*+ etc. (i), 

(l-aj)"^=l+pja: + +i>in+iaJ»*»+^+ etc. (2V 
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Multiplying we see that 
=o(hefficient of »*•*+* in the expansion of (1— »)"* 

It will easily be seen that the series in (i) and (2) is con- 
vergent, and therefore also its square, when a; is<l. 



EXAMPLES.— XIV. 



I. Prove that 



1.3.5 . . . (2r-l) 1.3.5 . . . (2r-3) 3 1.3 .5 . . . (2r-5) ^5 

1 ^1 -I I 



r-1 1 • r-2 



+ etc. =2'-(l+r). 
2. The sum of the first r+1 coefficients of the expansion of 

(1— a;)~^ is 7 — 1 — , m being a positive integer. 
1 771 I r 



3. Prove that 

^^^^^T^ [2_ ^1.2. |_3_ +®'*- 

=2»-»(«'+7n+8). 

Write down the last term of the series on the left side. 

„ -1.2.5.8 . . . (3r-4) . „,, . 
4- ^TP^ 8.6.9.12 ■ . ■ 8r ' '''°^ *"* 

. -4.7...(6»-2) 

P»n+i+l>inPi+l>i»-;y«+l'«n-<P»+—P»+<P«»= 3.t).9...(t(»+3) ' 

5, K ^(r,n)= "_^~ , prove that 



(i)<^r,n+l)=l+<Hl,«)+<^(2,«)+ . . +*(r,n); 
(3)<^(r+l,«)=^(r,l)+<Kr,2)+ . . +*(r,»). 
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103. Since ^5 lies between two integers, viz., 2 and 3, 
3+^5=5+ some fraction; /. (3+ ^6)»*= an integer + some 
fraction, n being a positive integer. Required to find expres- 
sions for the integral and fractional parts of (3 -f V^)*** 

Denote them by a and /respectively, so that 

(3+ V5)''=a+/. 

Now 3— ^5, and ,\ (3— V^)**? ^^ a proper fraction. 
Denote it by f ^ so that 

(8- V5)»=/. 
Now (3+ V5)"=3"+ "("~^W «5+ etc. 

+ V5 { n3n-^+ ^(^-^Xp2) 3,,3g^ ^^^ 1^ 

(3- V5)"=3^+ ^(^~-^V -«5+etc.- V^j ^**-*+ etc. I; 
.-. a+/+/=2 1 3'*+^^^^=1^3«-«5+ etc. I 

= an integer, since the coefficients T^y > etc., being the 

number of combinations of n things taken 2, 4, etc. times 
together, must be integral 

Hence a being an integer, f-\-f must be one also, or zero. 

Now/ and/' being each positive and less than X^f-^-f must 
be greater than and less than 2 ; 

.*. it can only be equal to 1 ; 

/. a=2| 3"+^^^W6+ etc. I -1. 

Also/=l-/=l-(3- sjhy^ 

Oba. 3»+^?^^^^3«-«5+ etc. being an integer, 

2 i 3»»^ — y^~~ ^ 3**"''5+ etc. {• > or a+1, is an even integer; 
.'. a is an odd integer. 
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CoE. The rational part of (3+ ^5)^=3^+ ^^^ •^^ 3^-^5+ etc. 

=J(«+i), 

arid the irrational part = /y/5{n3"~*+ etc..} 

=i{a-l+2/}. 



EXAMPLES.— XV. . 

Find the integral parts of the following. 
I. (2+ V3^ 2. (3+ V7)« 3- (S+ ^/6)^ 

4. (7+3 VS)*. S- (3+2V2)^ 6. (5+3 V2)^ 

• 104. To find the integral part of (V5+2)» 
Let a and / denote the integral and fractional parts respec- 
tively, so that (V^+2)"=a+/. 
Also (/^6— 2)'*=/', a proper fraction. 

1°. Let n be odd. 

Then a+/--/'=(V5+2)«-(V5-2)« 

=2 { n5'^'^2+^^|p^^6^'2«+ etc. I =an integer. 

But a is an integer ; .*. /— /' is an integer, or zero. 
Now /and/ being each >0 and<l,/— /' cannot be numeri- 
callj so great as 1 j .-. /— /'=0 ; /. /=/ ; 



«-i 



and a=2{n.5 « 2+ etc.) 
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2°. Let n be even. 

Then aV+/=2|5"«+^^^^:^5^^^^ etc. |; 

and, as in Art. 103,/+/=! ; 

.^«=2|5^+<?gl)6'^'2»+etc. |-1. 



EXAMPLES.— XVI. 

Find the integral parts of the following : — (i) when n is even, 
and (2) when it is odd. 

I. (V3+ir- 2. (V6+2r. 3. (^/10+8)^ 4. (2 V3+3r. 
5. (3 V2+4r. 6. (3 V5+6r. 7. (4 V2+5r. 
Find the integral part of the following when n is even. 

8. (V3+ v^r. 9- (V7+ V5r. lo. (2 V3+ viir 

11. If ( V2+ 1 )**""*"* = ct+/» where *w and a are positive 
integers, and /a positive proper fraction, then /(a +/)=!. 

12. Prove the same thing, if (5 V2+7)*'»+^ = a+/. 

13. Prove thaty(a+/)=2«'»+S if (3 V3+5)«'»+>=a+/. 

105. Expand ' in a series of ascending powers of x. 
We have -^±?!-=(a;+x«)(l-iB)-» 

= ((c+»0(l+8«+|j|»« + j^«+ etc. 
^H:!^ etc.) ' 

=a;+4a;«+9ic8+ etc., 

the coefficient of oS" being (^--^)^ . ^(^+1)_ , 

^ 1.2 ^1.2 
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m 

106. If Of. be the coefficient of v? in the expansion of 
(1+aj+a;*)^ then 

=}{l-(-ira,}. 

We have (l+a5+aj*)**=ao+«i«+«««*+ • • • +aj»«^*'+ etc., 
and (1— aj+aj*)»*=ao— «i«+«i«*— • • • +ajr»^'*— etc. ; 

.*. ao«3r— «i««r-i+ etc. +( — l)*'"*ar-iar+i + (--l)^«r* 

+(— l)''+»ay+iar-i+ etc.+ajrOfo 
scoeff. of a;'^ in the expansion of the product 

(l+aj+a?*)~(l -«+««)*», 

•.c, of {(l+aJ»)*-a?*}» or of (l+a?«+a*)» 

= coeff. of aJ^ in the expansion of (l+a;+a;*)'*=ar; 



EXAMPLES.— XVII. 

I. If ^r be the number of homogeneous products of n symbols 
taken r together, prove that 

and (2) „JJ,.-nJJ,..,(7,+nS;_,(7,- ... =0, 

where (7^ denotes the number of combinations of n things taken 
r together. 

3. If n^V, and nJ7r represent the expressions 

n(n— 1) . . . (n— r+1) n(n+l) . . . (n+r— 1) 

respectively ; show that 

: n-Sir "~ n^4r-4«nCi +n-^r-S'nCi — ... + (— I )*^*n-24'nCy-i + ( — l)*'nCi- 
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3. Show that the sum of the products r together of the n 
quantities a, a*, . . . a^ is 

(a*-+^-l)(fl^+*-l) . . . (a**-l) r^, 
(a-l)(a»-l) . . . (a«-*--l) ^ 

4. In the expansion of (ai+a,+ . . . +ap)'*, if n is a whole 
number, and p > n, prove that the coefficient of any term, in 
which none of the quantities a^y a,, . . . appears more than 
once, is equal to | n. 

Prove that 
^ '^ "■ n V 2 (n«-l)« 8 (n»-l)* 16 (n«-l)« 



y^Tp-} 



128(1 

5. Show that the remainder after n terms of the expansion 

of (1- a?)-* is 

(n+l)a?»*— na^+* 

6. Find the first 7 terms of the expansion of (1 +a?+ a?' — x^y °. 

7. Prove that 



1+ 



^HF)'{'^'}'+(T)'{=^=r=^}"+- 



8. If Or be the coefficient of x^ in the expansion of (l+a?)**, 
prove that, if It be less than n, 

|n |n— 1 |n— 2 



there being n— A;+l terms in the series. 

9. Sum to infinity the series 

, . 1+rg . (l+a?)(l+2a?) , (l+a;)(l+2a;)(l+3 a:) . 
^+T2""^ TO ■*■ 1.2.3.4 -+■••• 

10. Prove that the sum of the numerical coefficients of all 
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tenns oontainiDg of in the expansion of (ai+as+ . . . -f^n)^is 
w(m-l) . . . (m-i)+l) /^_ !)«,-, . 



1 1. The coefficient of (?*-"» in the expansion of (a+ft+c+cQ** is 

2(!Lz2^(!LzH)(a»+5»+c»+3ft«c+3ftc«+ etc +6a&c), 

o 

and the number of terms in the coefficient of d"~* is 21. 

12. Determine the coefficient of any power of a; in the expan- 
sion of 

(n— m+l)fl;(l— a;)— a^+^+a^-*-' 
(l-a:)« 

according to ascending powers of a;, where m and n are positive 

integers and n + 2 > w» + 1 • 

13. If iSo, 8^ be respectively the sums of the coefficients 
of the odd and even powers of x in the expansion of 
(l+aj+ . . . +a;»*)'*, prove that 80=8^ when n is odd, and 

iSo=iS»— 1 when n is even. 

14. Show that if tr denote the middle term of the expansion 
o{ {l+xy\ then to+ti+ti+ . . . =(l-4a?)~*. 

15. Find the coefficient of a^ in the expansion of 

a-f 2aj+3a:«+4«»+ eto)». 



IX 



107. In [Art 418] it was shown how, by successive applica- 
tions of the Binomial Theorem, to express any integral power of 
a trinomial by means of a series. We proceed to the general 
extension of the same method. 

Peop. To find the general term of the seriei which is the 
expansion q/'(a+b+c+ etc. +t+u)^, n being unrestricted. 

From [Art. 419] we see that the general term of the expan- 

- , X . w(m — l)..,(m — ^+1) - . ^ 

sion of [x+yy^ is — ^ ^-j^ ^(B**-*y, r bemg 0, or 

any positive integer (not greater than m, if m is a positive integer). 

The method consists in repeated applications of this theorem. 

Now {a-\'b-\'C-\- etc.)'*= a**+na^-*(6+c+ etc.)+ etc., 

the general term of the series being 

n(n— 1) . . . (n— a+1) „ ,, , , . v 
_v L . i^ ! — ^a**-«(5 + c+ etc.)*, 

where a is 0, or any positive integer, except when n is a positive 
integer, and then a must not be greater than n. 

Let Jf denote n(n— 1) . . . (n— a+1) for shortness. 

M M 

Again p-a*»-«(ft+c+etc.)*=r^a»-«{6«+a5*-»(c+etc.)+etc.}, 

M I* 

the general term being r^ a^"* a--flli8 ^"^^^"^^^'^ 



M 
_^n-.J.-^(c+ etc.)^ 



where )8 is or any positive integer not greater than a. 
^gain ^-p^a»*-*&*-^(c+etc.)^ expands into a series of 



M 



which the generaltermis i ^_q . q . a^~«&«-^(^-Y(d[+etc.)y. 
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And this process can be carried on until we find for tHe final 

M 



general term 75 r- a^-<^l^-P . . . t^^-^^w^. 

° a—p . . , 0-— T |t 



Where a, )8 . , . o-, t are zero, or such positive integers that 
each is less than, or equal to, the preceding. 

Note. — The sum of all the indices is equal to n. 

We may simplify this formula by putting 

a— j8=j8', ^ 

^8-7=/, / .\n—a+l3'+y+ . . . T'+T=n; 

etc. =etc. i ... P'+Y+ . . . T'+T=a. 



<r— T=T ; 



M 
Then the general term is 1 /w 1 > \—r-\ — a**"*ft^' . . . t^u^ 

where )8', . . . t' are all positive integers. 

108. If n be a positive integer, put n— a=a', a positive 

\n 
integer, and J[f=r=, and the general term becomes 



in 



and n=a'+)8'+'y'+ . . . +t'+t. 

109. Ex. I. Find the terms of the expansion of {a+hx—cx*y 
which involve x\ 

16 
Here the general term is i, r^, i, a''\hx)P\^cx^)y' 



where a'+j8'+y'=6 . . . (i), and we want all the terms in 

which i8'+27'=7 . . . (2), 

Hence we have to solve (i) and (2) in positive integers. 
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The solutions will be found to be 
)8'=1, 3, 6 
7'=8, 2, 1 from (2) 
a'=2, 1, „ (i). 
Hence the required terms are 

-16 16 -16 

In writing down expansions by the Multinomial Theorem, 
we arrange them according to ascending powers of some common 
letter. 

Often the sum of all the terms involving the same power of 
this letter is called one term, viz., the term involving that power. 

Thus, above, [6 &(»?'/ --_^aac«+|Yr3«&*c-rg6* j 
is the term involving a?^ 

Ex, 2. Find the term involving a?' in the expansion of 

(2—207— a?»+3a;*)""* 
The general term is 



(,l)a+^-+y 7.13 . . . (6a-5) ,y^ . 

Here j8' + /+S'=a, . . . (i), 
^'+3y+48'=6, . . . (2) 
The solutions of these equations are 

S'=0, /8'=2, 6, 

y'=l, 0, from (2), 
0=3, 5, „ (i). 
«-=!, ^'=1, 

7'=0, from (2), 
a=2, „ (I). 
Therefore the required term is 

»' f 7.13 7.13.19.25 7 ) 
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EXAMPLES.—XVIII. 

1. JB*ind the coefficient of o^ in the expansion of 
(1+ 2a;- 3a;« +»»)». 

2. Find the coefficient of ic* in (2— sc+a;*— 3a;')*. 

3. Find the coefficient of aj* in {a;— Jaj'+^a:*— ^a;*+etc.}'. 

4. Prove that the sum of the coefficients, taken positively, of 
the expansion of (1— a;+a;*)'* is 3**, n being a positive integer; 
and that the sum of the squares of the same coefficients is 

(i^4i+{2-+— [4- + --r 

5. Find the coefficients of a;***, a;***"*, a;"*"* in the expansion 
of (l-a;+a;*)««. 

6. Find the coefficient of a;» in the expansion of (1— 2a; + 3a;*)*. 



7. 






a;* 




» 




(1+a;— 2a;«)-». 


8. 






a;* 




M 




(l+3aj_2a;»)*. 


9- 






a;* 




» 


(1 


— a;— 3a;«+2a;*)*. 


10. 






■ a;> 




» 




(a+&a;+ca;«)'. 


II. 






a5c* 




» 




(a+&a;+ca;«)*. 


12. 






a*^> 




)> 




(a+2&a;-fca;*)*. 



13. Find the number of terms in the expansion of (a + ft + c)*. 

14. „ ,, (a+&+c+(?)*. 

15. Expand (1— 2a;— 2a;*)* to 6 terms. 

16. „ (1— aa;+a;«)* „ 4 terms. 



-f etc. 



Jnt(i\xalltlt0^ 

110. Prop, ij^ai, a,, . . . 9^ ben positive numbers, not all equal, 
then ■>'+"'+ ^ • • +'° >(a^a. . . . a„^. 

For convenience we will assume that the n numbers are in 
ascending order of magnitude when written down as above. 
Let a; be a positive number ; we have 

^l+^y=.l+^+-JL^^+ \ -l\ -L ^+ etc., 

V+;^i) =i+x+-,^x^+^ ^^ 'x* 

Nowl-- > 1 ^., l-~ > 1 ^, etc.; hence every 

n n— 1 n n— -1 

term, after the second, in the first series, is greater than the 

corresponding term in the second ; also the first series contains 

one more term than the second, and, since x is positive, all the 

terms are positive ; 

■■■ h^M+AT'- ■ ■ <■>■ 

Now 

( (n-l)ai i 

by (i), since 5'+^« + -+^»--^^' is a positive number; 



So INEQUALITIES. 



'•[ n j >"'( 1^-1 ) . 



—a 



etc. > etc. 



i 8 } > M 2~" j ' 

.-., multiplying, / ^i+^«+'-+M '*> a^a, . . . a„>ian; 

/. > Vfli«j . . .•«n)'*, Q.E.D. 

This theorem is sometimes thus stated : — " The Arithmetic 
mean of any number of positive numbers is greater than their 
Geometric m^an.** We have given Mr. Thacker's Proof from the 
Cambridge a/nd Dublin Mathematical Journal^ vol. vi., p. 81. 

111. P&OP. Ifvki^ as) . . ., an ben positive numbers, not all equal 

.1.^ ai'°+a«'°+ ' ' ' +an" ^/'a i+a,+ ... +^ Y t. ' 

tfien ^ ^ I I , according 

as m doeSy or does not, lie between and \\ except when m=0 or 1, 
and then the inequality becomes an equality. 

The truth of the statement with regard to the two exceptional 
cases is evident. 
I. For two numbers ; denote them by a and h. We have 

«p+».=(2±»+°-i»)-+(^-±?-»-i-')- 

, m(m-l)(m-2)(m— 3y a+&\^Ya-&V . ) 

•'• —2" V 2 ; - '1.2 \ 2 / l,~2"j 

, 7w(m— l)(m— 2)(m-3)/a+&\~-Y«-2'V . 

+ [i v^) l^j+ •■ 
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This series is convergent {Ex, V. lo), and therefore represents 
the arithmetical magnitude of the left-hand side. 

The sign of each term is the same as that of the coefficients 
W2(m— 1), etc. ; hence 

(i) when m is negative^ each of these coefficients is positive; 






m 



(2) when m U positive and < 1, each of the coefficients is 
negative ; 

2-<V-2-j • 

(3) when m is positive and > 1, some coefficients are positive 
and some negative, so that the above series does not readily help 

us to determine the sign of — s 1 — o— I • This, however, 

we can do as follows. 

P 
Put m=— , where p and q are positive integers axidp > q ; 



p p 



9 



then a«, h^ being two positive numbers, and — <l,we have by (2) 

P_ P 9 P 9 PI 

\ 2 ) > 2 



2 ' 






p 

la+b\' 

(-^j , Art. 39, (3). 



Hence the theorem is true for any ttoo positive unequal 
numbers. We will now extend it for any number of positive 
uncQual numbers, when tn is <0 or >1, 
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n. For any numbers, of whicli the number is a power of 2. 
Now a.»+a.->2(^)" «.»+«.» >2(^)", by I. ; 






2.2( 2 "*" 2 I , by I., 
2 / 



/ gi+a,+a,+fl4 \"* . 



.'. the theorem is true for 4 numbers, m being <0 or >1. 

Similarly we can prove its truth for 8, then for 16, and so on 
for any numbers, of which the number is a power of 2. 

III. We will now show that, if it is true when n=a?, it is also 
true when nssa;— 1, m still being <0 or >1. 
We have 



\ -1 ) ~\ i 



flf 1 + flj -J- . . . -f- flf JB— 1^ 



m 



X 



a.-+a.«+...+a»«_.+(^i±^i^') 



X 



.'. J?l±f!±l^±f2zl)"<a.'»+«.'»+...+««.-. 

/ ai+a,+...+a«-i \* 

+1 — ^^ — ; 

"i SI^l j "^ ^^^ 

By n. the theorem is true when n is any power of 2, say 2*", 
where r is a positive integer ; therefore, by IIL it is true when 
n is 2**— 1, and then, by IIL again, when n is 2**— 2, and so on 
for each sucoessivt inferior integral value of n. 
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Similarly the theorem can be extended for any nnmber of 
positiye unequal numbers, when m is between and 1. 



EXAMPLES.— XIX. 

1. Prove that {\ny< | (^+^)(^^+^) y, 

and that {ln}«<i^i!i+ll!l\ 

2. Show that 3m(3m+l)«>4y| 3m. 

3. If ^1, a,, . . . an be n positive numbers greater than unity, 

1 i 

— log(aiaj . . . an)> (logaj loga, loga, . . . loga„)** . 

Why must they be greater than unity ? 

1*+ +n* n 

4. Prove that ^^^^^ >jg. 

5. Prove that \ 2n^l <\n{2n)^\ and that {2x+a) hfa^x 
takes its greatest real value when x^ -^* 

6. Establish the inequality [2n<[n{|(4n«— !)}« . 

MISCELLANEOUS EXAMPLES IN INEQUALITIES.— XX. 

1. Prove that 

r<"..>(.+.r(i)"(==J)"-..,(„4,)-i. 

2. In a G.P. the arithmetic mean of the extreme terms is 
greater than the arithmetic mean of the series. 

(aa?)*+(6v)* 

3. Prove that — ^^ — -r- ~ — \ is a proper fraction. 

(a+&)'+(a;+y)' 

4. Prove that {| n— l }*>n^*. 

a 
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5. If 5 be tke sum of the mth powers, P the sum of the pro- 
ducts m together, of the n numbers ai, a,, . . . a», show that 

| w— 1 5 > |n— m I m P. 

6. lix^y^ z be all positive, prove that 

(x^ +y^ +z^y{x-\-y+zy — 8ay^(aj* +^« +«')(«? +y+^) — 9x'yH^ 
is positive, unless xssyzssz. 

7. J£x,yjZ be such that any two of them are together greater 
than the third, 2{yz+zx+xy)>x*+y^+z\ 

8. Show that (a+6+c)«>27a5c<9(a«+&*+c«), a, &, cbeinf 
positive and not all equal. 

• g. If x,yjZ be real numbers, prove that 

will always be positive, provided that any two of the quantities 
a, by c are together greater than the third. 

10. If m is >1, and a?>l, then a?**— l>(a?— 1)**. 

11. If n is positive, (l+a?)«(l+a?»)>2»+»a?». 

12. Prove that xyz>{y+z—x){z+x^y){x+y^z)y each of 
the factors being positive. 

13. Show that n+l>2j!y|n, n being a positive integer. 

14. If a be >1, and m be any positive integer, show that 
7wa'"(a— l)>a'~— 1. 

15. Prove that — +— + . . . +— >n. 

16. If n and m be positive integers, 

(■•) 5^^'xisA 

n jn|m— n 



w {s£^i}">^ 



1 7. Show that (1 + a**)* > or < (1 + a«)', according as'g' > or <p. 

18. lfz"=a?»*+^, prove thatz'*> or <x^+y^y according as 
w?> or <n. 

19. Prove that (r!^)*<--(7Zri)|»-i, if A;>1 or <0. 



XI 

iDti tfie EoDtjS anti CoeSefent^ of d^uatton^. 

112. Wb shall in this Chapter give a few interesting proposi- 
tions relating to positive integral equations with real coefficients. 

We assume that an equation of the nth degree has n roots. 

It cannot have more than n different roots, for then a positive 
integral function of x would vanish for more than n different 
values of x, which it cannot do, by Art. 85, unless it vanishes 
for all values of x, 

113. Prop. To obtain the connexion between the coefficients of 
a positive integral function of the nth degree, such as 

PnX^+Pn-iX'^"-'+ . . . +P1X+P0, 
and the roots of the corresponding equation, 

PnX^+Pii-iX°-»+ . . . +PiX+po = . (i) 

Denote the function by F{x)y and let ai , a^ , . . . «„ be the 
roots of (i); 

.-., App. to Pt. I. Art. 12, jf?»a;'*+pn-i^**~*+ • . • +Pia?+j?o 

=i?n(a?— «i) . . . (a?— «n) 
=;?„{iD«-5ia;«->+5,aj"-*-... + (-l)'»-i5„-iX+(-l)n^„} 

[Art. 413]. 
Equating coefficients we have, 

a ct — Pn—\ 

Pn-i^—^iPny •'• «i — T— f 

Pn 

Pn-t = ^iPni •••^«=-r~ > 

Pn 

etc. = etc., 

Pn 

Two simple cases of these results are given in [Art. 82^\ 
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ON THE ROOTS AND 



114. Ex. I. We have ai*+a»*+...+«n* 



_Pn-i 



JPn 

Ex, 2. Determine the relation between p^ q, r when the 
equation, rx*+x(2r'-q)+p=0f . . (i) 

has two roots, of which the product =—1. 

Let a, by c denote the roots, so that ahs=i — 1, 

Now by Art. 113, since there is no term in (i^ 
we have a+6+c=0, . 

Also hc+ca+ab= JlnS 



dbcz=z — ^ 
r 

.•. from (2) and (5) c=s^ ; 

r 

.-. from (3) a+^=— ^ ; .'. c(a+5)=-^, ; 

i K p* ^ ^r—q 



. (2). 
) involving a?', 

. (3). 



(4), 

(5); 



EXAMPLES.— XXL 

1. If {xi,yxj {xt,yt) be the solutions of Uie equations, 
yssm{x—a), y*=iax, then 

2. Find the relation existing between p, q, r when the equa- 
tion a;*+^a?^+gra;+r=iO has two roots equal to one another. 
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3. If ai, a„ a, be the roots of the equation «» +pa;' +2aj+r =0, 
express, in terms of p, g', and r, 

a^ ^t ag a-i a^ 0.% 

4. Show by 2 that a?'— 5a;*+8a:— 4=0 has two equal roots, 
and find all the roots. 

5. If o, 6, c, d be the roots of «*—«*+«+ 1=0, find the 
values of (i) a'^ft+a'c+a'J+ft^c+etc. ; (2) a»+i»+c«+J«. 

6. If a, 5, c be the roots of the equation a;*+/?a:*+ga;+r=0, 
form the equations whose roots are (i) 6c, ca, aft ; (2) a*, 6*, c» ; 
(3) J— c, c— a, a— i. 

7. If a, j8 be the roots of the equation aa;*+5a:+c=0, form 

the equation whose roots are a' +/?'*, «""+/?"*. 

8. If the roots of the equation aj'+i^^iJ*— 8ga;+r=0 are in 
Harm. Prog, then 2g'*=r*+/^9'^' 

9. Show that the roots of ic»— 3aa;'+6*aj+2o'— a3*=0 are 
in Arith. Prog. 

10. If the roots of aj'+paj+gsO, and aj*+g'aj+p=0 differ 
by the same number, ^+§'+4=0. 

11. Form the equation whose roots are the squares of the sum 
and difference of the roots of 2a;*+2(w+n)a;+7w*+n*=0. 

12. If the equations ic* +^a;» + g^ai^ + ra; + 1 = 0, and 
aj*+r«*+2'a;^+/?«+l=0, have a common root, show that 
^+^=3' +2, the symbols being essentially positive. 

13. If two of the roots of the equation a:»+ga;+r=0 are 
equal, 

4 ^27 "• 

14. If two of the roots of the equation aaj»+3&B*+3ca;+^=0 
are equal, 4(ac— 6^(66?— c«)—(adf—6c)«=0. 

15. The equation a;'— 8fl5*— 21a;+r=0 has one root 5; find 
the other roots and the value of r. 



88 ON THE ROOTS AND 

115. Prop. In such equations as we are considering, imaginary 
roots enter hy pairs. 

In the expression Pn^+Pn-'i^~^+ • • • +pi^+Po) ^ we 
substitute a+jS ^/^^ for x, each term can be put into the form 
A+B \P^ (Art. 23), and therefore the whole expression can 
be put into this form, say P+Q \/— 1. 

Hence if a+j8 V^^ is a root of the corresponding equation, 
P4-Q//Zl=0, .-. P=:Oand 0=0. 

Now if we had substituted a— j8 V— 1, instead of a-\-P V— 1, 
the only effect would have been to change the sign of each term 
involving an odd power of V^^, and therefore the expression 
would reduce to P— Q \^— 1, which vanishes, since P and Q 
vanish; .•. a— j8 V^^ is a root of the equation. 

Ohs, The imaginary expressions a±/3V^-l are said to be 
conjugate to each other. 



116. In the same way it can be shown, that if a+ >y/& is a root 
of an equation, involving positive integral powers of x with real 

and rational coefficients, then a— V& is so also, h not being a 
perfect square. Also if a+ >y/^+ >y/c is a root, c not being a 
perfect square, then a-^ f^b+ sjc, a— isjh— ^y/c, a-\- fjb^ f^/c 
are abo roots of the same equation. 



117. Ex. Given that 3+ ^2 is a root of the equation, 

iB«-lla;«+37a;— 35=0, 
find the rest. 

By Art. 116, 3— hJ2\B another root; lety denote the third; 

••. y{^+ V2)(3- V2)=35, Art. 113 ; 

35 « 
.•.y=y=5. 
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118. From Art. 115, 116 it is evident that a cubic equation 
must have one real, rational root ; for it cannot have more than 
three roots, and it must have no imaginary roots, or else an even 
numberi therefore it can only have two. Similarly we see that 
it must have no irrational roots, or else two. 

In the same way we can see that any equation of odd degree 
must havQ one real rational root 



EXAMPLES.-XXII. 

1. The equation iB*+8a;*+9'^— 18=0, has one root 
=x— 2+3 aA—I, find the rest, and the value of q. 

2. One root of a^-3a;«- 42a; -40=0 is K-3+ V--31), 
find the others. 

3. Solve the equation a;* + 2a;»— 4a;*— 4c+4=0, having 
given that one root is f^2, 

4. One root of the equation a;*— 4a;»— 8a;+32=0 is 

— 1+ V""^» fi°^ *^® ^®^*- 

5. Form the equation of the 4th degree, of which one root is 

6. Form the cubic equation having 5 and — J(5+3>sA— 3) 
for two of its roots. 

7. If artjS V^^ be the imaginary roots of a;'+2a;+r=0, 
then j82=3aa+j. 

119. Prop. To find the cube roots of unity. 

This is the same as finding the roots of the equation 

a;»-l = . . . (i). 

Evidently I is a root of (i). 
Now a;»— l = (a;— l)(a;*+a;+l); 

,*, the other two roots are given by a;*+a;+l=0, 

i.e. they are « • 
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06<. Let 
"= 2 , then ««=^ g j = J 

=: 3 , the other root. 

Similarly, if we put ci)= -^ , then the other root is «••. 

Also (i>> and cu* are of course both equal to 1. 

120. Ex. Since x+i/+z is a factor of x*+i/*+z*—Sxi/z; 

,\ a5+o)y+a>^2? is a factor of a»+o)y|»+<i)2z|*— 3a:.o)y.o)*xf; 
but if (i>, oi^ are the two imaginary roots of unity, this last 
expression =aj*+y«+z«— Sa^y^;; /. x-\-(ai/+(a*z is a factor of 

Similarly it can be shown that x+u)^i/+(az is a factor of it; 
.*. x*+y^+z*'-^xyz=N{x+i/+z){x+<ay-\-<i)*z){x+<i)^i/+uiz), 
and Nssz 1, as we see by equating the coefficients of a;'. 

EXAMPLES XXIIL 

[Tn these examples cu denotes an imaginary cube root of unity.] 

1. Prove that 

(i) w^+w+lssO, and that w"* is. also a cube root of 
unity ; 

(2) (l+o,)«r=d=l; 

(3) (l+o))»»*-i=± w; r being any integer. 

2. Find the cube roots of —1. 

3. Prove that the cube roots of 8 are 2, 2o), 2w*. 

4. What are the cube roots of —8? 

5. If a be a cube root of A^ prove that aco, a(o* are the other 
two cube roots. 



XII 
partial Jftractfonsf* 

121. If 7 — , ^v/ . n^= — r^W" ~^ TT « for all values of 

a; ; required to find the values of A, B, C, 
Clearing of fractions we have 

Sx*+l=zA{x*'-x+l)+{Bx+Cr){x+l) 

= {A+B)x* +x{B+ C-'A) +A+C for all values of x ; 
.'., equating coefficients, 

A+B =3, 
B+G-'A=0, 
A+0 =1; 

3a;^+l _ 4 5a;~l 

^^^^^ jc»+l-3(a:+l)'*'3(a;«-a:+l)' 

3ic* + l 
Each of the fractions, into which ^.^ has been resolved^ is 

called a partial, or simple, fraction. 

122. It is proved in works on the Integral Calculus that any 
fraction can be resolved into partial fractions, in the manner 
indicated below, 

3a;^+4g;+2 __A B G D 

. 2x-5 _ A B Cx+D 

\^) {x-^y{x^+x+l) iB-3"^(i»-3)«'*'iB«+a;+l* 
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7ar»+3a;-2 _ A B Cx+D 

, Ex+F , Gx^-H 



x^+x—l^{x^+X'-iy 

We thus decompose a fraction into a Dumber of fractions, 
such that the L. C. M. of their denominators is the denominator 
of the given fraction. We must therefore find all the real 
factors of which this denominator is the product, and then to 
each rational factor will correspond one, or more, partial 
iractions, according as the factor is raised to the first, or some 
higher power. 

It only remains to determine the values of the coefficients 
occurring in the numerators. This can be done by clearing of 
fractions, then since the equality we thus obtain exists for all 
values of x, we may equate the coefficients of the like powers of 
X on each side, and produce a sufficient number of equations for 
the determination required. 

123. If in the fraction to be decomposed the numerator is of 
the same dimensions as the denominator, or higher, we must first 
transform it into an expression involving a fraction in which the 
numerator is of lower dimensions than the denominator. 
8^+4z^+2x+l 24x*+2x+SB 

.-. 24a:«+2a!+33=:^(a;»+2a;+4)+(5a;+C)(a;-2) ; 

.-. A+B =24, 

2^ + C-2JS=2, 

44-2C =33. 

TT»„^ A 133 „ 155 ^ 68 
Hence 4=^, B= ^ , C=-^^; 

. 8a^+4a!»+2a;+l _o„. , , , 133 . 155a;+68 

ai>-S "^ "^12(a;-2j"'"l2(a;«+2a;+4)' 
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124. Instead of determining the numerators by solving eqna- 
tions obtained from equating coefficients, it is often more 
convenient to adopt a method of which the following is an 
example : — 

2a;»+g;~l _ A Bx+G Dx+E , 
(x'-2)(x^+x+iy'^X''2'^x^+x+l'^(x^+x+iy'' 
.'. A{x''+x+iy+(Bx+C)(X'-2){x^+x+l)+{Dx+E)(X'"2) 

= 2a;»+a;— 1 . . . (i). 

Puta;«+a;+l=0, and /. «*=— a;— 1, . (2); 

.-. {Dx+JS){X'-2)=2x^+X'-l=2x(-'X-'l)+X'-l ; 

.-. i)»a + (^— 2Z))a:-2^=— 2a;*— aj-1 ; 
... £)(-a.-.l)+(^-.2Z))a;-2^=-2{-a;-l)-a:-l ; 

.'. (E-'SD)x'-D^2E=x+l_ . . (3); 

Equating imaginary parts, -EJ— 3Z)=1, and /. — Z>— 2JEJ=1, 

which result we might have obtained by equating coefficients in (3). 

3 2 

Hence 2)= — y , E=z — y . 

Now in (i), bring the terms containing D and E to the right- 
hand side, multiply throughout by 7, put 7D=— 3, 7J5J=— 2, 
and divide by a;*+a;+l. We obtain 
lA{x*+x+l)+7{Bx+C){x'-2) 

_ 14a;»+7g;— 7+(3g;+2)(a;-2) 
"" a;*+a;+l 

_ 14a;«+8a;«+3a;— 11 , 
"* x^+x+1 ' 

.-. 72l(aj«+a:+l)+7(5a;+a)(a;-2)=14c-ll . . (4). 
Again, if we treat (4) as we did (i), i,e, put a;* =—»—!, 
and equate coefficients when we have reduced it to an equation 
similar to (3), we shall obtain 

^- 17 47 
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Now in (4), bring the terms containing B and G to the right- 
hand side, multiply throughout by 7, put49jB=— 17, 49(7=47, 
and divide by a?*+«+l. We obtain 

49^=98.-77+(17.--47)(x-2)^^ 
._17 

After we had found B and C7 we might have obtained A at once 
from (4), by equating coefficients of a;', thus 

7il+7J5=0; .-. il = -5=|g. 

Or we might have begun with finding A, 

Thus, put a;=2 in (i), we obtain 49-4=17. 

Now in (i) bring the term involving A to the right side, 
multiply throughout by 49, put 49-4=17, and divide by a;— 2. 

We should have then continued, by finding D and E^ etc., as 
before. 

For De Morgan's proof of the existence of partial fractions 
corresponding to rational factors, see Todhunter's Integral Cal- 
culus, and Sect. vin. of Homersham Cox's Integral Calculus, 
published in Weah^s Rudiinentary Series, 

4+2a? 
125. Ex, Expand 0X5^— 3^« ^^ * series of ascending 

powers of x. 

4+2a? 2 1 

We have tttk. o--«=s \ 



2+5a;— 3a;' 2— a? ' 1-f 3a? 

=(l-|)"+a+3a:)-* 



s:2— ^a?-|- etc. 
the coefficient of a?** being ^+(— 1)^3^ 
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EXAMPLES.— XXIV. 

[It is to be noted tliat the words Eesolve, Decompose, Separate, 

Reduce are here synonymous.] 

I. Supposing the equation 



a;+l^ic+2^a;+3 («+!)(«+ 2) («+ 3) 
to be true for all values of x^ investigate the values of a, 5, c. 

2. Eeduce to their partial fractions the following : — 

^^ a;«-5a;+6' ^^ («»+!)(«- 1)» ' ^^^ (3+2a;)» * 

/ X 3a; M_:d£ij?_ ^6^ a;«-7a;+l 

^^^ a;*+7a;+6' ^^^(a;»+a»)(a;»+&») ' ^ ^ a;»+6a;*+lla;+6' 



(a.«.l)(a;-.2)(ic-8) 

3. Resolve the following into their partial fractions : — 
/ X 7a; , X lla;«-26a;+107 

^^^ (2a;-3)(a;+2)« ' ^ ^ a;»-a;«-21a;+45' 

. 3a;»— 2a;«+4a;— 3 , x a;« 

^^^ (a;«-a;+l)(a;»-l)' ^^^ (a;+l)»(a;-l)« ' 

.V a;'— a;+7 /,n 6a;«+3a;+l 



a;8-3a;«+4' ^ ' (a;*+7a;+5)(a;+2)« ' 

, X 2a;»+2a;*+6a;«-8a;+4 
^'^ a;*+a;»— 2a;* 

4a;— 1 

4. Separate (^^.2)(a;«+6). ^*° partial fractiona. 

5 20a; 

5. Decompose ^^ ^q « ^^^ partial fractions ; and expand 

each fraction in powers of a;, giving the general term. 
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6. Expand the following into series ascending by powers 
of «: — 

^^ a:«-3a;+2 ' ^^^ 2-a;~3a;« ' 

f N 3aj-2 , V ■« 

(3) TT-nNZT- onTT-o-n > (4) 



(a.-.l)(a.-2)(a;-3)' ^^' l-3aj+2a;* 

7, Expand / ^xMh—o^ ^^ * series ascending by powers 
of a; as far as a;'; also prove that the coefficient of of is 

-77=77 r , and show what this becomes when a =5. 

wtryp — a) ' 

8, Find the coefficient of 2^^ in the expansion of 

a;(l— aa?) 
(1— a;)(l— aa?— 6y) 

9, Find two fractions whose difference is ^aZI^^tj^* 
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3ntere0t, etc* 



126. SupposB that a debt lasts for n+p of the equal interyals, 
at the end of each of which interest is due for that interval, 
n being a whole number and p a proper fraction. 

Let r be the ratio which interest bears to its principal for one 
of these intervals, so that if F be the principal during one 
interval Fr is the interest due at the end of it. 

Thus if interest is due every month at the rate of 5 per cent, 
per annum, the interest on XlOO for a month b £^, and 
therefore r=^^ : 100=^-J|y, 

127. Let P denote the principal of the debt at first. 

A „ its amount at the end of the n+p intervals. 
Then with compound interest^ as in [Art. 472], the amount at 
the end of the n intervals is P(l+r)'*; 

/. the interest for the next interval =rP(l + r)'*, 

and „ „ f?thpajt of it=:;?rP(l+r)»*. 

Hence 2l=P(l+r)«+jprP(l+r)'»=P(l+r)«(l+;?r) (i). 

Also with simple interest^ since the interest due at the end of 
each interval is reckoned on the original principal only, Pr is the 
interest for each of the n int^vals, and pPr for the jpth part at 
the end. 

Hence il=P+nPr+;?Pr=P{l+w+pr} . . (2). 

Obs. I. From (i) and (2) it is evident that any formula for 

simple interest can be deduced from the corresponding one for 

compound, by neglecting r* and all higher powers. Therefore 

97 
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in general theorems we shall confine our attention to compound 
interest. 

Ohs. 2. The form of the formula for simple interest is the 
same, whether the time is a whole number of intervals or not, 
since n audjp appear, not separately, but combined in n-f-jp. 

128. A debt, if allowed to remain with its interest unpaid, 
increases in value as time goes on, and conversely, a debt may 
be equitably discharged at any date before it is due by paying 
such a sum as will, with its interest for the interval, amount to 
the value of the debt when due. 

This sum is the value of the debt at the date of the supposed 
discharge ; its interest is called the discount on the debt for the 
interval, and is evidently the difference between the values of 
the debt when due and at the date of discharge. 

129. A debt, whose value when due is A^ is called a debt A, 

130. By the present worth of a debt due some time hence is 
meant its value at the present time. 

By Art. 127 we see that, if there is a debt A, its value n-^p 

A 
intervals before it is due is /i i wi i — \ » *^^ •*• *^® discount 

on it is A'^-pr-i — v,/.. , — r* 

(l+r)^(l+;?r) 

The value, s intervals hence, of a debt A^ due n intervals 

hence, is of course its value n— 5 intervals before it is due, and 

A 
is therefore represented by ... . x^_^ • 

If 5>n, n— 5 is negative, then /i ■ \n-.< > Q^ ^(1+^)*"*, re- 
presents the value of the debt «— n intervals after it is due. 

131. The application of logarithms, as in [Art. 473], to 
the formulsB of Art. 130 would be tedious, and instead 

1\JL Wl4- — ^ ^® generally reduced to a simple form by one, 
or other, of the two following methods of approximation : — 
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(i) We neglect r' and higher powers in the denominator, 

, . , . A . - , .A{n-\-'p)r ^ 

which gives ^ , / , x for the present worth, and i 1 / V \ "^'^ 

the discount. 

This is equivalent to working with simple, instead of com- 
pound, interest, and is the method usually given in ordinary 
arithmetic. 

(2) We proceed as before to obtain \xi . \ , which we then 

expand in a series, and neglect r* and higher powers, which 
gives i4{l— (w+jpy} for the present worth, and A\ji'\-p)r for 
the discount. 

Thin is equivalent to reckoning discount as the simple interest 
on the value of the debt, wlien due, instead of n-\-p intervals 
before. 

Discount so reckoned is called bankers' discount 

132. The present value of a debt of £1 due n years hence is 
represented by (l+r)~**. Tables have been made of the values 
of this expression, for all integral values of n from 1 to 100, and 
for different rates of interest between 2 per cent, and 10 per 
cent. See Jones's " Treatise on Annuities,'' published in the 
Library of Useful Knowledge. 

133. If r be the ratio of interest to principal when the former 

r . 
is due yearly, — is the ratio when it is due at every mth part 

of a year. 

Now if on being due it immediately begins to bear interest 
itself, the amount {A) in n years time is given by 

Hence, if m is made indefinitely large, i.e., if the interest is 
due every instant, we have A^^Pe^'^. 

n 
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134. B Aa« tojpay C £a, £b, . . . £^ at the ends of a, P, . . . o* 
years respectively. Find the sum £x which he must pay at the 
end of J yearSj in order to be free of the debt, interest being paid 
annually. 

By Art. 130 the values of the debts ^ years hence will be 
respectively, 

a(l+r)f-«, 5(l+r)f-^, s(l+r)f-'; 

.-. a;=a(l+r)f-«+6(l+r)f-^+ . . . +5(l+r)f-«r; 
.-. a;(l+r)-f=:a(l+r)-*+ .... +s(l4-r)-'. 
If we uiake the 2nd approximation of Art 131, we obtain 
a;(l— fr)=a(l— ar) +*(1— or); 

and now by Art. 127, Ohs, 2, it is immaterial whether f , a, . . . o- 
represent whole numbers of years or not. 

If x=a'\'b'\' . . . +5, we have icf =aa+5j8+ . . .+5cr, 
which is the expression of the rule for the equation of payments, 
and is independent of the rate of interest. 

The name of Equated Time has been given to ^. 

135. B makes C n annual payments of £P each. What sum 
will G otve B immediately after the last payment^ interest being 
due once a year f 

At the stated time C will owe B 

. P(l +r)'*-* on account of the Ist payment, 

P(l+r)«-« „ 2nd „ 

etc., etc., 

and P „ last „ 

(1+r)"— 1 
.•. he will owe B altogether P- • 

In the same way, if an annual payment of £P has been due 
to B, but has not been paid for n years, there is owing to him 

immediately after the nth payment should have been made. 
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Any such annual payment is called an Annuity. In the last 

(lJ-r)«— 1 
case the annuity is said to be forborne ; and P- is thus 

the value of an Annuity of £P forborne for n years. 

136. WhsJt sum must C pay to B, in order that he may receive 
from B an annual payment of £P for n yearsy the first being 
received a year after he made the payment to 3? 

Here ^— p- will amount to P in one year. 
P 



a+ry 



„ „ two years. 



n „ 



(l+r)»* ^ ^ 

Hence C must pay 

P P 

:+7i-T::Ai+ • • • + 



r(l+r)»* r\ (l+r)«j 

The sum that C has to pay for the annuity of £P is called the 
present value of the annuity. 

Of course the results in this, and the preceding Articles, may 
be modified by the two approximations mentioned in Art. 127. 

EXAMPLES.— XXV. 

1. The simple interest on a certain sum of money for a certain 
time is £7, and the discount for the same time at the same rate 
of simple interest is £6. What is the sum of money? If 
the time be 8^ years, what is the rate per cent. ? 

2. A man has £20,000 and makes 4 per cent, of his capital. 
He spends £1000 a year. How long before he is bankrupt, 
supposing that at the beginning of each year, during which any 
£1000 is spent, it is withdrawn from bearing interest? 
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3. Prove that disconnt is half the harmonic mean between the 
principal and interest. 

The interest on a certain sum of money is £180, and the dis- 
count on the same sum for the same time and at the same rate 
of interest is £150. Find the sum. 

4. What is the present worth of the reversion of a freehold 
estate of £882 per annum to commence two years hence, aUowing 
interest at 5 per cent. ? 

5. If the present value of a perpetual annuity be twenty-five 
times that of the annuity, what is the rate of interest ? 

6. Find the amount, at compound interest, of F pounds for 
n years at a given rate per cent., the interest being paid q times 
a year; and show that the interest thus obtained is to the 
interest of the same at simple interest in the ratio of 
2g'+(gw— l)r : 2j nearly, where r is the interest of one pound 
for one year. 

7. Two men invest sums of £4410 and £4400 respectively, at 
the same rate of interest, the former at simple, the latter at com- 
pound interest; and at the end of two years their properties 
amount to equal sums. Find the rate of interest 

8. I borrow £1000 on condition that 1 repay £10 at the end 
of every month for 10 years. Find an equation which will 
determine the rate of interest 1 pay. 

9. What is the present value of an annuity of £100 to com- 
mence after ten years, reckoning 3 per cent, compound interest ? 
If each payment is to be m times the preceding, within what 
limits must vi lie in order that the present value may be finite ? 

10. If the interest on £,A for a year be equal to the discount 
on £,B for the same time, find the rate of interest. 

11. If the three per cents, are at 90 one month before the 
payment of the half-yearly dividend, what is the rate of interest ? 

Fin4 the value of a perpetual annuity of £A payable half- 
yearly, to commence one month hence, reckoning compound 
interest payable half-yearly. 

12. What annuity is equivalent to a sum of £200 paid at the 
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end of every two years, the rate of interest being 5 per cent, 
per annum ? Show from general reasoning that it is less than 
£100. 

13. A person lends at the end of one year £1, at the end of 
two years £4, at the end of three years £9, etc., at simple 
interest. What will the debt amount to at the end of n years ? 

14. If P be the present value of an annuity to continue 
for jp years, and F+Q for 2p years, the annuity 

=."«{ (D^- } • 

15. Find the present value of an annuity of £1, paid n times 
per annum, and continuing for m years, allowing compound 
interest at the rate of r per £ per annum ; and prove that, 
as n is indefinitely increased, this present value continually 

approaches the limit • 

16. A has just purchased an annuity for ever, and B, with the 
same capital, one for three years, when an income tax for three 
years is imposed. If the tax be 3 per cent, on the perpetual 
annuity, what ought it to be on B's annuity, if the value of both 
properties be taxed alike ? (Allow compound interest of 5 per 
cent, per annum.) 

17. Compare the present values of two scholarships, payable 
half-yearly, one of £50 to continue for two and a half years, 
and the other of £35 to continue for four and a half, reckoning 
5 per cent compound interest. 

18. If ^ years* purchase must be paid for an annuity to 
continue a certain number of years, and q years purchase for an 
annuity to continue twice as long, determine the rate per cent., 
supposing the annuity to commence a year after purchase in 
each case. 



XIV 
Contfnueti ifrattfonsc. 

5 

137. Any such fraction as 3+y-r^, of which the general 

8+3 
4 

form is Ot H rr > ^s called a continued fraction. 

«4+ • • • 

For the sake of economizing space, such a fraction is written 
thus 

Qi-i ~ j r- eta 

««-r «8+ «4+ 

138. To simplify the numerical fraction given above, we 
proceed thus ; 

»+4-4 ;.-. 3""35~35' 

8+4 "4 

. T, 6 _>- , 24_245+24_269 
••'"+- 3-'-r35"" "85 "35 ' 



«+T 



6 3 5 175 



.-.8+ 



7+ 8+ 4 269"" 269' 

35 
5 6 3 807+175 982 



7+8+4"" 269 "269 
See Hamblin Smith's Arithmetic, 2nd edition, Art. 76. 
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139. In the same way by taking any contmued fraction, which 
is not endlessly prolonged, we can show that its valvs can be 
expressed by a vtdgar fraction having its numerator and denomi' 
nator whole numhers, i.e., such a continued firaction always 
represents a rational number. 

140. Hence, since a surd cannot be a rational number, we 
cannot put it into the form of a terminating continued fraction. 

141. We shall for the most part hereafter consider only those 
continued fractions in which 6,=6,=etc.=l, that is, only those 
of the form 

«!+— — — — etc. 
Oi-r Oft 

A 

142. Prop. To express the fraction -^ in the form of a con- 
tinued fra^ction. 

Divide A by B, let aj be quotient and G remainder ; 

C 



•*• -g= Oi + »• — «i H""^ • 

Again divide B by (7, let a, be quotient and D remainder ; 

B n 1 

D 



B ' • a,+ 1 

D 

By continuing this process as far as possible we express 

A 

^ in the form of a continued fraction. 
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Obs. I. It will be observed that the process here porsaed is 
identical with that for finding the H. C. F. of A and B; hence if 
A and B be two rational nambers we shall at some point or 
other come to a division having no remainder, and th^ the 
process terminates, and we obtain a terminating continaed 
fraction. 

Hence any valgar fraction can be put into the form of a 
terminating continued fraction. 

A 
Oba. 2. If -« is a proper fraction, ai=0. 

A A 

Oba. 3. Since -^=«i+a fraction, ai<-g. 

143. Prop. To express a quadratic surd in the form of a con 
tinned fraction. 

We will exemplify the method by converting >^13 into a 
continaed fraction. 

V13=3+ V1<{-3=*J+ ;7l3+3 ^^ V13+3 

'=^+ V13+3 ' 
4 
aA3+3_, V18-1 _i, 8 ._^ 1 

3 

vi3+i _, , yi3^ , . 3 _, . 1 

8 ~ "^ 3 -^+^13+2" ''" V13+2 ' 

3 

V13+2 V13-l _, ^ -11 1 



4 



yis+i ,, ■ V13-3 _ 1_ 

— 4 ■*■ r"-^""" V18+8' 

V 13+3=6+ V13-8. 
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After this, since we have a second time come to the expression 
V^S— 3, the figures will be identically repeated. 

Hence V18=3+j^ jl-. jl_ j^ _1_ ^ etc. 

Note, — The process performed in each line is the same ; for ex- 
ample, consider the third line, we first seek the greatest integer in 

V13+1 .^. - V13+1 - V13-2 .... , 

^ o , it is 1 ; /. ^ o 1, or -^^—5 , IS a fraction, and 

the rest of the line is taken up with rationalizing the numerator 
of this fraction, so that when we invert it we may have the 

expression ,^3^ , in which the denominator consists of a 

3 
fraction having a rational denominator. 



EXAMPLES. -XXVL 

Express as continued fractions 

I67 81 ^39 ,« ^^^„ 

I. "gj-« 2. jg-- 3. 2i=^- 4. -23. 5. -0053. 

6. 1029. 7. V^.' 8. VIO- 9- V8. 10. V7. 

II. V17. 12. sJZ% 13. V45. 14. V^- 15.3^11. 

1 1 86400 

16. 5+3V3. 17. ^g- 18. ^23* '9. 20929* 

20. Show that 
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144. Btf, The symbols ai, a,, ... a,., ... are called the 
first, second, . . . rth, . . . partial quotients^ or simply quotients. 

The part consisting of Or and all that follows it, is called the 
rth complete quotient. 

Thus any partial quotient is the integral part of the corre- 
sponding complete quotient. 

The part aiH ; r- etc. ... — is called the rth cim- 

vergent to the continued fraction, or simply, the rth convergent. 
Thus each convergent forms a terminating continued fraction, 
and we could of CQurse find its value in the same way as in 
Art. 138, by beginning at the bottom, but this would be 
laborious; we proceed therefore to establish a rule, by which 
the value of each convergent after the second may be deduced 
from the values of the two preceding. 

145. Prop. The numerator of the nth convergent is equal to the 
product of the nth quotient and the numerator of the (n— 1)^^ 
convergent f increased by the numerator of the (n — 2)th convergent ^ 
and the same is true, mutatis mutandis, ^or the denominator, n 
being greater than 2. 

Pn 

That is to say if '^ denote the nth convergent, then 

Pn = flni^n-i +jPn-«, 
Ox 

The first convergent ai = y • 
The second a, + i=2l5^. 

The thurd ajH r = ^i H n= - . i • 

' ' , 1 a,a,+l a,a,+l 

a. 
Hence the rule holds for the 3rd convergent. 
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Suppose it holds for any one, say the rth. Now the (r+l)th 
differs from the rth only in having the more complete quotient 

Or H instead of Or ; 



i>r+i 



( Or -f ;, ) Pr~i +l'r-i 

_ \ ^r-fi/ 

.*., if the rule holds for any one convergent, it holds for the 
succeeding one; but it does hold for the 3rd, .'. for the 4th, and 
so on generally. 

Cor. The convergents form a series of fractions, in which 
each numerator is greater than any preceding numerator, and 
each denominator is greater than any preceding denominator. 



EXAMPLES.— XXVII. 

1. Find the quotients and convergents obtained in converting 
into continued fractions the following numbers : — 

(1) n, (2) 9f, (3) A, (4) V- 

2. Find the first six quotients and convergents of the con- 
tinued fractions corresponding to the following numbers :— 

(i) V5, (2) V14, (3)V5, (4)3+5V8. 

31 

3. How many quotients are there obtained in converting -q- 

into a continued fraction. Find the difference between each 
successive convergent and the whole fraction. 

4. Determine the values of the fractions, 

(I) 2+y:p X+ 2T 3"' ^"""^ ^^^ 3T 4T 2T3+ ^' 
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also the differences between those values and the saccessive 
oonvergents to the fractions. 

5. Find the difference between each consecutive pair of con- 
vergents to the continued fraction 

8-1- J- 1 J-i 

6. If & , ^ , ^ be successive conrergents to a continued 

2i ?t ?• 

Vz ""Pi Vt 
fraction, -- -;r~:r' 

7. If T^ be the nth convergent of a continued fraction, prove 

351 

8. Eeduce qtv^ to the form of a continued fraction, and 

find the series of convergents. 

2733 

9. Converge to j^gg ' 

10. If in a continued fraction the quotients ^s, ffsj • • • 9r+it 

N N 
corresponding to the convergents 7^ , -7^ , etc., be all equal, then 

13164 



II. Form the convergents to 



96507 



12. If 1, ^, — , etc. be the convergents of V3, prove that, 
9.1 ?« 

(1) JPtti+l— Pi=?2n+l>t(n-i)+i'2(n-t)+ • • • +l>t, 

(2) Pin —1 =2{jt?tn-i+;?an-8+P2n-6+ • • • +Pi}j 

(3) ;>«n+i"-Jt?i=^+2{Pan-i + 2p,n-8 + 3p,n-5+ • • • 

+(n— l);7,+np,} 
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146. Prop. The convergents of an odd order are Zcm, and Hiose 
of an even order greater y than the continued fraction ; hut each 
convergent differs from it less than any preceding one. 

Let X denote the continued fraction ; 
ynj Ai^d Onj the complete, and partial, quotients of the nth order ; 

— , ^~-* , ^'»=^ the convergents of the nth, (n-.l)th, (n-2)th 
orders. 

Pn 

Then x differs from — only in having y„ instead of a» ; 

^n 2n-l + qn-% ' 
2'n-i 

Now, first, jn-i) fi'n-t) yn are all positive; .•. -^ — ^nispositive; 

/. -'^*— a and X — ^^ are both positive, or both negative; 

.*. if one convergent is greater, the next is less, than a;, and 
vtc6 versdy but the first convergent is less than a;. Art. 142, 
058. 3 ; .*. the second is greater, the third less, and so on ; 
i.e., all convergents of an odd order are less than x, 
and „ „ even „ greater „ . 

Secondly, yn is > 1, and, Art. 145, Cor., - — is also > 1 ; 

/. "^-^^— ic is numerically greater than a;— ^^^^ ; 

,*. - — * is nearer in value to x than '^-^^ is. 
Hence the convergents continually approach, or converge to^ the 
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value of the continued fraction. It is from this fact that they 
derive their name of convergents, or converging fractions. 
Cor. All convergents after the second are greater than ai and 

less than ai-\ 

147. Hence by taking the successive convergents we obtain 
nearer and nearer approximations to the value of the continued 
fraction. It may theii be asked what error do we make in taking 
any particular convergent instead of the whole fraction ? Before 
we answer this question we must prove the following propositions. 

148. Prop. If pn and qn he the numerator and denominator of 
the nth convergent^ calculated according to Art. 145, then 

Pnqn-i — qnPn-i = ( — 1)°. 

We have j^ag'i— g'sj3i=aiaa+l— aiaa=l, and .*. the law 
holds when n=2. 

Suppose it holds when n=r^ *.c., pjqr-i—grPr-i^i—^Y* 

Now Pr+l=«r+iPr+/?r-l, S'r+i = «r+ig'r + g'r-i ', 
•'•-Pr+iS'r— ?r+iPr=(«r+il>r+Pr-i)2'r— («r+ig'r+2r-i)i>r, 

= (-l)(mr-i-yrPr-i) = (-l)'+^ ; 

.*. if the law holds when n-^^r^ it holds when n=r+l; but it 
does hold when 71=2; .*. also when n=3; .*. when n=4, and 
so on generally. 

Cor. I. The rule in Art. 145 for finding the values of the 
convergents gives them in their lowest terms. 

For if Pn and q^ had a common factor other than 1, it would 
exactly ^W\^q pnqn-i—qnPn-u «-6- (-"!)**> which is impossible. 

Cor. 2. The difference between two consecutive convergents 
is a fraction having unity for its numerator, and for its 
denominator the product of the denominators of the two con- 
vergents. 

For -?!»— ^-' _ Pngn~l— Pn~ign _/ ^y i ^ . 
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Cob. 3. Now the continued fraction lies in value between 
— and ^^^ ; /. it differs from ^^^ by a number less than 

fin qn-i qn-l ^ 

, and .*., a fortiori J since q^ is >qn-i) by a number less 

than 



q\-i 
Hence the error we make in taking - — instead of the whole 

fraction is less than -, — , and less even than • 

q n-i qnqn-i 

149. Prop. Any convergent is a nearer approodmation to the 
value of the continued fraction than any other fraction whose 
denominator is less than that of the convergent. 

Let — , -^-^^=1 be two consecutive convergents, -r any other 

qn qn-i ^ 

fraction such that h<qn, a and h being positive integers. 

CL T) 

If -r is nearer to the continued fraction than — , it is also 
o qn 

nearer than ^-i (Art. 146) ; .-. it lies between ^ and'^"-::^ ; 

qn-\ qn qn-\ 

^ Pn-i^Pn Pn^i, 
qn-i qn qn-i 

.\ aqn-i — &p«-i < - {pnqn-i — qnPn-l) 

<- (Art. 148). 

qn 

Now a, h^pn-u qn-1 fl-re all integers; .*. aq^^i—hpn-^x is an 
integer. And h<qn\ .*. — is a proper fraction. Hence we have 

qn 

an integer numerically less than a proper fraction, ,which is 
absurd ; 

t) CL 

,\ -p is nearer than -r to the continued fraction. 
qn 



,\ numerically y -r — ^—^-^kC'-^ — "- — , 
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150. Thus by convertiDg any given number into a continued 
fraction, and proceeding to the proper convergent, we obtain a 
fraction differing from the given number by less than an assigned 
difference, and by so doing we have found a fraction nearer in 
value to the given number than any other fraction having so 
small a denominator. This is a great advantage. For example, 
consider the number 3*14159, converting it into a continued 
fraction we have the following quotients : 3, 7, 15, 1, etc. ; 

^ 22 333 355 . 
/. the convergents are 3, -y- , ^ Qg , jYo > ©tc. ; 

355 
.*. the fraction ^_ differs from the true value of 3*14159 

by less than ...^Qxt > ♦•«• \cyiai\ \ ai^d no fraction can be found 

with so small a denominator which does not differ from 
3*14159 by a larger number. 



EXERCISES.— XXVIII. 

1 Aft 

1. Taking 2*7182818 for the exact value of «, show that ~ 

1 2721 

differs from it by less than oygg 5 ^^ Jqq j by less than one 

millionth. 

2. Find a fraction differing from >^2 by less than ^^. 

3. Show that -g>- is an approximation within q^qqq to the 
value of hJVl. 

4. What error do we make in taking -^ ^ *^® ^fl^xi!^ of tjh ? 

5. Express >^6 as a continued fraction ; and find the fraction 
nearest to it which has not more than 3 figures in its numerator. 
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6. Mars and the Earth revolve round the sun in 686*980 days 
and 865*256 days respectively. Find the fraction measuring 
the ratio of these periods most nearly, which has the largest 
denominator containing 2 digits; and show that the error in 

taking this measure is < 09 jog ' 

7. Assuming that the Earth and Mercury revolve round the sun 
in 865.25 and 88 days respectively, show that while Mercury 
makes 83 revolutions the Earth makes 20 nearly, and that stiU 
more nearly 803 and 73 revolutions will be made simultaneously. 

8. Two smiths begin to strike their anvils together. The one 
gives 12 strokes in 7', the other 17 strokes in 9'. What strokes 
of each most nearly coincide in the first half-hour ? 

9. Two scales, whose zero points coincide, are placed side by 
side, and the space between consecutive divisions in one is to 
that in the other as 1 : 1.1543. Apply the principle of con- 
verging fractions to find those which most nearly coincide. 

10. Find a series of fractions converging to the ratio of 
5 hrs. 48'. 51" to 24 hours. 

11. A metre =3*2809 feet. Show that a kilometre is greater 

3 5 

than -C-, and less than -5- , of a mile. 
o 

12. Express, within an error of Tgj , the value of the ratio of 

£3. 7s. 5d. to 17s. 5d., by a fraction having one digit in its 
denominator. 

13. A clock, which originally beats seconds, will under certain 

circumstances lose ~Ra*i beats in an hour. Show that this is 

about 9 beats in 5 hours. 

14. Find hJW correct to two places of decimals. 

15. Find X correct to four places of decimals, in the equation 
5a;«=3. 
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151. The following method gives the superior limit for the error 

(Art. 148, Cob. 3), and at the same time an inferior limit for it. 

If ^« be the nth complete quotient to the continued fraction (a;), 

_ yn(Pngn-i — P»->ig n) 

_, (— l)"yn /Art 148^ 



qn-'i{qn+—qn-i) 



Now y« is finite and >1 ; .*. — is >0 and <1 ; 
.'. the error numerically < and > 7 — ; v • 

qn-^iqn qt^i(qn+qr^i) 

152. Peop. If — , -rhe ttvo consecutive convergenU to a con- 
tinued fraction x^ then pp'— <l<l'x* is positive^ or negative ^ accord- 
ing as — is greaiter, or less, than ^r 

Let ^ be the complete quotient of the order next after ^ , then 

q 

^- p'y+p . 

=^ ggy^+gy {^pV{pq'-qp')+pq{qp'-pql} 



=5^'^'^'^-^) (7-7) 
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But y>l, and p'>jpi />$'; •*• y^v'i'^'H ^s positive; 
.'.pp'-^qq'x* is positive, or negative, according as —is greater, 

or less, than A • 

153. ^o;. To investigate the law of formation of the con- 
vergents of 

^^ ^* ^» etc. 



Wehave ^=?i, 

This last obeys the law 

Suppose this law to hold for the nth convergent, from which the 
(n+l)th differs only in having ^n+i — instead of &«; 

' 'i^n+i ^*i+i«nS'»-» + (Mn+i + an+i)9'iir-i 
On+iS'n-i+^n+iS'n' 

.*., if the nth convergent obeys this law, the (n+l)th does also \ 
but the 3rd does obey the law ; •'• all succeeding convergents do 
also. 

CL\ Ctf O^ 

For the continued fraction t — i — i — otc-> we should take 

Pn=^KPn-l'-(^nP 



»— «• 
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EXAMPLES.— XXIX. 

1. If ~ be the nth conyergent to r- V 'i-\ r~ir e*c., obtained 
by the rule in Art. 153, thenp„<7„+i— j7«3P«4.i=(— l)»*aia,...a„+i. 

Hence it follows that "^ and^^^ need not be in their lowest 
terms. 

2. If — ; — ^--7- etc. be such a fraction that in all cases 
jSn+isl+cinjand-^ be the nth convergent to it, prove that 

Pn 

3. If — denote the nth convergent to a continued fraction {x) 
of the form ai-\ — -r- — -p etc., y„ the corresponding complete 

quotient, then y.y* • • • yn=(-l)~—- ^4:^ 

4. If f7^^ , Tr~* , rr » tt^* *re four consecutive con- 

vergents to a continued fraction, and ^«.s, 17,1-1, qnj <7n+i ^^ 
corresponding quotients, such that ^n+i=!7n) prove that 



XV 
IRecurrfng; Contfnueli ifractfonjJ^ 

154. We have before (Art. 143) shown how to convert a 
quadratic surd into a continued faction. We proceed to discuss 
the properties of the fraction produced by this process. 

Let ^be a positive integral, but not a square, number. Then 

where a is the greatest integer in j^Nj and ai=a, rx=:^— a*. 
Again Vi^>=5. + V^[=^=j,+^^, 

where hi is the greatest integer in — » 

and aj^rjOi— aj, ri= ^• 

If this- process be continued, the nth line will be 

where i»-i is the greatest integer in -^ — "r^^n-i ^ 

ana an=''»-iO»-i— a,i«i, r„= ~- • 

11 11 



• • • 



Thus Vi^=a+j;+ JTT • • • WF VF 

Cob. I. The symbols a, &i, &,, . . • ftn-u • • • aiid ^i all 
represent positive integers. 

Cob. 2. It is evident that, if a complete quotient is found to be 
identical in its terms with any preceding one, all quotients 
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succeeding this will be continually repeated in the same order, 
and we shall have what is called a recurringj or periodic^ con- 
tinued fraction. 

CoE. 3. If r„_i = l, then an=a, r^^ri. 
For then «n+«n-i=^n-i 

=the greatest integer in V-^+^»*-i 

.*. a»=o, and r„=-Ar— a*=:ri. 

Hence the (n-f l)th complete quotient would be identical with 
the second, and we should have a recurrence. 

155. Pbop. If -^ , ^ be any two consecutive convergents to 

fiJJ^j and — — ^ — tJie complete quotierd of the order next after ^ , 
(hm a''=±(pp'-qq'N), and r''=±(q'«N-p'*) ; 
the upper ^ or lower ^ sign being taken according as^is >jOt <^^* 

, ^/N+a' . 

For, as in Art. 146 ^^^ JN+a\ ^ ^g'^/^g'^/gr^ '^ 

.-. g'N+(g'a''+qr'^ V^=p' ^jN+pV+pr". 
Equating the rational, and the irrational, parts on the two sides 
of this equation, we have 

^a^+qr^-p^ p'cf +pr^-q'N] 

... a''{p^^qp')^pp'-qq'N, r"(pq'--qp')^q'*N^p'* ; 

butp^'— 2p'=±l (Art. 148); 
.-. a''=±{pp'^qq'N). r" =:±{q'*N^p'% 

V • p' 

according as — is >,or<,'^ , ile., according as the order of 

£- is odd or even. 

2' ^ . . 

Gob. I. Hence a" and r me positive integers. 
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For q'*N—p'* (since tJN lies between — and — , J , and 
PP'—gq'N (by Art. 152), are themselves positive, or negative, 
according as — is >, or <, ^ ; .\ nf and r" are positive. 

They are also integers, for jp, p', q^ q\ ^ are all integers. 

Combining this with Cob. i of Art. 154, we see that each of 
the symbols in the three series a, &i, &,, . . . , ^i, a,, as, . . . , 
^u^ty • • •» are positive integers. 

Cob. 2. The number of values of a" cannot exceed a. 

For a^^^N-^p'r". But rV is positive ; .-. c^* is <N, and 
a is the greatest integer in j^N; 

.*. a" cannot be greater than a ; 

i,e. it cannot have values other than 1, 2, 3 • . . a, which are 
a in number. 

Cob. 3. The number of values of r" cannot exceed 2a. 

For r'=:—^, — . But from Cob. 2 a^+a' cannot be > 2a, 

and (Cob. i of Art. 154) ft' cannot be <1; 

. '. r' cannot be greater than 2a ; 

t.e. it cannot have values other than Ij 2 ... 2a which are 2a 
in number. 

Cor. 4. The number of complete quotients cannot exceed 2a'. 

For, Cob. 2, fJN+a" cannot have more than a different values, 
and, Cor. 3 r" ,, „ 2a „ ; 

.'. combining all the different numerators with all the different 
denominators, we cannot form more than 2a' different complete 
quotients. 

Hence after 2a' complete quotients, at most, we must have 
one that has occurred before. 

Hence every quadratic surd gives rise to a recurring continued 
fraction. 
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156. Prop. The periodic part begins with tJie second guotientj 
and ends with one which is dotible the first. 

Since a recurrence must take place, suppose the (n+l)th 
complete quotient is a repetition of the (m+l)th, so that 

Then the nth complete quotient must be a repetition of the 
mth. 

Forr«^a=— ; = -— =r«>i, , . . (2). 

Also a«»+a»-i=rTO-i*TO-i, 

.*. -^^^^ ^^*=ft,»_i— 5»_i=zero, or an integer, . (3). 

Again if ^, ^ denote the (n— 2)th and (n— l)th con- 

vergents, then q'an-^i+grn^i=p\ Art. 155, if n be greater 
than 2 ; 

But ^ is >a; .*. •^,r«-i>a— a„_i, 
and q<q'', .*. r,|-i>o— a»_i ; 

.•.,ifn-.i >i, 2z:2?*=?<i, .... (4). 

^1*— 1 



Now rn-i=r«_i ; 



Similarly, if m> 2, ^ ^"^^ <L 

^i»— 1 



a— Om-i 



r«_i 



<1, . . • . (s)- 



Hence the difference of (4) and (5) is numerically less than 1 ; 

=zero, or a proper fraction, and therefore, by (3), 
^»— 1 



must be zero ; 



Hence, if m>2, the mth complete quotient recurs at the nth. 
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In the same manner we can show that the (m— l)th recurs at 
the (n— l)thf and thus, going back, that each complete quotient 
recurs n—m terms farther on, until we come to the third. 

To show that the second is repeated we proceed as follows. 

We have o,=a,+,»_^, r,=r,+,»-H»; 
.•.,asin(2), ri=:r,+„_w, 

and, as in (3), — i±!!zf*=s zero, or an integer, 

and,a8in(4) /""''^-^'"^ <l> 

Now a=ai, and r^=^r^.^.n^\ 

... ?li:f[i±«z2?<i . ... ?in?li:!!=5?=zero-. 

Thus the second quotient, as well as all that follow it, is 
repeated in the same order. 

But the first quotient is not repeated before the second. 

For let -^ — ^t^ be the complete quotient which immediately 
precedes the recurrence of the second, so that 
V — Illf? and -^ — ^t^ are consecutive complete quotients ; 

.•.,by (4), a-o,<l; 
but a^ cannot be greater than a by Art. 155, Cor. 2, and must 
be integral by Cob. i ; 

.\ a^ttg cannot be fractional, or negative, and .*. =0; 

.'. Og^a; see also Art. 154, Cob. 2; 

.*. the greatest integer in -^ — i^* is 2a instead of a as it would 

be if the recurrence began with the first quotient. 

Hence the periodic part begins with the second quotient^ and 
ends with a quotient which is double the first. 
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Cob. If ~ be the convergeot preceding that corresponding to 
the quotient a« at the end of the period, then since r«=l, we 

have (Art. 155) ^*-^r— 2>*=±1, according as — is of an odd, or 
an even, order. 

We may call ~ the penultimate convergent of the recurring 
period. 

157. Prop. Every periodic continued fraction is a root of a 
quadratic equation of which the coefficients are rational. 

Let X denote the fraction, y the periodic part, 
a, 5, c, . . . m, n, the quotients of the non-periodic part, 
a, /?, y, . . . /x, V, „ „ periodic part, 

*!. * .11 111 

so that a?=a+T-i — r • • • — i ; » 

6+ c+ m+n+ y 

= 4.-L_L 111 

Let 77) -Q '^^ ^^ convergents to x corresponding to m 

and n. 

Hence y is the complete quotient of the next order to -— ; 

o 

Let — , — be the convergents to y corresponding to fi and v ; 
q 8 

ry-\-p 
.-. in a similar way y= - -^ , - . . . (2) ; 

/., eliminating y between (i) and (2), we obtain a quadratic 
for X. 

158. Hence every recurring continued fraction is equivalent 

to an expression j^ where L, M, Nbxg positive integers, 

and N is not a square number. 
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159. For the general proof of the converse proposition, thii 
every expression of the cihoveform can he converted into a recurring 
continued fraction, the student is referred to Serret's Cours 
dAlghhre Supirieure, 

We may remark that we have proved it, (Art. 155, Cor. 4), 
in the case in which L=0 and Jtf=l, and when L and M have 
such values as would make the above expression one of the 
complete quotients obtained during the conversion of f^Ninto a 
continued fraction. 



EXAMPLES.— XXX. 

1. Find the value of 1 + ^^r oT TX TX oX ^^-j *^^ ^^^ *^® 
first six convergents. 

2. Prove that 2a A — p 5 — ; r etc., =2 Vl+a* ; and that 

a+^a-\-a-f- ' 

the second convergent differs from the true value by a number less 

\ 1 99 

than ,A tt-\\ ; and thence, by making a=7, show that =q 

differs from >y/2 by a number <—- _. 

^. If a, ^ , ^ , . . . ^, . . . be successive convergents to 
^/^+I, prove that ^^+'""^"-' = 2a. 

. r , .v.i .211 

4. Prove that {p{p+^)r=P+ i+p+i+ ' ' ' 

5. If ^ be the nth convergent to the infinite continued fraction 

a+h+a+ ' 
show that ptn+a — 2p,n +!>«»-« = «^«n- 
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6. Show tliat a+^l_ - : h+^ 1 - 



a+eto. 5+ etc. 

=a+l:ft+l 

7. If — denote the rth convergent to ^ "^ , show that 

9r 2 

8. Show that, if n be any number, 

("+2^ 2^2^ "*°) "(""2^ 2^2^ ^^) =^- 

9. Showthat^+^gi^^g^eto. =iV9HJ+l2. 

10. Prove that the value of the fraction 

1111 



a:+ 4a:+ »+ 4a?+ 



• • • 



is independent of the value of x. 



II 



. Prove that7+jjq:jj:j:etc.=5|i+2q:2q:etc. I 



12. Find the 6th convergent to the positive root of 
2ic«— 3ic— 6=0. 

If 1111 

__1 1 1 ]_ 

^"2ax+2a,+ 2ai+2a,+ * * *• 

1 1 1 1_ 

*"'3ai+3a,+ 8ax+8a,+ * ' *' 
prove that a:(y*-;p«)+2y(««-a:«)+3;p(a?«-y«)=0. 
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160. Ex, Show that the nth convergent to the infinite continued 

fraction 111^ 

etc. 

a— a— a— 

Putting n=l and 2, we see that this formula gives the first 
and second convergents. 

Suppose then it gives the rth and the (r— l)th convergents. 

Then ^'+^ _ a(a^-^0-(a^-'--^- 
^""a(a'-+>-i8'-+0-(a'--)S^) 

= — 7-:; — ^^-rs > Since ap=l. 

Hence then in this case the law will also hold for the (r4-l)th 
convergent; but it holds for the 1st two; .'.| by induction, it 
holds for all succeeding convergents. 



MISCELLANEOUS EXAMPLES.— XXXL 

3— a/5 
1. K — —^ be converted into a continued fraction, the first 

112 3 
four convergents are — , -^ , -»- , -5- , and the nth is 

Jt o o o 

( V5+i)'>-(- ys+i)" 

( V5+l)»+'-(- V5+l)"+'' 
3. The nth oonvergent to the fraction 

r r r . 



• • « 
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3. What is the limitiDg value of ^+^4: J4I ®*^'> ^^®^^ ^ *P' 
preaches Eero ? 

4. If w=«+T-rTT' ... to infinity and t;=a+--r— 7- 

to infinity, prove that t;= 1 — 5—-^ 

h . • • 

u 

5. Show that the nth convergent to the continued fraction 

J_J_J-eto 18 a+ V2)'>-(1- V2)" 
2+2+2+ *^* " (1+ V2)»+'-(l- V2)»+* 

6. Show that, if 

y a? 



^ ^y*+etc.,a(Zm/., a? 1 . j • r 
^ ^ ' "^ ' etc., aa %nf. 

7. If ai, a,, . . . an be n terms of a harmonioal progression, 

«« 1 1 etc. -^. 



an»i 2—2— ai 



XVI 

imimrmtoate (Cquat(Dii0 of t^e if(r0t SDegree. 

161. In [Chapter xxn.] a method was given for finding 
positive integral solutions of Indeterminate Equatums of the first 
degree involving two unknowns. We shall in the present and 
17th chapters discuss this subject more fully, principally by 
means of the Properties of Continued Fractions proved in the 
two preceding chapters. 

162. It is evident that an indeterminate equation admits of an 
infinite number of solutions, taking into account all the positive, 
negative, integral and fractional values which can be given to 
the unknown symbols involved so as to satisfy the equation. 

The problems producing such equations, however, very often 
require us to take only the positive integral solutions. 

163. For instance, consider this problem, — " If a bullock cost 
£10 and a sheep £2, find the number of animals I can buy for 
£50." 

The eguation produced is 

10a;+2y=50, 
or 5a?+y=25. 
Here evidently the problem allows us to take only the positive 
integral solutions of the eqtiationy viz. — 

129 
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a;=0, y=25. 
a;=l, y=20. 
a:=2, y=15. 
a?=?=3, y=10. 
a:=4, y= 5. 
aj=5, y= 0. 
We shall therefore give especial attention to such solutions. 

164. In the instance given above, if I am allowed to buy only 
sheep, or only bullocks, we can take all six solutions; but if I 
must buy Bomt bullocks and some sheep at the same time, we 
must reject the first and last solutions. 

Such solutions as these two are called zero solutions, and will 
always be considered as included amongst positive integral 
solutions unless the contrary be indicated. 

We shall discuss, in the present chapter, equations of the first 
order, and in the next, those of a higher order. 

165. Every equation of the first degree involving two unknowns 
can be put into one or other of the four following forms, 

ax'\-ly^c (i) ; ax^hy^c (2) ; 
-^ax+hy^c (3) ; -^ax-^hy—c (4) ; 
for we may always suppose c to be positive, since, if it be 
negative, we may change the signs on both sides of the equation, 
and thus reduce it to one of the above forms. 

Again, we may suppose there is no factor common to a, 5, 
and c, for if there is, as in Art. 163, we can divide each side by 
it, and thus reduce the equation to an equivalent one in which 
the coefficients have no common factor. 

Further, if a and h have a common factor, none of the above 
forms are solvable in integers ; for then, if x and y be integers, 
the left-hand sides are divisible by this common factor, but c is 
not, and this is an impossibility. 

Of the above forms we see at once that (4) cannot have a 
positive solution, and (3) is essentially the same in form as (2) ; 
it will suffice then to consider the two first. 
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166. Pbop. i/'x=a, jzsiPhean integral solution of the equation 
ftx4-by=c, and t he an integer y then all integral solutions are 
included in the formulcBy x=a— bt, y=j8+at, hy giving t all 
integral values. 

For ax-\''by=^c=^aa'\'hP\ 

.'. a(a?— a)=6(^-y); 

X — a b 

• ^_ • 

but — is a fraction in its lowest terms (Art. 165), hence, as in 

[Art. 163], a?— a is some multiple of ft, say bt, and y— jS is the 
same multiple, aty of a, i.e., 

a?— a=— J^, i/^l3=at; 

/. a?=a— &^, i/=zl3+at, 

167. Similarly it can be shown that, if x^ia, i/=p be a 
solution of cue— by =iCj all integral solutions are included in the 
formulae, 

x^a+bty y=/3+at, 

168. If positive integral solutions only be required, we 
must give to t only such integral values as will make the above 
solutions positive integers. 

169. If then we find any integral solution of a given equation, 
either by inspection, or by [Chap, xxii.], we may complete the 
solutions by Articles 166 and 167. 

170. Cob. e. We can see at once that ax'^by=c has an 
infinite number of positive integral solutions, for whatever finite 
values a and P may have, we can always find a value for t 
which will make a-^-bt and P+at positive, and then all greater 
values of t will also make them positive. 

CoE. 2. If a+5>c, it is impossible to find positive integi*al 
values of x and y which will make ax+bt/ as small as c ; hence 
(zx'{'by=ic cannot in this case be solved in positive integers. 

K 
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« 

171. Pbop. The nujriber of positive integral soltUions of 

ax-Hby=c cannot exceed -r-+l. 

ab 

For, if there is no positive integral solution, of course the 
theorem is true. 
If there is one, let it be 

.'. aa'\'hp=^c. 
Then all other solutions may be obtained from the formulae, 

x=a^bt, y^P+at, 
by giving t all integral values (including zero) between 

^ and -^ (Art. 166 and 168). 
a 

.a .3 
Let m and n be the greatest integers in -r and — • 

Then t may have each of the following values, 

w, 7n— 1 ... 1, 0, —1 . . . — (n— 1), — n. 
For each value of t we have one solution ; 

.% the number of solutions =m+l+n. 

Butwisnot>~, nor n > — ; 

' a 

a B , 

.*. the number of solutions is not >-rH hi > 

a 

t.e. not > — \-Si^\^ 

not >-r+l. 

ah 



EXAMPLES.— XXXII. 

1. In how many ways can a person who has only half-crowns 
and florins pay a debt of £% 17s. ? 

2. In how many ways can £2. 15s. 6d. be paid by the per- 
son in the preceding question ? 
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3. Show that the equation 49a7+63^=491 can haye no 
solution in which x and y are both integers. 

4. In how many ways can the sum of £3 be paid in half- 
crowns and shillings ? 

5. One solution of the equation 9a5— 13^=1 is 05=3, y=2. 
Find all the positive integral solutions. 

6. Of all the values of x and y which form the positive 
integral solutions of the equation oo;— &^=c, the least value of 
X and the least value of y belong to the same pair. 

[This is called the simplest solution.] 

7. In how many different ways is it possible to pay £100 in 
half-guineas and sovereigns. 

8. If ox— &y=c be solved in positive integers, show that the 
successive values of x are in A. P., of which h is the common 
difference, and similarly for the values of y. 

9. How many crowns and half-crowns, whose diameters are 
respectively '81 and *666 of an inch, may be placed in a row 
close together so as to make a yard in length. 

10. Determine the number of positive integral solutions of 
2aj-f7j^=100. 

11. Determine the positive integral solutions of 2a3+7y=100. 

1 2. Find the greatest possible value of c when the equation 
3a?4-%=<^ has 8 solutions and no more. 

13. Also when the equation 5a;+7y=c has 10 and no more. 

14. Determine the greatest number, which can be formed in 
11 ways, by adding together a multiple of 13 and of 7. 

15. A company of men and women pay altogether 1000 
francs. The men pay 19 francs each, and the women 11. 
How many men and women were there in the company ? 

16. There are two unequal rods, one 6 feet long and the 
other 7. How many of each can be taken to make up a length 
of 123 feet? 

17. Find the least number such that when divided by 11 
there remains 3, and when divided by 17 there remains 10. 
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172. Pbop. To solve the equation ax— by=c in integers, by 
continited fractions, 

a 
Convert the fraction -r- into a continued fraction, and form the 

successive convergents to it, the last of which is itself. 

Let ^ be the penultimate convergent, then, according as its 

order is odd, or even, we have 

aq^hp=:±:l, . . (Art. 148); 
.*. a(=fcc2)— &(±cp)=c, 
the upper signs only, or the lower signs only, being taken ; 

.'. a?==fccg', y=±cp is one solution, 
and the general solution is 

x=:izcq+htf y=dzcp+at, . (Art. 167), 
where t is any integer. 

Note. — If the upper signs are to be taken, -^ is > — ; and all 

cp 
negative values of t between and — — , and all positive values, 

will give positive solutions. 

If the lower signs are to be taken, r- is < — , and all positive 

CO 

values of t not less than — will give positive solutions. 

173. Prop. To solve the equation ax+by=c in integers, by 
continued fractions. 

In the same way as in the preceding article, it can be shown 
that the general solution is 

x^zhcq-^bt, y=ipcp+a^, 
where t is any integer. 

Note. — If the upper signs have to be taken, -^is >— , and all 

cq ji cp . 
values of t between -r- and — will give pontioe solutions. 

If the lower signs have to be taken, y is < =^ , and all valueti 

CQ CT) 

of t between — ^ and — — will give positive solutions. 
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174. If either a=l or &=1, this method fails, as we cannot 

then convert -r- into a continued fraction; but we can at once solve 
the equation by inspection. For instance, consider the equation 

.•. y=c^ar; 
.'. all integral values of x between and — will give positive 
integral values for y. 



EXAMPLES.— XXXIII. 

Apply the method of continued fractions for the solution of the 
following examples. 

1. Find the positive integral solutions of the equations 

(i) 8a?+13y=159. (2) 29a?+17y=250. 

(3) 5a?+ 3y= 78. (4) 6a?+ 73^=122. 

(5) 24a?+65y=243. (6) 807+662= 81. 

2. Find the simplest solutions of the equations 

(i) 25a?-16y=12. (2) 39a?-66y=ll. 

(3) 17a?-49y=-8. (4) 49a?- 36^=11. 

3. Find the least possible solution in positive integers of the 
equation 355a?— 113^=3888. What is the next smallest 
solution ? 

4. Find all the positive integral values of x and y^ less than 
50, which satisfy the equation 

13a?-lly=20. 

5. Find the simplest solution of the equation 

99a:- 100^=10. 

6. In how many ways can a man, who has only 20 crown pieces, 
pay another, who has only 13 florins, the sum of lis. ? Which is 
the simplest solution ? 
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175. To solve the equation ax+by+oz^d in positive integers. 

We have ax+hi/=d— cz. 

Give z all positive integral values between and — , and 

c 

determine by the preceding Articles the corresponding positive 
integral values of x and y. 

Ex. Solve in positive integers the equation 5a;+202;4-6y=187. 

187 1 

We have 5a?+20-2r=187— 6y. Hencey must bo< -^ or 31 ^ 

Again since 5 and 20 have a common factor, viz., 5, no value 
of y need be tried which does not make 187— 6y a positive 
multiple of 6. 

Now 6a;+202r=187-6j^=6(37-^)+2-y; 

.-. we can try y=2, 7, 12, 17, 22, 27 ; 
/. a;+42=37- 2 =35, 
or =37- 7-1=29, 
or =37-12-2=23, 
or =37-17-3=17, 
or = 11, 

or = . 5. 

Each of these must now be solved in positive integers with regard 
to X and z. 

Bj the method of continued fractions, when the equation 
a;+4is=35 has been obtained the subsequent equations x+4z 
= 29, etc., can be written down. 

EXAMPLES.— XXXIV, 
Solve in positive integers the following five equationa 

1. Ux+6i/+20z=l71. 

2. 3a?+7y+172r=100. 

3. 2x+4:i/+ bz=z 49. 

^* 2^3 + 6""^'^' 
5. 31a?+lly+'2=200. 
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How many solutions are there of the following three equations ? 

6. 3a:+ 5y+ 6;^= 64. 

7. 19a?+14y+16;p=100. 

8. 8a?+ 4y+ 3z= 49. 

9. Can the equation 6a?+l%— 1^«'=11 b© sohed in positive 
integers ? 

176. To Bolvt the equutiona ax+by+cz=d, a'x+b'y+c'z=d' 
in positive integers. 

Eliminate z ; let the resulting equation be 

Let x=ia^ y^P bo ft solution of it, then we can put (Art. 
166, 167), 

x=a'~Btj i/=P+At, . . (i). 

Substitute these expressions for x and y in either of the given 
equations, and thus obtain an equation involving t and ;;. 

Obtain a positive integral solution of this equation, and thus 
by Art. 166, 167, express t and z in terms of a new unknown 
(f)j and then by substituting for /, express x and y in terms of 
t\ 

Now give to t' all the values which will make a?, y, and z each 
equal to a positive integer. 



EXAMPLES.— XXXV. 

Solve the following pairs of simultaneous equations. 

1. 5a?+4y+ 2;= 272, ) 
8a?+9y+3^=656. j 

2. 6a?+ 7^+42= 22, ) 
lla: + 8y-6-z;=145. j 



3. 37—2^+ z=: 6, 
2x-h 



li/+ z=: 6, ) 
^— z= 7. j 
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4. In how many ways may the snm of £2 be paid in half- 
crowns, shillings, and sixpences, supposing 28 coins to be always 
used? 

5. A farmer spends £100 in buying bullocks at £10 each, 
sheep at £1 each, and geese at 2s. 6d. each. He buys 100 
head in all. How many of each does he buy ? 



MISCELLANEOUS EXAMPLES.— XXXVI. 

1. In how many ways may the sum of £24. 15s. be paid in 
shillings and francs, supposing 26 francs to be equal to 21s. ? 

2. Find a number of three digits, which, when added together, 
make up 20. 

3. Find a number of two digits, which if the digits be inverted 
and 9 added, shall be doubled. 

4. In how many ways can a person pay a sum of £15 in half- 
crowns, shillings, and sixpences ; so that the number of shillings 
and sixpences together shall equal the number of half-crowns ? 

5. Find a number which, when divided by 39, leaves 16 
remainder, and when divided by 56 leaves a remainder 27. 

6. Find a value for x which will make the expressions 

3a?-10 lla:+8 16a;-l ,, , , , 

— - — , — =-=! — , — = — all whole numbers. 

7 ' 17 ' 5 

7. Divide 100 into two parts, such that one part may be 
divisible by 7, and the other by 11. 

8. A man buys a number of horses at £60 each, and a number 
of bullocks at £8, and finds that he has spent £4 more on 
bullocks than on horses. How many did he buy ? 

9. Find the number of ways in which I can mix 40 gallons of 
wine, some at 15s., some at 19s., and some at 12s. per gallon, so 
as to produce a mixture worth 16s. per gallon, an integral 
number of gallons of each sort being taken. 

10. A certain sum of money consists of £jx and y shillings. 
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and its nth part of £y and x shillings; find the values of n 
which will give sums properly answering the conditions of the 
problem. 

11. In how many different ways may £11. 16s. be paid in 
guineas and crowns ? If those values of x and y be taken whose 
sum is the least, show that the nth power of this sum may be 
expressed by the series 

lO-llIn^ . n(n+l) l n(n+l)(n+2) 1 ) 

1 2. Find by means of continued fractions the positive integral 
solutions of 23a;— 1%= 97. 

13. Find three fractions whoso denominators are 3, 4, and 5, 

133 
and whose sum is -^a • 

60 

14. In how many different ways could a courtyard 20 yards 
long and 15 broad be paved with stones selected from two sets, 
the stones in one set being 3f feet long and 3 broad, and those 
in the other 4f feet long and 4 broad ? 

15. A table ^\ feet long and 4§ feet broad is to be covered 
with photographs selected from pictures measuring tespectively 
\\ feet by 10 inches, 1| feet by 1 foot, and 2J feet by 3J feet. 
In how many ways may this be done ? 



XVII 
3|iHrrterm(natt (Cquatfon0 of tje feeconli SDepee* 

177. In Art. 156, Cob. it waa proved that if aJN be con- 
verted into a continued fraction, and — denote the penultimate 
convergent of any recurring period, then^*— -A/g''=±l, accord- 
ing as — is of an even, or odd, order. From this fact we are 

able to deduce a series of solutions of certain indeterminate 
equations of the second degree. 

178. Pbop. To solve x*— Ny*=l, in positive integers, when N 
is a positive integer, hut not a perfect square. 

Convert V^ into a continued fraction, and let — be the pen- 
ultimate convergent of the first recurring period. 

Then (p*— -Nj*)'*=(dbl)"=l, n being any positive integer, 

P 
or any positive even integer, according as the order of -- is even, 

or odd ; 

... (^- AjNq)^{p+ j^Nq)^={x^ ^Ny)(x+ ^Ni/); 
.% any values of x and y which satisfy the equations 

and x+ ^N'y={p+ ^/Nq)^, 

^_ (p-\- ^|NqYMp- ^|Nq) '' 

or **» — jgj 9 

and y 2:jjf » 

will be solutions of the given equation. 

140 
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179. Ex. To solye a:«— 13y« = l. 

Here Art. 143, — =-^ , and is of iheffth order. Hence 



(18+5 V13)>'+(18-5 V13)" 

2 



_ (18+5V13)^-(18~5V13)'' 
^~ 2V13 

where n must be zero, or an even integer. 

Qiving n the valaes and 2, we get 

a:=l, 649, 

y=0, 180; 

and for every even integer which we might put for n we should 
obtain another pair of values for x and y. 



180. Prop. To solve x'— Ny' = — 1, m positive integers^ when 
N is positive integer ^ hut not a perfect sguare. 

7) 

Convert ^N into a continued fraction, and let — be the pen- 
ultimate convergent of the first recurring period. 

Then, if ^ is of an odd order, i?«— ^2'«= — 1, and 
(j?*—-^/^'^ )'*=—!, where n is any odd integer; 

and the solutions will be of the same form as in Art. 178. 

If, however, — is of an even order, {p^-^Nq^Y^l whatever 
integral value n may have, and the equation cannot be solved. 
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181. K^ is the denominator of some one of the complete 
quotients which recur in converting hJN into a continued 
fraction, we can often obtain a solution for the equations 
a?«-iVy«=^, . . . (i), a?'— %« = — ^, . . . (2). 

Let —7 be the convergent, in the first period, whose order is 

one less than that of the complete quotient in which A is the 
denominator. 

Let -p be the similar convergent in the second period. 
Then if the number of quotients in each period is odd, the 

orders of ^ , "^ are, one odd, and the other even ; 

or/«-JV^'«=-^, „ p"'''Nq"'=+A, 

according as the order of —7 is even, or odd. Art. 155. 

In the first case a?=p', y=^q' is a solution of (i), 

and xzzip"^ y—(f „ „ (2). 

In the second case 07=^", y^(f „ „ (i), 

and a;=i?', y-g^ „ „ (2). 

But if the number of quotients in each period is even, the 

orders of =^ , ^ are, both odd, or both even ; 

.-. jp"-iV2'*=^ and p^'-'N^'^A, 
or p'*--Nq'*=--A, „ jp''«-iV/*=.-^, 

according as the order of —7 is even, or odd. 

In the first case, x=p\ y=q', x^p", y=g^, are both solu- 
tions of (i), and (2) has no solution. 

In the second case, x=p\ y=2^> ^^p"} y=2^> ^® ^^^ ^^^' 
tions of (2), and (i) has no solutioa 
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182. When any one solution of a?''— -A/y«=±-4 has been 
found, a series of solutions can be obtained, as follows. 

Let hy k be any two numbers, such that h* — Nk^=lf obtained 
from Art. 178; and let x=p\ y=g^ be a solution of 

= {p'h+Nq'ky--N{p'k+q'hY, 
or ={p'h--Nq'ky^N{p'k^q'hy; 
,\ we can put x^p'h±Nq'k ) 

and y=/Ardig'A j " ' ' ^^^' 
both upper, or both lower, signs being taken. 

Now obtain, from Art. 178, a series of pairs of values for h 
and kj then for every pair we have from (i) two pairs of 
values for x and y, 

183. To solve the equation x'— Ny'=ifcB*A; where -4 is a 
denominator of a complete quotient occurring in the conversion 
of A^N iuto a continued fraction. 

Put x=Bx\ y=zBy^j and we have 

These can be solved by Art. 181 or Art. 182. 



184. The general equation of the second degree with two 
symbols, x and y, is 

Ax^+Bxy+Cy^+Dx+Ey+F=0. 

The solution of which in positive integers cannot always be 
effected. We have, however, just been discussing some parti- 
cular cases of it, and we shall now show how to obtain positive 
integral solutions when the square of one of the symbols is 
absent from the equation, or, in other words, when u4=0, or 
(7=0. 

The method is most simply exhibited by an example. 
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Ex. Solve in pontiTe inft^en 3x*—2a:y+a;-f%+3=0. 

Cflearjpg of nuinerieal firaetums, b j multiidjii^ by 4, we have 

4y=&+ll+2^3. 

45 
Now 0? and y being integers, ^^.^o iDost be an integer ako ; 

.-. 2a?— 3 must be a fisu^tor of 45 ; 

.-. 2a:— 3=±1, ±3, ±5, ±9, ±15, or ±45. 

Of these only the following give podtiTe integral solntionfl. 



2a:-3=+ 1 
2a:— 3=+ 3 
2a:— 3=+ 5 
2a:-3=+ 9 
2a:-3=+15 
2a:— 3= +45 



/. a:= 2, 4y=12+lI+45 
/. a:= 3, 4^^=18+11 + 15 
/. x= 4, 4y=24+ll+ 9 
/. a:= 6, 4y=36+ll+ 5 
/. a:= 9, 4y=54+ll+ 3 
.-. a:=24, 4y=96+ll+ 1 



.-. y=17. 

.-. y=ll. 
.-. y=ll. 

.-. y=13. 
.•.y=17. 
.-. y=27. 



185. For farther information on indeterminate equations the 
reader is referred to Barlow's Theory of Numbers^ whence the 
greater portion of this Chapter is derived. 



EXAMPLES.— XXXVII. 

Obtain one solution in positive integers, and the general form 
of such solutions, for each of the following equations. 

I. a:*— 23y«=l. 2. ar*— 17y*=l. 3. a;«— 15y*=l. 

4. a:«— 6y«=l. 5. ar»— 14y«=l. 6. a:«— 12y* = l. 

7. a:«-18y« = -l. 8. a:«— 7y«=2. 9. a:«— 13y«=-3. 

Solve in positive integers the following equations. 

10. a:«+2ry— 4a;— 9=0. 11. 2a;»— a;y— 3aj— y+2=0. 
12. 8iry+2a;— 7y=8. 13. 2a;y+3y=4a;+24. 

Solve when possible the following equations. 
14. »«-7y«=»-l. IS' «*-17y«=-l. 16. ««-19y«=±l. 



XVIII 

186. A recurring series is one in which, after 30ine one tenn, 
each term is the algebraic sum of the products obtained by taking 
always the same number of the immediately preceding terms, 
and multiplying them respectively by certain constants. 

Thusl4-3aj+2aj«+4aj«-2aj*+16a;»-38a;«+124aj»+etc.(^), 
is a recurring series, for after the fourth term each term is the 
sum of the products of the preceding term by ^2xy and of the 
term before by 6x* ; so that, if Un, Un-i j ^n-s represent any three 
congeoutiYe terms, the following relation holds between them, 

or Wn+2a?2/n_i— 3a?*Wn-i=0, . . (i). 

The expression l4-2a;— 3a7* is called the scale of relation, 
being made up of the coefficients of the various terms of the 
relation (i). 

Again it will be found that 

is a recurring series, of which the scale of relation is 
1+O.x— 4:ira+2a;«, or 1— 4a;«+2a?». 

187. We divide recurring series into different orders accord- 
ing to the number of terms necessary for forming each succes- 
sive term. 

Thus, series (A) is of the second order ; series (B) is of the 
third, for has to be considered as the constant multiplier of 
the term immediately preceding.' 
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The G.P. a+ar+ar*+eto. is a recurring series of the first 

order, the scale of relation being 1— r. 

ft I ft fg» 
Again, in Art. 59, the expansion of , , ^ — -j^r — -, is a re- 

cnrring series, of which the scale of relation is hQ-\-hiX'\-\x*, 

188. Pbop. To find the scale of relation of a recurring series. 

Ex. Let the series be 

2+5x+2x*+1x*+20x*+61x^+lS2x^+ete. 
Assume the scale to be l^px—qx*^rx^. 
Then for determining the constant multipliers ^^y ^9 f we have 
the following relations, 

6r+ 2q+ Ip- 20=0, 

2r+ 7q+20p^ 61=0, 
7r+202'+61i?-182=0; 

which may be obtained by writing down the relations similar to 
(i) of Art. 186, and dividing by the powers of x which they 
contain. Solving these, we find r=0, g=3, p=2 ; .*. the scale 
of relation is 1— 2x— 3a;*, and the terms begin to recur after the 
fourth. 

Generally, if we know 2m or 2m-|-l consecutive terms we can 
obtain m relations amongst the terms, which will enable us to 
determine m constant multipliers, and thus we may assume the 
scale to have m+l terms in all. 

189. Pbop. To find the sum of the first n terms of a recurring 
series. 

Denote the series by UQ+UiX+UiX*+ . . , +UnX^+eto.y 
and the required sum by 8. 

The following is an example of the method to be pursued. 

Suppose the scale of relation to be l-^px—qa^, and that all 
terms, after the second, are formed according to this relation, so 
that, if r is greater than 1, t*,.— ^,..1— gu,._,=0, . (i). 
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Now /S=t/o+ u\x + Mja;* +...+ttn-8iC*'^+t*n-ia?'^*+Mn-ia;*»-^ ; 

•*., adding, 

S{ 1 — 2?a; - qa^) =tio + (mi - pm)x — {pu„^i + qun-i)x^ — qun-iaf^+\ 

since the coefficient of x^y viz., Wa—^j—g'Wo, vanishes by (i), as 

also the coefficient of every power of x from ic* to a:**"* inclusive. 

But by (l) SLgBlUpUr^i+qUn-i^Un] 

1—px—qx* 1—px—qx* 

Cob. I. We have 

^px—qx* I » 1 l_^^__gr^a » 

or, in other words, if we carry the division oi Uo-\-(ui—puo)x by 
l—px—qx* to n steps, the quotient is the given series carried 
Ton to n terms, whatever number n may be. 

Hence "l _^ ' ^ — ^ is the generating function of the series 

(Art. 56). 

CoR. 2. Also the remainder after this division is 

UnX'^ + qUn-iX^^^ 

l^px—qx^ 

If we give such values to the letters involved that, when n is 
endlessly increased, this remainder is endlessly decreased, then 

~%~^ — „ is the sum of the series ad infinitum. This is 
1—px—qx^ '^ 

one instance in which we can see that the assumption in Art 64 

is true. 

Cob. 3. We can put the remainder into the same form as the 

generating function, for qUn^i^Un^i—pun; /. the remainder 

l—px^qx^ ' l^px—qx^ 

to w we give the particular value 0. 

L 
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Similarly, if the scale of relation had been 1 — ^w?— ga?*— rx', 
we should have had 

Up 4- (mi —pu^)x+ {ut—puj ''qUo)x* 

0= 1 1 1 9 

l^px—qx'^—ra^ 

190. Since in order to find the sum of n terms we must know 
the nth term, we proceed to the 

Prop. To find the general term of a recurring series. 
Consider the same example as in Art. 189. 
Let a, P be the roots of the equation 1— ^— g'a;'=0; 
.". 1— 2^— ga;'=— g'(a;— a)(a:— j8); 
.*. , by partial fractions, the generating function 

a-z^fi-X ay a) ^/3\ p) 

But this must be the same as the given series since both are 
expansions of the same generating function, and it is always 
possible to give such values to a;, including zero, as will make 
both series convergent (Art. 94) ; 

.'. the general, or rth, term of the series is (~"^gFp"S 

where A and B are to be determined by the rules given in the 
Chapter on Partial Fractions. 

Another method of finding the general term is given in 
Chapter xxiv. 

191. Numerical example worked out. 

2+5aj4-2a:^+7a;« +20a;*+eto. 
(i.) The scale of relation has been already found, in Art. 

188. It is 1 — 2ic— 3x«. 
(2.) The generating function. Let 5 denote the sum of the 

first n terms. 
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Then iS=24-5ic+ 2x^+ 7x»+20a;* + eto. to n tenns, 

— 2ajiS= — 4a;— 10x«— 4x»— 14a;*— 



-3x^5= - 6a;»-.15x«- 6x*- 



)» 



» 



.•.5'(1— 2a;— 3a;«)=2+a;— 14a;«-12a;»4-terms involving a;» etc.; 

^ 2H-a;-14a;«-12a;« , 
•'• ^= l-2a;-3a;' + '^°^^^^<^^^- 

Hence the generating function is 

2+a;-14a;»^12a;» _ a, 

l-2a;-3a;« - ^+*« +l_2a;-3a;« 

(3.) The general term. The roots of the equation 

1— 2a;— 3x^=0 can be found to be J, and —1, therefore 
l-2a;-3a;*=(l-3a:)a+a:) ; 

'-' ^^P^^ l-2r-3x^ =lJ3^+lf^> 
.-. a;=^(l+a;)+5(l-3a7) 

. g _1 1 1 1 

•*l-2x-3a;^ 4 l-3a; 4 1+a; 

= J(l+3a;+3x|«+ . . . +3x|'->+ etc.) 
-J(l-a;+a;'- . . . +II^|'-i + etc.). 
Thus the rth term is \ (3'-»— ^^ '-»)af-». 



(4.) The sum of n terms, beginning with the first 

/S=2+6a;+ &c. + j{3'»'«-(-l)«^}ar*-«+ j{3*«-i-(-l)*-j}a;-i; 
.•.-2a;i8'= -4a;- &c. -|{3*'i-(-l)«^i}a?« , 

-3ar'5= -6a;«-&c. -i{3*-2-(-l)»^2}aHi -j{3«-i-(-l)*-i}a;«+i; 

AS'(l-2a;-3a;»)=2+a;-14a:»-12a;8-j{3*-(-l)"}a;«-i{3*»+3(-lHa;*+i. 

Wc have been at no pains to find the first four terms of this 
last expression, as we had already obtained them in (2). Also 
we knew that all the powers of x from a;* to a;**~* inclusive would 
vanish. We had therefore only to find the co-efficients of a?" and 
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05"+*, the former of which accidentally came into the unusually neat 

3n_/ 1\n 

form of ^ — ^, since 3.3"-«+2.3'»-i=3'»-i + 2.3*»-i=3", 

and-2(-l)'»-*-3(-l)'»-•:5=+2(-l)'»-3(-l)»=-(-l)^ 
. 2+a?-14a;'~12a;« {3''-(-l)>'}g;"-f {3"+3(-l)"}a;"+* 
l_2x-3a;* 4(l-2a;-3»^) 

-l^,g, ^ {3n^(-l)n}a;n+|3n + g(^l)n}^n^, 

■^ "^l-^aj-Sx^ 4(l-2a;-3a;») 

It will be observed that the first of these fractions is what the 
second becomes when in it we put n=0. 

192. In Art. 190 we showed that the series was equal to the 
sum of two geometric progressions, of which the first terms were 

A B tic X 

— , -o" J and the common factors — and -^ • 
a ' p ' a p 

It is often asserted that any recurring series can be expressed 
as the sum of as many geometric progressions as there are 
simple factors in the scale of relation. This assertion, however, 
is not true if two or more factors are the same. 

For example, in Art. 190, if a=j8, the scale of relation 

= —2^(0;— a)*, and we should put, by partial fractions, the gene- 

A B 
rating function = [-7 ts , which expands into 

ft "■" X { Ct •■" Xj 

— IH h-T+ etc. +^ UH — r+ etc. , 

a\ a a* J ar\ a a* / 

of which two series the latter is not a geometric progression. 

When we can resolve a series into two, or more, geo- 
metric progressions, we can often best find the sum of n 
terms by obtaining the sum of each progression separately, 
and then adding together these separate sums. Thus, 



n 



^ — 1 ^ 



n 



A a\ B 13 

in Art. 190, the sum of n terms is t~7r — ^ 



-1 



7-1 ^ ^-1 
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and in Art. 191, from (3), 



^ 1 3a;r-l . 1 -a;^-! 
^=-r -or: — =i — r 



4 3a;-l '4 «+! 

193. The scale of relation is sometimes expressed thus, 
— ^— gr, instead of in the form 1— jpa;— g'ic^. 

194. The recurring series 6+9+16+26 + 39+etc., can be 
discussed as follows. Consider the series 

6+9a;+16a;»+26a;»+39a;*+etc. 

Find the scale of relation, or whatever may be required, for 
this series, and then put a;=l in the result. 

If, however, a— 1 is a factor of the scale of relation, this 
method does not give the sum of n terms readily. 

EXAMPLES.— XXXVIII. 

Find (i) the scale of relation, (2) the generating function, 
when possible, (3) the general term, (4) the sura of n terms, 
in each of the following twelve recurring series : — 

I. l+2a;+3aj2+4c»+etc. 

• 2. l-3aj+5a;2 — 7a;«+9a;*-etc. 

3. l+lla;+ 89^2 + 659a;«+ etc. 

4. 10+14c+10a;2 + 6a;«+etc. 

5. 1+4 + 5-2-19— etc. 

6. l-Y+:j^* — ^a;«+etc. 

- 7 , 17 65^ , 
7- ^— 3+-9-27+'*'- 

8. l+4a;+9aj''+16x»+25a;*+36x«+etc. 

9. 1— 3a;-9a;*+27«»+etc. 

10. 3+5a;+7a;2+13a;»+23aj*+45«»+ete. 

11. 2— a; + a;' — 2a;* + etc. 

12. 1+11+89 +669+etc. 
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13. Find the nth term of the recurring series, 

1 + 3a; + 7a:« + 1 3a;» + 25a^ + Sla;*^ + 1 03a;« + etc. 

14. Find the nth terms, and the generating functions, of the 
recurring series (i.) 2+7a:+25a;'+91x'+ . . . , 

(2.) 2+ a;+26a;2+37ai»+ • • • 

15. Show that the nth term of the recurring series 

2+6+20+72+ . . . is2'*-i(l+2^i). 

16. If a series be formed having for its rth term the sum of 
r terms of a given recurring series, show that it will also form a 
recurring series, whose scale of relation will consist of one more 
term than that of the given series. 

Find the scale of relation, the rth term, and the sum of n terms, 
of the recurring series 1+6+40+288+etc. 

Show also that the sum of n terms of the series, formed by 
taking for its rth term the sum of r terms of this series, is 

o 4 5w 

3j(2'«-l)+^(2'»-l)-2i- 

17. Determine the law of the series 2, —3, 4, 4, 24, 56, 
1 52, 360, . . . , and find the sum of n terms. 

18. The scale of relation of the recurring series 

l+3a;+5a;« + 7a;»+etc. 
is of the form a+/3 ; find a and ^ and the sum of n terms of 
the series. 

19. Find the general term of the series 

a;+a;^ +a;* +a;^+a;" +a;" +etc. 



XIX 

feummatfon of feerfe^^ 

195. Denote any series by Wi+w,+ , . . +Un+etc, 
Let 8n denote the sum of the first n terms, 

then Si=zUi, . . . . (i). 

Si — Si=u^j .... (2). 

etc. = etc. 

We have therefore to find the form of Sn, considered as a 
function of n, such that it can be made to satisfy each of the 
equations by giving the proper values to n. 

We shall show how to do this in several cases. 



196. We may remark in passing that, if we can express Un as 
the difference of two functions, thus, 

where Vn and Vn-i ^^^ t^© same functions of n and of n— 1 
respectively, we can immediately obtain the form of JSf^* 
For then we have from equation (n) 

Sn—Sn-i = Vn—Vn-i; 

and from the preceding equation S^n-i— Vn-i=>S'n-t— Vn-«» 
and so on. Hence Sn—Vn is an expression which retains a 
constant value, whatever integral value n may have. 

Denote it by (7; then Sn^Vn=:Gf or Sn=C+Vni and 

153 
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197. Pbop. To find the sum of n terms of the series 
Ui+Uj+ • • • +Un+ etc., where tij^ is a positive integral 
function ofn, 

Ex. l»+2«+3»+ . . . +n«+(n+l)«+etc. 

So that Un=n^, and is therefore a fanction of the 3rd degree. 

Let Sn denote the sum of n terms. 

TMiSn^Ao+Ain+A^n^+A^n^+Ain*, . . . (i). 

That is, we assume Sn to be a positive integral function of n 
of one degree higher than m« (see Ohs, below). 

Also 

Sr^,=Ao+A,{n^l)+A,{n^iy+A,{n^iy+A,{n^iy. 

But n'=5n— iS^nr-i, hence, subtracting the expression for 
Sn^i from that for Sn, we have 



+i44(4w»-6n«+4n-l), . (2). 
Now this is to be true for all positive integral values of n; 
.-., Art. 87, 4^4=1, 3^,-6^=0, 2^3-3^,+4^4=0, 

.•. -44=7-) -^8=-2 » '^«~T'' -^i^^' 

.-. Sn=jn* + ^n'+^n'+Aoy . . (3). 
To determine Aq we have 5i=Mi=1 ; .*. putting n=l in (3), 

n*+2n*+n^ / n(n+l) V 

..Sn= J "\~2~l • 

06». We can see now why we went up to A^^n* in S^ and 
no further. 

If we had stopped at 4,n» in (i), we should not have had an 
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n* on the right-hand side of (2), which we must have in order to 
equate its coefficient with that of n' on the left. 

If, again, we went as far as Af,n^ 11^ (i) ^^^ stopped, we should 
have on the right hand of (2) -46(5n*— etc.), etc., and when we 
equated coefficients of n* we should have 6-^5=0, *.e. -46=0. 

Similarly, if we stopped at u4«7i«, we should have 6-4e = 0; 
.'. -4»=0, and thence -46=0. 

EXAMPLES.— XXXIX. 

Sum to n terms the following fifteen series — 

1. p+2*+3'+4'+ etc. 

2. 3»— 6»+7«— etc. 

3. l«+3«+5»+7»+ . . . +(2n-l)«+ etc. 

4. l3-3«+5«— etc. 

5. 1*+ 2* +3*+ etc. 

6. 1.3.4+2.4.5+3.5.6+ . . . +n(n+2)(n+3)+ etc. 

7. 1.3-2.4+3.5- etc. 

8. 1.3.5+2.4.6+3.5.7+ etc. 

9. a»+(a+5)8+ . . . +(a+n— 1&)»+ etc. 

10. la + (124. 2a) +(12+ 22 + 32)4. etc., each bracket being 
taken as a term. 

11. a(a+&)(a+2&) + (a+5)(a+2&)(a+3&)+ etc 

12. 1^.3+2^4+3^5+ etc. 

13. l».2+28.3+38.4+ etc. 

14. 2.4.5+4.6.7+6.8.9+ etc. 

15. n+2(n-l)+3(7i— 2)+etc. 

16. Find the sums of the first n terms of the series of which 
the nth terms are (27i+l)(3n-l) and (-l)'»-in«(2n-l). 

17. Find the nth term, and the sum of n terms, of the series 

1.2+2.3 + 4.5+7.8+11.12+16.17+etc. 

18. Sum to n terms the series whose nth term is n^ — 1. 
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198. The following is a proof of the general case of Art. 197. 
Let Un be a positive integral function of n, of the mth degree, 

8ayMn=^mn~+ . . . +^,n+i4o- 

We will show that the equations in Art. 196 will be satisfied 
by assuming that S^ is a positive integral function of n of the 
(m+l)th degree. 

For put 5n=J?»n*+ . . . +J?in+5o; 
then, from equation (n), A^n^-\-.,.-\-Axn'\-^Q'='^n—^n-\ 

= i5tA:»*~^+ lower powers of n, . . . (i); 
.'. J?t=0, if A:— l>m or A;>m+1. 

Hence 8^ need not contain a power of n higher than the 
(m+l)th. 

From (i), by equating coefficients of like powers of n, we can 
obtain m+1 linear equations for determining B^^+i^B^f . « . 
B^j Bi. 

These being found we obtain ^o ^^om equation (i) of Art. 195. 

199. The particular case, in which each term consists of m 
factors belonging to the same A. P., whatever term we consider, 
can be treated more shortly as follows. 

Let Un=(ft+wa)(6+n+la) . . . {b'{-n+m--la). 

This can be put into the form 

{h+na) , . . {h-\'n+m'-la){b+n+ma) 

a(m+l) 

(h-^7i—la)(h-\'na) . . . (/>4-w+m — la) ^ v 

a{m+l) ^'^' 

Hence we assume at once, Art. 196, 

Q _ (h+na) . . . (b+n+ma) , ^ 
^*'" a(m+l) "^ ' 

where G does not contain n. 

For we see from (i) that this form for Sn satisfies equations 
(2), . . . (n) of Art. 195. 
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By equation (i) of Art. 195 we have 

= (6+«)...(5+m«){l+-^}+C7; 

. p_ 5(5 4-a).. .(&+yyia) , 
••^- a(m+l) 

'*• "*" a(m+l) a(m + l) 

Hence the required sum is the difference between two parts, 
of which the first is the nth term of the given series multiplied 
by a factor next after its greatest, divided by the number of factors 
so increased and the common difference of the A. P; whilst 
tlie second part is what the first becomes when in it we put n=0. 

200. Or we might arrange the proof as follows. 

Denote the factors of Un hj fn, fn+n - - -, fn+m-i- So 

that fn+i — '/n=^> fn+i'-'fn+i^^^j ^tc, fn-\-m — /n+m-i = ^' 

Therefore, adding, /^4.^—/„=m.« ; 

.'./n+m— /n-i = (w + l)«; 
•*• ^"^^Jnjn+i • • • Jn+m—i 

— JnJni-i • • • /n+m— 1 /y^^Ll)^ ' 

Jnjn+i » » * Jn+m Jn—ijn • » » fn+m—i . 

«^^«- {m + l)a (m+l)a 

__ Jn—\fn * ' '/n+m— 1 fn—^fn * » * Jn+m—% » 

(m+l)a {m+l)a ' 

etc. = etc. 

/i/a • ' * Ji+m JoJi * » * Jm , 

^^- (m+l)a {m+l)a ' 

.•., adding, and denoting the sum Mi+Wg+etc+Wn-i+Wn by 
8n, we have 

Q __J nJn+i * * • Jn+m JoJi • * * Jm 

*" (m+l)a {m+l)a 



,\ Un— X — " 
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201. Ex, Sum to n terms the series whose nth term is 
(4n*-l)(4n*-9). 

LetiSij denote the required sum, then 5n— /Sn-i= ^^ wth term 
=(2ri-3)(2n-l)(2n+l)(2n+3) 
_ (2n--3)(2n-l)(2n+l)(2n+3)(2n+5) 
"" 10 

(2n-5)(27i-3)(2yz-l)(2n+l)(2n+3) 

10 

Assume then 

g _ (2n--3)(2n-l)(2n+l)(2n+3)(2n+5) . ^ 

where C is the same whatever number of terms we sum. 
Putn=l, then ^=^^^^5:^+C=lst term=(-l)(l).3.5 ; 

,..C=(-3.5)(l4)=-|; 

« _ (4n«->l)(4n»-9)(2n+5) 9 
•*-^" lO "2* 

ObB. Although we have verbally expressed the result of Art 
199 in a form easily remembered, we recommend the student 
not to quote it, but to work out each example as above. 



202. Many series can be broken up into two or more, 
each similar to that in Art. 199, and thus their sum can be 
obtained in the manner indicated below. 
Ex, Let the nth term be (n— l)'(7i)(n+l). 
This =(n-2+l)(n-l)n(n+l) 

= (n-2)(7i-l)7i(n+l) + (n-l)n(n+l). 
Thus the given series is the sum of two, of which the nth 
terms are 

(n-2)(n-l)n(n+l), and (n-l)n(n+l). 
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It can be shown as in Art. 201 that the sum 
of the first =(jLzMLzlW2±lK!i±2), 

and of the second = l^"" W^^" ^^^"^ ' ; 

.*. the required sum = (n— l)n(n+l)(w+2)( —f— + "T ) 

=^(n-l)n(n+l)(n+2)(4n-3). 



EXAMPLES.— XL. 

Sum the following six series to n terms. 

1. a(a+2>)(a+2&)+(a+&)(a+2&)(a+3&)+ etc. 

2. 2.4+4.6+6.8+ etc. 

3. 1.2.3+2.3.4+3.4.6+ etc. 

4. 1.2.3.4+2.3.4.6+3.4.5.6+ etc. 

5. 1.3,5+3.5.7+5.7.9+ etc. 

6. 2.6.8+6.8.11+8.11.14+ etc. 

7. Prove that 1.2 . . . i?+2.3 . . . (p+l)+ etc. 

In 

Sum the following six series to n terms. 

8. 1.4.3+2.9.4+3.16.6+ . . . +n(n+l)«(n+2). 

9. 1.3+2.4+3.5+ +n(n+2). 

10. 1.3.4+2.4.5+3.5.6+ etc. 

11. 2.5.7+3.6.8+4.7.9+ etc. 

12. 1.4.7+4.7.10+7.10.13+ etc. 

13. 1.2.3.8+2.3.4.9+3.4.6.10+ etc. 
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203. The following is another case in which the method of 
Art 196 can be applied, and in which the reader will see that, 
as in Art. 199, the difficulty lies in putting u„ into the form of 
the difference between two expressions, of which one is the 
same function of n that the other is of n — 1. 

Let 

1 



w«= 



(^+na)(&+n+la)...(ft+n+m— 2a)(6+n+m— la) 

Here w«= -7 — -t\\ == — 

a(m-=-l) ( {h+n+la)...{h+n+m'- 



la) 



+ 



=-1 _^1 

n4-la)...(64-nH-m— 2a) J 



(5+na)(6+n+la)...(6+n+m— 2a) 
Hence assume. Art. 196, 

Sn^ ^ = ^ — - + G. 

a(m— 1) {h+n+la)..,{b-\-n+m—la) 

Also 

1 _o_ 1 1 ,p 

(ft+a)...(&+w?a)~"'~^~ a{m-l){h+2a),.,[h-\-may ' 

.'. a(w-l):=-(&+a)+?7a(m-l)(5+a)(&+2a)...(6+iMa); 

b+ma 



.-.(7= 



a{m'—l){b+a),,,{b-\-m~'la){b + ma) 

1 



a(m—l){b-\-a)...(b+m^la) 
a(m— l)(5+a)...(6+m— la) 



a(m— l)?;+n+la)...(6+n+m— la) 

Hence the required sum consists of two parts, of which 
the second is the nth term of the given series with the smallest 
factor of its denominator cut off, divided by the number of factors 
so decreased and the common difference of the A. P., whilst 
the first part is what the second becomes when in it we put n=0. 
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204. Or we might arrange the proof as follows : 
Denote the nth term by 7-7 ^ » where 

/n+i^~fn^^^f yn+a"~/n+i = ^> etc., /„+„i_i— yjj+^_,s=a; 

.*• /n+m-i— /«=('w— l)a ; 

Jn» • 'Jn+9^—1 Jnfn+i- • \fn+m—i (^ — 1 )^ 

J 1 1 ,]-J— , 

. f 1 1 ) 1 

etc. = etc. 

.'., adding, and denoting the sum Mi+w,+etc. + w»_i + Wn by S^ 
we have 

5^^ f 1 1 ] 1 



205. Ex. Sum to n terms the series whose nth term is 
1 



(4n«-l)(4n'-9) 

Let Sn denote the required sum, then Sn—Sn~ i=the nth term 

1 

'^(2n-3)(2n-l)(2n4-l)'(2n+3) 



6(2n-l)(2M+l)(2n+3)^6(2n-3)(2n-l)(2n+l) 

1 
Assume then ^n= "6(2^-1) (2;i + l; (2/i+3)+^' 

where C is the same whatever number of terms we sum. 
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Put n=l, then — ^w -+(7=lst term=— ttt ; 

D.o.o o.o 



••• ^=-^5(-i+l) 



~ 18' 

. c 1 



18 6(2n-l)(2n+l)(2n+3) 
The Obs, in Art. 201 applies also to Art. 203, 205. 

206. The following is an indication of the manner in which 
some series may be solved, by breaking them up into two or 
more similar to that in Art. 203. 

Ex, Sum to n terms the series, 

1,1,, 
1:5:7+377.9"^ ^^''• 

The nth term 

1 

""(2n-l)(2n+3)(2n+5)' 

J 2n+l 

"■(2n-l)(2n+l)(2n+3)(2n+5) ' 

2n~l+2 

""(2n-l)(2n+l)(2n+3)(2n+6) ' 



+ 



■"(2n+l)(2/i+3)(2n+5V (2n-l)(2/i+l)(2n+3)(2w+5) 

Hence the given series is the sum of two, of which the wth 
terms are 

1 , 2 

(2n+lJ(2n+3)(2n+5) (2n-l)(2n+l)(2»+3)(2n+5J ' 

The sum of the first is 

2 2(2n+3)(2n+5) "^2.2.3.5 ' 
the sum of the second is 

2 . i_ 

2.3(2n+l)(2n+3)(2n+5)"^ 3X3.5 
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The required sum is the sum of these two 

3(2«+l)+4 _j_34-4 



12(2w+l)(2n+3)(2w+5)^12.3.5 



6n+7 7_ 



12(2n+l)(2n+3)(2n+5)^180 

7 
The sum to infinity is jgg • 



EXAMPLES.— XLL 

Sum to n terms, and to infinity, the following sixteen series : 
1,1,1,, 

1 , 1 . 

*• a(a+6)'^(a+6)(a+26)'^"*'" 

3" 2X6+4X8 ■^OlO''' ®**'* 

1,1, 1 , , 
^ 6:8"^8.10'^1012'+' ® °- 

1,1,, 
5- IX^+ITTO"*" ^**'- 

. 1 , 1 , 1 , , 
^- r6:9'''5:9l3'''933l7'^ * 

1 , 1 1 . t 

^- i:2:33''"2.3.4.5'^3:i:5.6"'' * *'• 

^- i:3+33+5?7+7:9+ ^^• 
9- 1X5:7+3X7:9+ "*"• 

^°- li+^+ • • • +^K^'^ '""• 

"• 2^1:1+^=1+4^^+ ''*''• 

M 



{ 



164 
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12. 



1.3.5 
1 



3 

'^ 1^:3 



^S* 2.3.4 
1 



16. 



1.3.5 



23:6+ ^^- +„(n+2)(n+4)+ '*^- 



f-o c-ij+ etc. 



2.4.5^3.5.6 

5,7. ^ 
2.3.4"^ 3.4.5"^^"^ 

2 3 

'3A5+4X6+ ®^' 

2 3 

3X7+5j:g+ ^^' 



12 3 

17. Sum the series 9 4 p "^ Q 5 " "^ 4 9\ 8 + ®^*» ^^ infinitum, 

18. Sum the series 4--^ — 1- . -I ■ 3 • 

10. oumuie b«™b j 2.3^2.3.4^ ' * ' ^n^+T)(n+2) 

19. Sum the series 
l(m+2) 2(m+3) 



, 3(m+4) , ^ , . . 
+ .1 c - /I. I o\+ etc., aa in/. 



2.3...(m+l)'^3.4...(m+2)"^4.5.;.(m+3) 

1 [2 . 13_ 



20. Sum to infinity i^+jTj^+J^ 

2 1. Sum to n terms the series 

3.4.5 



+ etc 



1.2.4.6^2 3.5.6^3.4.6.7 



+ . . . 



« . . ^ . 1.4 , 2.5 , 3.6 , ^ 

22. Sum to n terms the series 03 • 34+43 ■ ®^* 



207. Pkop. To find the sum of the first n terms of the series^ 

Uo+^iX+'ia3c'+ etc. +UnX^+ etc; 

where Uq is a positive integral function ofu, and the same inform 
whatever n may he. 
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We will first illustrate the method by the following 
example. 
Let/S'=l+a;+3a;a + 7a;«+13a;*+.- + (w-ir-n=^ + l)aj»»-» 

+ (n^— n+l)a;'»; 

then &=a;+a;«+8a;«+7a;*+ . . . +(n— 2 1 *~w^^+l)a^i 

.-. iS^(l-ic)a;=a;+0+2a;«+4iB* + ...+(2n-4)iB^+(2n-^)aj~+» 

— (n-— w+l)aj"+«; 

.-. 5(l-a;)«=l-ic+2a;2 + 2a;»+etc....+2a;'»-(n«+n-l)aj»»+» 

4. (n2—n +!)«'»+% 

=1— a;+2a;«-i — ~ — (n^+w-l)a^+» 

+ (n2— n+l)iC»+«; 

Thus by successively multiplying by x and subtracting (or, 
which is the same thing, by successively multiplying by 1— a;), 
we have obtained a series forming a G. P., with two terms before 
and two terms after it. 

Obs, I. It can be seen that the above is a recurring series, of 
which the scale of relation is (1— «)*. 

Obs, 2. If the coefficient of x^ had been a function of n of the 
3rd degree, we should have had to multiply three times by 1— a?, 
and should have had three terms before, and three after, the 
G. P., and so on generally. 

O&s. 3. If ic be <!,«** and n^a^ are endlessly decreased as n is 

1 2a;" 
endlessly increased, and thus the sum to infinity is 5 V j^ v 3 • 
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EXAMPLES.— XLII. 

Sum to n terms the following nine series, and to infinity 
those that are convergent : 

1. a+3a«+7a«+15a*+ etc. 

2. l+3a?+7a;«+13aj»+ . . . +^^ic'»+ etc. 

3. 1.2a;+2.3a;«+3.4a;«+ etc. 

12 3 

4. — I — :+-T+ etc. 



1^ 3 . 5 






12 3 

^- 3 +3-«+F«+ '^"• 

7. 1.64+3.16+5.4+7.1 +9.i4-etc. 

8. 2.8.9a;-3.9.10a;«+4.10.11a;»-6.11.12a;«+ etc. 
1.2 , 2.3 , 3.4 , , 

9. 2i"+~2'i"+ 2^"^ ^*^' 

10. From 2 deduce the sum of the first n terms of the series 

1-3+7-13+ . . . +(-l)"^j+eto. 

Sum to n terms the following nine series : 

11. 2.5.6-4.7.8+6.9.10- etc. 

12. l-3.2+5.22-7.2»+ etc. 

13. 3-8.i+15-i- e*<5- • • • +(-l)'^''»(«+2)2^ • 

14. l+7a;+26aj«+ , . . +(n»-l)aJ»»-i+ etc. 

15. l+3a;+5a;«+7a;»+ etc. 

16. l + -2+2"«'*"2"»"^®*^* 

1 3,5 7 L , 

17. 1-^ + 2.-2"'+ ^^- 
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18. 1.2+2.3a;+3.4c«+ . . . +w(w+l)ic»-^ 

19. l+(l+«)r+(l+a;+2a;V+(l+«+2a;« + 3a;»)r«+etc... 

+ (l+a;+2a;*4- . . . +na;'»)r«+ etc. 

208. The following is the general case of Art. 207. 
Let 8 denote the sum u^-^-u^x-^- etc. 4-Wn-iaJ^"S . . (i). 
Then 
jS(1— ar)=Wo+(wi— Wo)a;+etc.+(M„_i— w^a)a;'»-*— M„_ia^ (2). 

Let Wy, the r+1 th term of (i), be of the mth degree, say 

and w^_i=.4^r-l]'»+i4^ir-l [«»-»+ . . . +^,r-l+^o. 
Then t/^— -m^-i 

=m^^r'*-^+ terms containing lower powers of r+^j. 

Hence for any power of x in (2), except x^ and a:^, the co- 
efficient is a positive integral function of the index, the same in 
form whatever power we consider, and also its degree is lower 
by one than the degree of the coefficient of any power of x 
in (i). 

If now we multiply again by 1— a?, a similar result will be 
obtained for all the terms in 5(1— ic)* except the first two 
and the last two, the first term in the coefficient of off' being 
m(m— l)-4TOr"*~^; and so on for each successive multiplica- 
tion. 

Hence after m multiplications the coefficient of every power of 
X between x^ and a?**"* inclusive reduces to A^ rw, and there- 
fore their terms form a G. P., viz., i4wlm(a»»+ic"*+i+ ...-j-a;n-i), 
and there are m terms before and m after it. 

Cor. Any such series is a recurring series whose scale of 
relation is (1— a;)'»+^ 

For if we multiply by 1— a? once more, or in other words, 
multiply the whole original series by (1— aj)"*+*, all the terms 
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after the first m-\-\ disappear. This shows that any term 
(as MrOf) of the series, after the first m+1 terms, is equal to the 
sum of the products of each of the preceding m+1 multiplied by 

the corresponding term of the series m+laJ— "i"o ^ + ®*'^* 

By corresjponding term is here meant that term which will 
make the product contain a^ exactly. 



209. The following are further examples of the method 
indicated in Art. 196« 

1.2 1.2.3 

Ex. I. Sum the series H — '■ — I — / , in + • • • to ©terms. 

n nyn-TL) 

The^th term 

n(n+l)...(n+i)-2) 3— n ( «(n+l)...(«+i'-2) 

• ____k__l. 

»i(w+l)...(n+i>-S) j ' 
1 |i»+l ^ 



Put 2? =2, we have 



^ Ji+C7=5,=l+1; 



3— n n n 

•••^=1+1(1-3!)' 



^■"3-Ain(n+l) . . . (n4-i?-2)^ 3— n 
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Ex. 2. Show that 

1 r , r(r-l) 1 

TT . t\/ I .»w — ro\ ~ etc. =■ 



p+1 CP+l)CP+2)^(i>+l)CP+2)(iJ+3) """• p+r+1' 
when r is a positive integer. 

Let Sn denote the sum of n terms. 

Then i^— 5n_i=nth term 

_/-_l>+i «•(>•- 1) • • • {r-n+2) 
-^ '■^ (i>+l)(i'+2) . . . {jp+n) 

Assume iS-(-l)»+' Z^''~-^^ ' ' ' ^^~"+^) +C7- 
Assume 6,-^-i; A ^^_^j^ ^^^^ +0, 

■•( i; ^ {p+\)...<j>+n) ^ i;(p+l)...(p+„_i)' 

-^ ^^ (i>+l) . . . (p+») • 



r+p+1 ' 



.„^ Q - (-1)*^^ ' r(r-l) . . . (r-n+1) 
and if«-^^^^i (^^.1) ^ _ _ (^^„) +0. 



Put n=l and we have 



1 r 1 

■1-0 = 



. Q _ (-l)~^^ r(r-l) . . . (r~n+l) . 



r+j?+l (^+1) . . . {p+n) r+p+1 
If r be a positive integer, let the nth be the last term ; 
/. r— n+2=l, and r— n+l=0; 

• «?— 1_ 
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210. Polygonal Numbers. 

The following are specimens of a class of problems with which 
the student will sometimes meet. 

(i.) To find the number of cannon balls, which can be laid out, 
so as to form an equilateral triangle having n balls in an outside 
row. 

It will be seen from the diagram that each ball of ^ 

any one row is to fit in between two balls of the next #*#*# 
row; thus, beginning from one outside row, each row * * * * 
will contain one ball less than the preceding. Hence the total 
number of balls is 

_n(n+l) 



n+n-l+n^2+ . . . +3+2+1= ^ 

(2.) To find the number of balls which can be placed in 
pyramid, in which the base is an equilateral triangle haying n 
balls in a side. It is evident that the outside row of any 
layer contains one ball less than the outside row of the layer 
immediately below. 

Hence in the rth layer, counting from the ground, the outside 
row contains n— r+1 balls, and the whole layer, by (i.), 

(n-.r+l)(yi-r+2) ^ jj^^^^ ^^^ ^^.^j number of balls is 

(yi+l> , n(n-l) , . ^i? 2.1 

2~~'^ 2 ^ • • • + 2 "*"X 

=^(n+2)(n+lK by Art. 199. 

(3.) To find the number of balls in a complete pile, of which 
the base is a rectangle containing m balls in one side and n in 
another. Suppose m not greater than n. 

The rth layer, counting from the ground, will have m— r+1 
and n— r+1 balls in its sides, and therefore will contain 
(t,i_r+l)(n— r+1) balls. 
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The wth layer will consist of a single row containing n— m+1 
balls. Hence the total number of balls is 

(n-w+l)+2(n-m+2)+3(n-m+3)+ . . . +wm 

= (w-m)(l+2+3+ . . . +m)+l+2«+3''+ . . . +»i» 

^-^\n—m)m\^-\-\)-\ g 



EXAMPLES.— XLIII, 

I. The sum of the series 
4 , 9 , 16 , 25 , 
0+514+11:30+30:65+ • • • to « ten»« « 

1- 6 



(n+l)(7i+2)(2n+3)' 
the last factor in the denominator of each term being the sum of 
the first factor and the numerator. 

2. Find the sum of n terms of the series 

1 , 1 , , 



(a+2Z>+3c)(2a+3&+4c) ' (2a+35+4c)(3a+4&+5c) 

3. Sum to n terms the series 

l.l^+2(2^+l')+3(3*+2*+l»)+ etc. 

4. Find the number of balls in an incomplete pyramid, con- 
taining r layers, and having n balls in the side of the lowest layer, 
which forms an equilateral triangle. 

5. Find the number of balls in an incomplete pyramid of 6 
layers, the bottom layer being a rectangle having 7 and 9 balls 
in its sides. 

6. Find the number of balls in an incomplete rectangular pile 
of 18 courses, having 56 balls in the length, and 38 in the 
breadth, of the base. 
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7. Fiud the number o£ balls in a square pile haying 20 in a 
side of its base. 

8. Sum the series i:2+1.2;3.4+m±5:g+ «**'• 

9. Show that the sum of the series 

l+2*+3+4'+5+6'+ . . . toartermsis^i^(2a;*+a;+3), 

when X is odd. 

10. Sum to n terms the series 

4 , 7 . 10 . . 
2.3.4'^ 3.4.5'^4.5.6'^ ® ^' 

8 3.5 3.6.7 

11. Sum 1~T'^'4^""4Vt2"^ ®*^'' ^ infinity. 

1 2. Find the sum of the series 

1 at/ iX? 

1^— 23+g-j— . . . , to infinity, a; being <1. 

terms of the series 

11.1 1 , , . 1 1 

1 8S^'^ SS%'^ ''^' ' • ' ■^n+li8i^„+, 

isl-^ 

. 1 |2 |8 

14. Sum to infinity the series j — hi — XT''"r^i£2'^ ***•' *''*^ 

. 11 1 ~ 1 

prove that J^=|^^i:i-|2 |n-2 "''|T[^-3~ ®*°- *° " *®""^- 



15. Sum the series 
n(n+3)+(»— l)(n+4)a!+(n— 2)(n+5)a!'+ etc. to n terms. 



XX 

C^torp of jlJumlierjS^ 

211. In this chapter we shall make the following limitations 
88 to the terms employed. 

(i.) The word number will mean a positive integral number only. 
(2.) „ divisor „ an exact divisor only, t.c, a 

factor, see [Art. 134, Note]. 
(3.) „ divisible „ divisible toithout a remainder, 
(4.) „ divides „ divides „ „ 

212. Def, A number, which is divisible by no other except 
itself and unity ; is called a prime number, or simply, a prime, 

Def, A number, which is divisible by some other besides itself 
and unity, is called a composite number. 

Thus 6 is a composite number, being divisible by 2 and 3, 
and can be expressed by the product 2x3; but 6 is a prime, 
and can only be expressed by a product thus, 1x5. 

And, generally, a composite number can be expressed by the 
product of two, or more, factors, neither of which is the number 
itself or unity ; whilst a prime cannot be expressed as the pro- 
duct of any two factors besides itself and unity. 

It will be observed that 1 is a prime and divides every 
number. 

213. Def, Two numbers, which have no common factor 
except unity, are said to be prime to one another, and each is 
said to be prime to the oiher, 

178 
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Thus 6 is prime to 25 ; but 6 and 10 are not prime to one 
another, having the common factor 2. 

The only numbers, to which a prime number is not prime, are 
its multiples and unity. Thus 7 is prime to all numbers except 
1, 7, 14, 21, 28, 35, etc. In other words, a prime number is 
prime to all except those, of which it is a divisor, and unity. 

214. Def, When any number is expressed by the continued 
product of the highest powers of the various primes which will 
divide it, we say that it is decomposed^ or resolved^ into its simple 
factors, ' 

Thus 15435, when expressed by 3*. 5.7*, is decomposed into its 
simple factors. For 3*.5.7* = 15435, and the only primes which 
will divide 15435 are 3, 5, 7, and 3% 5, 7* are the highest 
powers of these primes which will do so. 

Ex. Eesolve 22869 into its simple factors. On trial we find 
that 

22869 is divisible by 3, 



7628 


>» 


3, 


2541 


» 


3, 


847 


)» 


7, 


121 


» 


11; 



.-. 22869=3».7.11«. 



3 


22869 


3 


7623 


3 


2541 


7 


847 


11 


121 




11 



EXAMPLES.— XLIV. 

Resolve the following into their simple factors : — 

I. 225. 2. 1023. 3. 289. 4. 4095. 

6. 42237. 7. 2628. 8. 271469. 

10. 1764. II. 1665. 12. 6670. 

14. 484000. 15. 2880. 16. 16200. 



5. 504. 

9. 5880. 

13. 30527. 

17. 99225. 
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215. Hence any number N can be expressed thus, 
^=aP.&«.c*" . . . , where a, &, c, etc. are all primes and all 
different, and a', &^, etc. are their severally highest powers 
which occur in N, This is called the composition of N, 

We now proceed to prove that a number can be decomposed 
in only one way, or, as it is sometimes expressed, a number has 
only one composition. 

Thus 22869, being equal to 3*.7.11*, cannot be equal to the 
product of any other powers of the primes 3, 7, 11, nor to a 
product containing any other primes but 3, 7, 11, i.c., 22869 
cannot be equal to 3*.7M1*, or 3».5M1, etc. 

This is evident in each individual case ; but in order to prove 
it once for all, for all numbers, we must first establish two pro- 
positions, Art. 216, 217. 



216. In the following Article we shall require the process of 
finding the G. C. F. of two numbers. 

The process was exhibited in [Art. 128] as far as 3 steps. 
We shall now draw the student's attention to such cases as may 
not terminate so soon. 

Let a and c be the two numbers, and suppose a>c. 
Divide a by c, let qx be quotient and r^ remainder, .% a=cgi-}-ri , 

Now at the next step, in [Art. 128], the division was supposed 
to be exact, but if it is not so, we continue as follows : — 

Divideri byrs,letg',be quotientand r, remainder, /. ri=rsq9+r^ , 

and we should carry on the process in the same way, till we ob- 
tained a remainder (r) which would exactly divide the preceding 
remainder, and then r can be shown, as d was in [Art. 128], 
to be the G. 0. F. of a and c. 

Now if a is prime to c, they can have no C. F. but 1, i.e., 
their G. C. F. is 1, and .'. the last remainder (r) must be 1. 
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217. Pbop. Jf a numher c divides ab, the 'product of two 
numbers a and b, and is prime to a, it must divide b. 

Perform the operation of finding the G. 0. F. of a and c, then 
since a is prime to c, we must at some one step have unity for a 
remainder. 

Let a be >c, let the quotients be gi, g^, . . . gn-i> S'n? 

and the remainders r^, r,, . . . rn_i, 1, 
then assegai +ri; .'. ha^hcqi + hriy . . . (1), 
c=M,+r,; hc—hr^q^ + hr^, . . . (2), 

^=^82^8+^8; &^i=^«2'8+&^t, . . . (3), 

etc. = etc. etc. = etc. 

From (1), since c divides ha and &c, it divides hri . 
„ (2) „ he „ &ri, „ 6r,. 

„ (3) „ &r, „ &r„ „ ftr,. 

Proceeding in this way we can show that c divides the pro- 
duct of h into each remainder; but the last remainder is 1 ; .*. 
c divides & X 1, or &. 

The same result would follow if a were <c. 

Cob. I. If v^ he a jprime^ dP- is divisible by no prime except a. 
For let c be any other prime, and suppose it will divide a", i.e.^ 
it divides a,a^^^ ; .'., being prime to a, by the Prop, it divides 
a**"* ; in the same way we can show that c must divide each of 
the powers of a down to a itself inclusive ; but, being prime to a, 
it cannot divide a. Hence the supposition that it could divide 
a** was absurd. 

Cob. 2. If Q is prime to a and to b, it is prime to a.b. 
For suppose c has a factor, which will divide ah, this factor 
cannot divide a, for c, being prime to a, has no factor which 
will divide a; .*. by the Prop, this factor must divide b ; but 
this it cannot do, since c is prime to h. Therefore c and ah 
have no common factor; .*. c is prime to a.b. 

Obs, This of course includes the case of c being a prime, and 
dividing neither a nor &, and .*. not dividing a. 5. 
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218. Prop. A number can he decomposed into simple factors 
in only one way. 

Thus, if N=(^.b^.(f . . . , (i), and also N=a\py.y». . . , (2), 
where a, 5, c, . . . are all primes, and all different, and 

**» "> y> • • • Tf )} > 

then a most be equal to one of the primes a, &, c, . . . , say a, 
and then x most be equal to p. 

For if a is not equal to one of the primes a, 6, c, . . . , it cannot 
divide any of their powers a^, fc*, . . . , (Art. 217, Cob. i); 
.'. it cannot divide the product c^,h'', . . . , (Art. 217, Ohs,), 

But from (2) a divides N^ and .% from (i) it divides the 
product aF,h^ . , , 

These results contradict one another; .*. a is equal to one of 
the primes a, &, c, . . . , let a=a. 

Similarly each of the primes j8, 7, etc. is equal to one of the 
primes &, c, etc., say j8=6, 7=c, etc. 

Further, if aj>^, we have 

h\(f. . . . =a^''.&y.c« . . . 

Here a divides the right-hand side; but, since it is prime 
to hj c, etc., it cannot divide the left, and this is absurd; 
.'. z is not greater than p. 

Similarly it can be shown that p is not greater than x) 
/, a;=jp. Similarly y^q^ etc. 

219. If a number is a perfect square, it is the product of two 

numbers exactly alike, and therefore p^ q^ r, etc. are all even, 

Ell z 1 z 

and a^&*(f • • . is the product of a\lf^^ . . . Xa^V^<^ . . , 

Also ^is not a square unless 2>) q, fj etc. are all even. 

220. Ex, Find the least number the product of which by 
2250 will be a square number. 

We have 2250=5».3^2, and 5».3«.2x6.2=6*.3^2«. 
Now this last is a square number, since aU its indices <^e 
even ; .•. the required number is 5.2=10. 
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EXAMPLES.— XLV. 

1. Find the least number the product of which with 1500 will 
be a perfect square. 

2. Find the least number the product of which with 1500 will 
be a perfect cube. 

3. Find the least number the product of which with 14175 
will be a perfect cube. 

4. Find the least number the product of which with 1323 
wiU be a perfect fourth power. 



221. Prop. To find the various divisors^ or factors, of a 
nuniber. 

Denote the number by N, and its composition by c^.h^,(f . . . 

As in Art. 218 it is easily seen that no number can divide N 
unless it be wholly composed of two or more of the following 
numbers, 

1, a, a*, a', . . . , a**, 

1, ^ &S b', 

etc., 
multiplied together, i.e., that it must be a term of the product, 

(l+a+a«+ . . . +aP){l+h+ . . . +&») . . . ; 
and that every term of this product is a factor of N. 

Cob. I. The sum of the factors of N is this product, and 

aP+i-1 Z;^+i_l 

Cor. 2. The numher of the factors of N is the number of 
terms in this product, and .*. =(i?+l)(2'+l) • • • 

If N be not a square number, one at least of p, q, r, etc. is 
odd, and one of the factors ^+1, etc. is even, and therefore the 
number of factors of -AT is even. 
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Cor. 3. To find the number of ways in which N can he resolved 
into twofaciors. 

Each of the factors of N must be paired with another factor,, 
such that the product of the two may be N ; thus we have one 
way of resolution for each pair of factors. Hence, if N is not a 
square number, the number of ways required is half the number 
of factors of -AT, and /. =\[p+'^)[q+Vj , . . 

If, however, -^ is a square number, one way is formed by 
repeating one of the factors, viz., js/Nj and multiplying it into 
itself, hence the number of ways required is half the number of 
factors of N increased by unity, and 

. _ b+l)(g+l) . » . +1 

222. Ex. 144=3«.2*. 

Its factors are 1, 2, 2«, 2», 2*, ^ 

3, 3.2, 3.2% 3.2», 3.2*, I . . {A), 
3*, 3^2, 3^2% 3«.2«, 3^2*, j 
and their number is (2+1) (4+1) =15. 

The ways in which it can be resolved into two factors are 
1x3^2*, 2x3^2% 2«x3=.2% 2«x3«.2, 2*X3S 

3x3.2*, 3.2x3.2», and 3.2«x3.2^ 

Thus 3.2^ has to be multiplied into itself to make up 144 ; 
hence in pairing the factors together we bring in another, 3.2S 
to pair with the one we have already, and then half the number 
of factors so increased is the number required. 

223. Required the numher of ways in which a nurriber ( N) can 
he resolved into two factors, so that one factor of any pair is prime 
to the other. 

Denote the composition of -AT by a''.¥.<f . , . 

Now in each pair one factor must contain a**, and the other 
factor cannot contain a at all, for otherwise the factors would 
not be prime to one another ; similarly for &', etc. Thus, we 
shall have just the same number of ways, to whatever powerg 
a, hj etc. are raised. Hence the number of ways required is the 

N 
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same as the ntimber of ways in which the number a,h,c . . . can 

be resolved into two factors, and /. =^ -^-^ — =2**"% 

n being the number of the primes a, &, c, etc. 

EXAMPLES — XLVI. 

Find the various factors of each of the numbers, 
I. 225. 2. 42287. 3. 1764. 4. 48400. 

See Examples xliy. i, 6, 10, 14. 

Find also their number and sum, and the number of ways in 
which each of the above integers can be resolved into two 
factors, and into two prime to one another. 

5. Find the sum of all numbers less than a number and 
prime to it. 

224. Let a be a given number, h any number. 

Divide b by a, let q be the quotient, and r the remainder ; 

.•. b=qa+r^ or b—r=qay . . (i). 

If &<a, q=0 ; if & be a multiple of a, r=0. 

Hence any number can be expressed in the form qa+r, 
where q is zero or some positive integer, and r is zero or one 
of the integers 1, 2, . . . q—^, q-^l] this limitation will 
always be supposed to be placed on the symbols q and r, or 
whatever stand in their places, whenever a number is expressed 
in this form. 

225. Foreign writers have a different phraseology at this 
point. Instead of saying 

b on division by a gives a remainder r, they say 

b to modulus a is congruent to r, 
and instead of expressing this fact algebraically, as in (i), they 
write 

b^r (mod. a), or b—r^O (mod. a), • (2), 
it being very seldom important to mention the quotient q. 
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Each of the modes of expression in (2) is called a ccm^ruence ; 
and all numbers, which on division by a give a remainder r, 
are said to be congruent to each other to modulus a. 

226. Note, 4m+3=4(m+l^— 1, which is of the form 4w— 1. 



a 



Similarly, if r exceeds -^ , g'a+r=a(g'+l)— a— r. 

Any even number is of the form 2n. 
Any odd „ 2w+l. 

227. Ex, I. Every square number is of one of the forms 
5m, 5m±l. 

Every number is of one of the forms 5n, 5n±l, 5ndr2. 
Now (5n)*=5.(5w*) which is of the form S.tti, 

(5n±l)«=6.(5n*±2n) + l „ 6.m+l, 

(5n±2)«=5.{5n*±4n+l)-l „ 5.m-l. 

Ex, 2, If n is an odd number, {n'+3)(n'+7) is divisible 
by 32. 

Since n is odd it is of the form 2m-f 1 ; 
.-. (n*+3)(»*+7)=(4m«+4w+4)(4m*+4m+8) 

=16(m»+m+l)(m«+m+2). 
Now m* +771 -4-1, m*+w+2 are two successive numbers, and 
.'. one or other must be even, t.c, divisible by 2 ; 
... (n«+3)(n«+7) is divisible by 32. 
It is easily seen that it is m*+wi+2 which is even, for it 
=m(m+l)+2. Now »w(m+l) must be even, since m and 
w+1 are successive integers. 

Ex, 3. Every prime greater than 3 is of the form 6m±l. 
For every number is of the form 6m, 6mdzl, 6mdz2, and 
6m +3. 

Now 6m, 6mdz2, are divisible by 2, and 6m +3 is divisible 
by 3 ; .*. these cannot represent primes; .*. primes >3 can only 
be represented by 6mdzl, 
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EXAMPLES.— XLVII. 

ft 

1. If n be odd, n(7i*--l) is divisible by 24. 

2. The difference between any number and its square is even. 

3. Prove that the sum and difference of any two odd, or of 
any two even, numbers are even. 

4. The sum of any three odd numbers is odd. 

5. Any power of an even number is even, and of any odd 
number, odd. 

6. Every prime number greater than 2 is of the form 47i±l. 

7. Every odd square number is of the form 4n+l> aiid also 
of the form 8w+l. 

8. Every even square number is of the form 4n. 

9. The sum of two odd squares cannot be a square. 

10. The difference between any two odd squares is divisible 
by 8. 

1 1. If the sum of two squares is another square, one of the 
three is divisible by 5. 

1 2. Show that every cube number is of one of the forms 7w, 
7n=hl. 

13. Show that n*— 4?i«+6w*— 2n is divisible by 12 for all 
integral values of n above 2. 

14. If 71 be a prime greater than 3, then either n*+n— 2 or 
n*— n— 2 is divisible by 18. 

15. The difference of the squares of any two prime numbers 
greater than 3 is divisible by 24. 

16. Show that to modulus 6 every number is congruent to its 
cube. 

17. The sum of the cubes of two whole numbers, one next 
greater and one next less than a multiple of 8, is divisible by 36. 

18. Find the form of r in order r(r— 1) may, when divided by 
7, give an odd quotient. 
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19. Prove that n^^n is always divisible by 30, and if w is 
odd by 120. 

20. If n— 2, n+2 be both prime numbers greater than 6, 
prove that n, when divided by 30, will leave a remainder 9, 16, 
or 21. 

21. Find a series of square numbers which, when divided by 
7, leave a remainder 4. 

22. If w be an even number, n*+20n is divisible by 48. 

23. Show that (2n+l)^«— 1 is divisible by 8. 

24. If a cube be divided by 9, the remainder is 0, 1, or 8. 

25. If a*+&*=c*, then ahc is divisible by 60. 

26. The twelfUi power of a number is of the form 13n, or 
13n+l. 



228. Prop. If a ts prime to b, and if the same remainder is 
left after dividing^ by a,, two numbers of the form mb+k, m'b+k, 
then m and m' differ by a multiple of a. 

Let r be the remainder, q, q' the quotients ; then 
mb+k=qa+r, m'b+k=q'a-\-r; 
,\ (m—m')b=i(q—g^. 
Hence a divides (m—m')b ; but it is prime to b; .*. it divides 
m^m' ; in other words, m—m' is a multiple of a. q.b.d. 

Cob. I. No two of the numbers 0, 1, 2 . . . a— 1 differ by 
a multiple of a, each being less than a ; .*. if the numbers 

h, b-\-k, 2b+k, . . . o^ft+A;, . (i), 

be divided by a, the remainders are all different, and their 
number being a, and each less than a, they must be the numbers 

0, 1, 2, 3, . . . S^, ^:ri, . . (2), 

though, of course, not necessarily occurring in this natural order. 

Cob. 2. Let wft+A; be any one of the numbers in (i), divide 

it by a, let r be the remainder, and q the quotient; so that 

nb+k'=iqa+r. 

Now if r and a have a common factor it must divide nJ+ifc; 
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therefore amongst the numbers in (i) there are as many as 
amongst those in (2), which have a factor in common with a. 

Hence the number of those which are prime to a in (i) and 
in (2) is the same, or, in other words, the number of integers in 
(i) which are prime to a, is the same as the number of integers 
less than a and prime to it 

229. We use the symbol T(cC) to denote the number of integers 
(including 1) less than a and prime to it 

230. Prop. If% and b are two nurnben^ prime to one another, 
rehired P(a.b), ie., required the number of integers less than the 
product a.b and prime to it. 

The first ab numbers can be arranged thus : — 

Xa ^, O, • • • Ky • • 

5+1, 6+2, 5+3,... b+k,.. 

25+1, 25+2, 25+8,... 25+^,.. 



.a... . .,.. 



h+b, 
25+5, 



(a-.l)5+l,(a«.l)j+2,(a-l)5+3..(a-l)5+l:..(a-.l)5+5. 

We will now examine these numbers, and reject those which 
have a factor in common with a or 5. 

Consider any one column, e.g., the kth. If A; be prime to 5, 
each number in the column is prime to 5; but if k and 5 have a 
eommon factor other than 1, it must divide each number in the 
column, and, therefore, the whole column must be rejected. 

Now in the first line there are P(5) numbers prime to 5. 

Hence there «re P(5) columns of numbers prime to 5. 

Let the Hh be one of these. Then (Art. 228, Gob. 2) the 
number of integers in it prime to a is P(a). 

Hence each of the P(5) columns of integers prime to 5 contains 
F(a) which are prime to a. 

Hence amongst the first ab natural numbers there arc 
P(a) J^(.5) which are prime to a.b ; 

.-. P(a.5)=P(a).P(5). 
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Cob. I. Evidently P(2)=l. 
Let M be any odd number, then 2 is prime to M\ 

.'. F{2M)=F{2).F{M) 
=F{M). 

Cor. 2. Let a, 5, c, ... A, A; be a set of numbers in which 

each is prime to each, and therefore to the product of any, of the 

others. Then 

F(a,b.c . . , h.k)=F(a)F(b,c . . . h.k) 

F{b.c . . . h.k)=P(h)F{c h.k) 

etc. = etc. 

F{h.k)=F{h).F(k) 

.-., multiplying, P{a,bx . . . h.k)=^F(a),F{b).F(c) . . . P(h).F(h), 

231. We will apply this formula to prove the well-known 
Pbop. To find the number of integers less than a given number 
and prime to it. 

Let N denote the given number, a'^b^cT ... its composition. 

Amongst the natural numbers 1, 2, 3, . . . a'— 1, a*, the 
only ones not prime to a are the various multiples of a up to o^, 
or a, 2a, 3a, . . . a^~\ a**, i.e., the numbers which are the pro* 
ducts of a into each of the numbers 1, 2, 3 . . . c^-\ and 
.'. their number is c^~^ ; 



•. P(aP) = aP-a'-^=a''[l-.i-] 



Each of the factors o^, b^, (f, . . . being prime to each of the 
others, we have, Art. 230, Cob. 2, 
F{N)=F{c^),F{lfl),P{(f) . . . 



=4-i).M(l-i).4-l) . 



^oP,¥.(f . . . 



-H)H)(>4)--- 
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Note. — Here 1 has been considered as a number prime to db 
If not, we should have as our result 

-('4)(>4)(>-i) ■■•-'• 



EXAMPLES. — XLVIIL 

1. Find the number of integers less than 360 and prime to it. 

2. „ „ 1023 

3' »» »» 17o4 „ 

4. „ „ 1000 

5. Show that if any number of square numbers be divided by 
a given number If, the greatest possible number of different 

remainders is -o'+l* 

6. The sum of the numbers less than a given number N, and 

prime to it =0' X the number of numbers less than ^and prime 
to it. 

232. Pbop. The product of any n successive integers is divisible 
by\n^ 

Let m be the greatest of the integers. 

Then ' | ^= the number of combinar 

tions of m things taken n together, and is .*. an integer; 
.', 7w(m— 1) . . . (m— n+1) is divisible by | n. 

Gob. If m is a prime and greater than n, it is prime to each of 
the numbers 1, 2, 3, . . . n, and therefore to | n ; 

.*. \n must divide (w— 1) . . . (w— n+1), Art. 217; 

, (t w—I) . . ♦ (m-n+ l) . 
— IS an integer, 



, m.(m— 1) . . . (m— n+l) ^ n. 1 r 
and — ^^ — j ^^ ■ — - a multiple of m. 



THEOR V OF NUMBERS. 187 

In the same way, if we recognise any expression, in the form 
of a fraction, to be the sum of a number of integers, we know 
that its numerator is divisible by its denominator. 

EXAMPLES.— XLIX. 

1. Show that n(n+l)(2n+l) is always divisible by 6. 

2. Show that (^+2) (2? +3)' . . . (^+n) is divisible by j n, 
f _p+l is prime. 

3. If n, J?, q^ be all integers and n=p+q, prove that 

\n 

i-V- is a whole number. 
!£|_£ 

4. If 2? be a prime, the coefficients of (1+x)^'^ will differ from 
multiples of jp by 1, in excess or defect alternately. 

5. If ^ be a prime, and Aq, Ai, A^, etc. be the coefficients 
of {l+xy-% then -4o-l, -4i+2, ^a-3, -43+4, etc. will be 
multiples of ^. 

233. Fermat's Theorem. Ifipbea primey b a number prime 
to p, then b^^— 1 is divisible by p. 

If b,2b, . . . {p-l)b, . . (I.), 

be divided by p, the remainders must be the numbers 
I, 2, . . . (i?-l). 

(i.) The remainders are idl different. For, if possible, let two 
of the numbers in (I.), say m5 and nb, give the same remainder 
r ; denote the quotients by s and t ; 

nb='tp+r ; 

.'. {m—n)b={s—t)p; 

,•. p divides (m—n)b, but is prime to 5, and therefore divides 
m—n'j but this is absurd, since m and n are both less than^; 
.*. the remainders are not the same. 

(2.) No remainder is since j? is prime to each factor of each 
dividend and .'. cannot divide any one of the dividends. 



i88 THEORY OF NUMBERS. 

(3.) Hence the remainders being all different their number 
must be J7— 1, and since each must be <'p and >0, they must 
be the numbers 1, 2, . . . jp— 1, though not occurring in this 
natural order, and the numbers in (I.) must be of the form, 

Wii?+1, Wai?+2, . . . np_ii?+i?-l; 
.'. their product is a multiple of ^+|^— 1, 

I.e., |j?— l& ^^^ss a multiple of j?+ | j?— 1 ; 
.'. [p— 1(6'"^— 1) is divisible byi?. 
But J? is prime to each factor of the product [jp— 1 , and /. to 
J?— 1 itself; 

.'. &^^— 1 is divisible by ^. 



234. Febmat's Theorem. Another Proof. 

Ifn he a 'prime and 'S prime to n, then N*^"^— 1 is divisible by n. 

We have 

In 
{a+h+c+ eto.)«=a«+ft"+ etc. + . . a| — a*5^ . . . +eto. 

On the right hand of this equality each term, which is not simply 

the nth power of one of the symbols a, d, etc., has a coefficient 

In 
of the form j — j-W= , which, being the number of combinations 

of n things taken altogether, a being alike, P alike, etc., is a 

whole number. But n being a prime is not divisible by any 

|n-l 
factor in [a|j8 , , .; .•. 1 — |^ . is an integer, and the 

term is a multiple of n. Hence we may put 

(a-\-b+c+ etc.)'*— (a'*+&'*+ etc.)= a multiple of n. 
Now put a=b=c= etc., and let there be N of these symbols , 
.*. N^—N, i.e., N{N^'^^1)= a multiple of n; 
but, N being prime to n, it is iV^»"* — 1 which is divisible by ». 
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235. Ex. I. If n is >2, it is odd; .*. n— 1 is even; 

n— 1 w— 1 

.-. we may put iV^"-*— l = (iV > — l)(iV^ * +1); 

n-l n— 1 

.*. N * —1, or -^T * +1, must be divisible by w; 

w— 1 

.'. -A^ * is of the form mn±l. 

^a;. 2. If aj is prime to 91, a;"— 1 is divisible by 91. 

For since x is prime to 91, it is to 13 (91=13.7), and 13 is 
a prime; .*. «"— 1 is divisible by 13. 

Also X is prime to 7, and 7 is a prime; .•. a?«— 1 is divisible 
by 7, but «"— l=(a;«+l)(a;«— 1), and .-. is divisiMe by 7. 
Now 7 and 13 are prime to one another ; 

.*. «"— 1 is divisible by their product 91. 



EXAMPLES.— L. 

1. If ^ be a prime greater than 7, 'N'^—X is divisible by 28. 

2. If n be a prime >iV; then iV^^-'+^^-'H- . . . +i^+l 
is divisible by n. 

3. If J? be prime and 'N prime to jp, ^+«+"-+i»-i-t:i jg 
divisible by ^•. 

4. Prove that a;i*— y" is divisible by 91, if x and y be prime 
to 91. 

5. If 71 be a prime, 2'»-^+3'»-'+ . . . +n-l|«-»+2 is 
divisible by n. 

6. If ^ be a prime not a sub-multiple of a, then the sum of 
the remainders, when a, a*, . . . d^^ are divided by j?, is less 
by 1 than a multiple of jp. 

7. If ^ be a prime, a and a— 1 integers not multiples of 
2?, and m any integer, show that a'*+*+a**+*+ . . . ^-a*^ 
b divisible byi,. 

8. If ^ be a prime number and n not divisible by 2?, show 
that n<P+^^<^«-w^^-« is divisible byi?*. 
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9. If n be a prime number and x any integer, prove that the 



n-l 



remainder, on dividing x^ by 71, is either 0, 1, or n— 1. 

10. K n be a prime number and N be not divisible by n, 
prove that ^»»^-n^*— 1 is divisible by n**. 



236. Wilson's Theorem. If 1^ ia a prime, l+ |p— 1 *« 
divisible by p. 



Let b be one of the numbers 2, 3, . . . jp— 2, . (i), 
then h is prime to p, and therefore if the numbers 

b, 2&, 36, . . . (6-1)6, 6», (6+1)6, . . . (p-l)6, 
be divided by p, the remainders are all different (Art. 233, i) ; 
.*. one and one only is 1. 

Also 1 is not the remainder from the division of 6, 6*, 6(2?— 1) ; 
for b when divided by p gives b for remainder, and 6(^—1), 
or (6—1)^+^—6, gives ^—6 for remainder, and if 6* gave 1 for 
remainder, 6*— 1, i,e. (6—1) (6+1), would bo divisible by p, 
but this cannot be (Art. 217, 06«.), since both 6—1 and 
6+1 are prime top. Hence one, and only one, of the products 
26, 36 . . . 6(6—1), 6(6+1) . . . 6(^—2) gives 1 for remainder 
when divided by p. Hence for each of the numbers in (i) we 
can find one other and only one, such that the product of the 
pair is of the form^+1, n being an integer. 

But the product of any number of integers of this form is still 

of the same form, viz., 1+ a multiple of^; .*. 2.3.4 . . . jp— 2 
is of this form, being the product of all such pairs of factors as 
described above ; 

.'. 2.3.4 . . . p^2=p.m+l, 
m being an integer. Multiplying by^— 1, we have 

\p--l=:p.m{p^l)+p^l; 
••• b-"l +l=i?(wiy— m+1), 
and .*. is divisible by p. 
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237. Ex, I. If J? is a prime and >2, \ ^-^ \ +(-1) 

is divisible by 'p. 

For J? is of the form 2n+l, where n is an integer; 
.•. 2n=^— 1, 2?i— 1=^—2, . . . n+2=jp— n— 1, n+l=^— n ; 
.-. 2n(2n— 1) . . . (n+2)(w+l) is a multiple of i? +(—!)« [n; 
.-. l+ [2?-l =l + |2n=l + [7i.(n+l)(n+2) . . . 2» 

= 1+ a multiple ofi?+(-l)"{|_n}»; 
... l+(-l)n {|n}«, and .-. (-l)n+{|n}\ is divisible byi?. 

If J? is of the form 4w+l, n=2w; .•. (— 1)'»=1, and j? is 
a factor of the sum of two squares, 1 and {{ n}'. 

EXAMPLES.— LI. 

If n be a prime, prove that 

1 . 2(n — 1)1 71— 3— 1 is divisible by n. 

1».2«.3«.4.6 . . . (n-6)(n-4)(n-l)+l . 

2. ^^ '-^ — IS an integer. 

3. 1 — ( — l)**] 2?— 1 1 w— ^ is divisible by n. 

4. The series of squares 1», 2», 3«, . . . \^\ leave each 
a different positive remainder when divided by a, if a is a prime. 

238. Prop. To find the highest power of a prime a, which is 
contained in the product \ m. 

Let ^1 be the number of integers not > m containing a but not a*, 

■"a 19 1) ^ » ^ I 

and so on. 

Hence amongst the numbers 1, 2, 3, ... m we have a 
repeated ^1 times ; .*. a^» is a factor of [m. 

Also we have a* repeated N^ times ; .*. a^* is a factor of [m, 
and „ a» „ a^» 

and so on ; .'. a^i+^»+^»+ • • • is a factor of [m, 

and this is the highest power of a in | m. 



V 
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We will now express this in a form more convenient for 
application. 

Let ni denote the greatest integer in — » 

m 

m 

Then the integers not >m, containing a, are 

a, 2a, 3a . . . n^a; 
.'. there are n^ integers which contain a, including those which 
contain a*, a* . . . ; 

.*. nl=-yl+-^^a+-^^,+ etc. 
Similarly there are n, integers which contain a', a', etc., 

.^n,=:^a+-^^,+ etc. 
n,=^,+-^^4+ etc.; 
A ni+n,+n,+ etc. =^i+2^j+3^a+ etc. 

239. Induction is often useful in problems where it is required 
to prove that a certain form is divisible by a given number. 

Ex. I. The integral part of (3+ v^5)*»+l is divisible by 2^ 
ft being a positive integer. 

Let /denote the integral part of (3+ V^)" E\\ja fractional 
part; 

.-. J+/'=(3+ V5)«. 
Now 3— V^, and .*. (3— V^)**» ^^ a proper fraction. 

Put i?"=(3- V5)». 
Therefore J+i^+jr=(3+ >^5)n+(3- ^5)** 
= an integer, since all the irrational parts disappear, and all 
the coefficients are integers (Art. 232) ; 

.-. F'\'F' is an integer, and .*. =1 (see Art. 103) ; 

.-. J+l=(3+ VS)"+(3- ^/^)''=Sn say. 
When n=l, we have ^i=6=2.3, 

n=2, „ /S^,=2(3«+5)=28=2«.7; 
•\ the theorem is true when 72=1, and n=2. 
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Suppose it to be true, when n=m, and when n=m+l, say 

Now >8«+i=(3+ V5)'»+*+(3- V5)«+S 

and6=(3+V5)+(8- V5); 
.-. 6S«+i=(3+ V6)-+«+(3- V5)'»+* 

+(3+ V5)(3- V5){(3+ V5r+(3- V5)**}, 

.-. SU+,=6.2'»+i&-4.2~a=:2«+«(3&-a); 

/., by Induction, /Sf«i+j is divisible by 2"*+*, 

240. Ex, 2. To prove that 2''«— 3n— 1 is divisible by 9. 
Let/(n)=2«»— 3w— 1; 
.•.y(w+l)=2''«+«-3(n+l)-l ; 
.•.y(«+l)-/(n)=2«»+«-22»-3=3.2«»-3=3(2««— 1) 

=3(2«-l)(2»+l). 
Now 

2«=(3-l)»==3«-n.3«-»+^^^^^-3«-«-etc.±.n.3=^ 

= a multiple of 3=pl ; 
.'. either 2'*+!, or 2^—1, is always divisible by 8; 
.•.y(n+l)— y(n) is divisible by 9 ; 
.'. when/(w) is divisible by 9,y(n+l) is also. 
Now/(2)=16-6-l=9; 
.•.y(3) is divisible by 9 ; .*. /(4) is also, and so on generally. 

EXAMPLES.--LIL 

1. Kn be any prime number except 2, the integral part of 
(V5+2)«-2»+» is divisible by 20n. 

2. Show that, if a; be any prime number except % the integral 
part of (l + >^2)* diminished by 2 is divisible by 4a?. 

3. Show that 2««+*-9n«+3n— 2 is a multiple of 54. 

4. Prove that 7*'*+16«— 1 is divisible by 64, if n be a positive 
integer. 

5. Find the highest powers of 6 and of 25 contained in 1 30. 

6. „ „ 3 „ 6 „ [16. 
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241. Pbop. The number of primes is infinite. 

For let j7 be a prime; then the continued product 
1.2.3.5.7 . . . ^ of all the primes up to p is divisible by each 
of them; .*. 1.2.3.5 . . . J?+1 is not divisible by any one of 
them except 1. 

Now let 1.2 . . . j?+l be resolved into its prime factors. 
Since it is not divisible by any number so small as p, each 
of its prime factors must be greater than p, i.e., there is a prime 

Thus we have shown that whatever prime p may be, there is 
always a prime greater than it. Hence the number of primes is 
infinite. 

242. Any prime > 3 is of the form Qmdtzl, Art. 227, Ex. 3. 
But every number of the form Gmil is not necessarily a 

prime ; and in fact 

No Algebraical formula can represent primes only. 

For let a-\'hx-\-cx*'\- etc. be an Algebraical expression which 
represents primes for some valties of x, the symbols a, 5, c, etc. 
representing constant numbers. 

Let a+hx+cx^^ etc. = a primes, when x=m. 

Put x=m+np, then the expression becomes 

a+&(m+np)+c(m+»p)*+ etc. 
=a+&m+cm*+ etc. + a multiple of ^ \ 

=sp+ a multiple of ^. 
Hence the number now represented by the expression has p 
for a factor, and therefore is not a prime. 

Therefore the expression a+bx+cx*+ etc. does not always 
represent a prime for every value of x. 

For further information on the subject of this Chapter, see 
Peacock's Algebra, Barlow's TJieory qf Numbers, Serret's Alglbre 
SupSrieure. 



XXI 

243. In the problems we are about to discuss the chief 
difficulty is in understanding the ideas involved, and the terms 
employed ; the Mathematics necessary for their solution being of 
a very simple character. 

We shall therefore venture, by way of introduction, upon a 
somewhat lengthy explanation, for which we beg the student's 
careful attention. 

244. We commence with the following example. 

Ex, A record has often been kept of the ages of a]l persons 
who have died at a certain place through a long sequence of 
years. 

Now, on examining such a record up to the end of each year, 
suppose we find the numbers, amongst those who have died up 
to that instant since the beginning of the record^ (i) of those 
who were over 1 year of age at the time of death, (2) of those 
who were over 26. These numbers would continually increase, 
of course, as we continued to take iu, at each examination, one 
more year, and we should see that the ratios of the second to the 
first differed continually less and less from some one ratio. 

As a matter of fact it was found at one place that this ratio 
37as 560 : 1000, or 14 : 25. 

We should then say that the probability of any person, whose 
age at death had been recorded, and whom we knew to be over 
1 year at death, being also over 26 years, was 14 : 25. 

Here we considered a succession of persons, each possessing one 
general characteristic, namely, dying at this place after reaching 
the age of 1 year. This characteristic is common to them all, 
and distinguishes them from all others whose deaths are recorded, 
60 that by it we are able to class them together. 

o 



196 PROBABILITIES. 

Further in this succession we considered a certain particular 
section^ each member of which, besides the general characteristic 
of being 1 year old, or over, at death, possessed an additional 
characteristic of being 26 years, or over, at death ; and we sought 
the probability of any one, whom we are told belonged to the 
general class, belonging also to the particular section. 

245. The following is a general definition of the term 
Prohahility, 

Suppose that we have a succession of things (or events 
or persons), each possessing some general characteristics, on 
account of which they can be classed together, and that amongst 
them is a section, each member of which, besides the general 
characteristics, possesses an additional attribute, which distin- 
guishes this particular section &om all the other things. Then 
if, on taking any large number of the general things, we find 
that the number of particular things amongst them tends to 
bear to it a constant ratio, this ratio is called the Prohahility 
of any one of the general being also one of the particular things, 

246. Ex. Thus if, by taking notice of a large number of ships, 
of the same class, and sailing under the same circumstances, we 
find that on the average three in a hundred are wrecked, we say 
that the probability of any one of such ships being wrecked is 
3 : 100. 

247. Of course this ratio, like all others, is represented by a 
fraction, having the antecedent and consequent as numerator 
and denominator. Thus in Art. 246 the algebraic representative 
of the probability is -j^. 

248. In most of the cases, with which we have to deal in 
practice, it is only when we take large numbers of the general 
succession that we find that the ratio is. constant. At first, when 
small- numbers are taken, the ratios have large differences, but if 
by taking more and more of the succession we find that the 
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fractions differ by less and less from some one fraction, then we 
say that this is their limit and represents the probability con- 
sidered. If no such limit exists, then there is no definite 
probability that any one of the general succession is also one of 
the particular class. 

The reader must bear in mind then, that it is only when large 
numbers are considered that the results of our investigations can 
be expected to correspond, with any degree of accuracy, to the 
actual state of things. Thus we should make our calculations 
as if 3 wrecks had occurred in every 100 ships that had sailed,^ 
whereas actually a wreck might not have occurred till we came to 
the 500th sailing. Also in Art. 244 we should reason as if 14 
out of every 25, who were more than one year of age, survived 
to the age 26 ; but it would be only when we worked with large 
numbers that our results would agree with experience. 

249. Ex, Again, suppose that a ball is drawn from a bag and 
then put back, and this repeated for a great number of trials, 
and that we draw white, black, and red balls, and no others. 
If now, on keeping records of the number of times a white, 
black, and red ball is drawn, it is found that the ratios of the 
number of appearances of the white, black, and red balls to the 
whole number of drawings tended respectively to the following 
ratios :— 27 : 100, 53 : 100, 20 : 100, then the probabilities that 
any one particular drawing had produced a white, black, or red 
ball would be represented by t^, -j^, ^. 

Also it would be said that it was 27 to 73 for, and 73 to 27 
against, a white ball having appeared at any one drawing ; and 
that the odds were 80 to 20 (i.e., 4 to 1) in favour of, and 1 to 
4 against, a white or a black ball having appeared at any one 
drawing. 

250. We have supposed that notice has been taken of how 
many only, and not which, of the general succession belonged 
also to the particular section. That is to say, we are ignorant 
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of the particular circnmstances of each individual thing, having 
a knowledge of the aggregate only. This is sufficient to enable 
us to settle the probability required. 

251. If every one of the general events belongs to the parti- 
cular section, then it is said to be a certainty that any one of 
the general events belongs to the particular section. Also the 
number of those belonging to the particular section is equal to 
the number of general events. Hence the probability of a cer- 
tainty is represented by 1. 

252. The words chance and probability are used as synonymous. 

253. The following is an instance of the use we can make of 
probabilities. 

In many cases, when we have actually observed only a certain 
portion of a succession, we are enabled to infer, by induction, that 
the probability, found to exist amongst the observed members of 
^e succession, exists also amongst those which have not been 
observed. 

Thus we should conclude that 3 : 100 is the probability of 
any ship being wrecked, of the same class, and sailing under the 
same circumstances as those in Art. 246 ; taking no account of 
whether it is a ship that has sailed in the past or will sail in the 
future ; and that ^ represents the probability of avy infant of 
the age of 1 year living to be 26, if the circumstances of his 
life do not differ from the generality of those of which a record 
was made. 

254. We add some more examples. 

Ex, I. If, on the average 1 man in 10 is under 5 ft. 6 in., 
and 3 in 40 have red hair, what is the probability that any one 
man is both red-haired and under 5 ft. 6 in., it being assumed 
that the colour of a man's hair has no effect on his stature ? 

Since in every 40 men 3 have red hair ; .'.in every 400 men 
80 have red hair 
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Now 1 in every 10 is under 5 feet 6 inches; /. amongst the 
30 who have red hair there are 3 who are under 6 feet 6 inches. 
Hence in every 400 men, 8 are both red-haired and under 6 
feet 6 inches, i.e., the probability required is 3 : 400. 

Ex, 2. If one man in 30 is 6 feet at least, and, of those undei 
6 feet, 1 in 40 is 6 feet or under, what is the probability of a 
man being between 5 and 6 feet ? 

Since 1 man in 30 is 6 feet at least, 29 in 30 are undei 
6 feet. 

Now consider 1200 men. Of these 1160 are under 6 feet ; 
and, since 39 in 40 are over 5 feet, .*. of the 1160 men 1131 are 
over 5 feet. 

Hence of 1200 men, 1131 are within the specified limits, oj 
the probability required is 1131 : 1200, or 377 : 400. 

Ex, 3. If 1 man in 30 is 6 feet or over, and 1 in 40 is 5 feet 
or under, what is the chance of a man being between 5 and 6 
feet? 

Out of 1200 men, 40 are over 6 feet, and 30 are 5 feet at 
most; .•. 1200—70, or 1130, are between 5 and 6 feet; .•. 
the required chance is 1 13 : 120. 

255. In a large number of cases we have no observations, on 
any portion of the succession, recorded, but are expected to deter- 
mine what the aggregate of the succession Mrill be from ^ fovork 
considerations, drawn from the circumstances under which it is 
to take place. 

Thus, if we have 3 white, 4 black, and 11 red balls in a bag. 
we determine what the aggregate will be from the assumption, that, 
in the long run, out of every 18 times that a ball is drawn and puf 
back, a white ball will be drawn 3, a black 4, and a red 11 times. 

Again, if a coin is tossed, it may be fairly assumed that it 
will turn up heads as often as tails. 

Conversely, if we knew that we had 12 balls in a bag, and 
that the chance of drawing a white ball was J, we should con- 
clude that there were 4 white balls. 
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256. And in ^neral, if there are h ways in which an erent 
maj happen, and there is no d ^priori reason why one should 
oecnr rather than another (or, as it is sometimes expressed, all 
the ways are equally likely), and if a is the number of ways in 
which the erent may occur, so as to be of a particular section, 
then it is assumed that, in the long run, it will be of this section 
a out of every h times that it happens. Hence the probability 
of its thus happening is a : &. 

This is the same as assuming that this known numerical ratio, 
existing amongst the possible^ or equally likely, ways, is a cause 
80 much more efficient than any other for detemuning the 
aggregate of the succession, that the effects of all other causes 
may be neglected in comparison. 

EXAMPLES LIIL 

1. What is the chance of an ace being thrown with one die? 
What is the chance of an ace or a six being throwu ? 

2. What is the chance of a six being drawn from an ordinary 
pack of cards ? 

3. Show that it is 10 to 3 against a court card being drawn 
from a pack. 

4. What are the odds against drawing a black or a white ball 
from a bag containing 5 white, 6 black, and 7 red balls ? 

5. What is the chance of drawing, from an ordinary pack of 
cards, a court card of the club suit ? 

6. A bag contains 20 sovereigns and 30 shillings, of which 3 
in every 10, whether sovereigns or shillings, were coined in the 
present reign. What is the chance of drawing a Victorian 
sovereign, supposing that I cannot tell a sovereign from a 
shilling by the touch ? 

7. Two bags contain the same number of balls, the chance of 
drawing a red ball from one is ^jy, and from the other is -^. If 
all the balls are put into one bag, required the chance of drawing 
a red ball from it. 
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8. A bag contains white, black, and red ballis, 12 in all. The 
chances of drawing the various kinds are respectively \^ J, and \, 
Find the number of each kind. 

9. A bag contains white and black balls only, and the odds 
against a white ball being drawn are 3 to 2. What is the 
chance of a white ball being drawn ? What is the chance for a 
black ? 

10. One of two events must happen. The odds against one 
event are 7 : 5. What is its chance of happening ? 

11. The chance of drawing a white ball from a bag is %. 
Are the odds for or against such a ball being drawn, and what 
are they? 

257. In working out such problems as are referred to in Art. 
256, the difficulty usually consists in determining, (i) the 
number (5) of different ways in which the general event may 
happen, and (2) the number (a) of these ways in which it may 
happen so as to belong to the particular section. 

258. Ex, I. What is the chance of throwing exactly 12 with 
8 dice ? 

Here the general event is the throwing 8 dice, and the 
number of different ways in which this may be done is 
6 X 6 X 6=216 ; and, in order that any one of these may belong 
to the particular section, the sum of the numbers turned up must 
be 12. It will be seen that the following 25 throws are those 
which give 12 : — 

651, 615, 561, 165, 516, 156, 

642, 624, 462, 264, 426, 246, 

633, 363, 336, 552, 525, 255, 

543, 534, 453, 354, 435, 345, 444. 

Hence the chance of throwing 12 is ^^. 

Ex, 2, Find the probability of an ace being thrown, once at 
least, in two throws with a die. 

To make any one of the double throws, any one of the faces 
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at one throw may be followed by any one of the faces at the 
second throw, thus we have 36 possible different double throws. 

Now an ace may occur in any one of 11 double throws, 
namely, an ace may be followed by an ace or by any one of the 
other 5 faces, or an ace at the second throw may be preceded 
by any one of the 5 other faces at the first throw, and, there 
.being no general reason why one double throw should occur more 
often than another, we assume that an ace will occur, at least 
once, 11 times out of 36, i.e, the probability of its occurring is H, 

The chance that an ace occurs at both throws is ■^. 

The chance that an ace occurs at the second throw, and not 
at the first, is -j^ ; and that it occurs once, but either at the first 
or at the second throw, isH^^. 

Ex. 3. What is the chance of two white balls being drawn in 
succession from a bag containing 5 white and 6 black ; the first 
ball drawn not being put back ? 

Here the general event is the drawing two balls ; and, since 
any one ball may be followed by each of the others, the 
number of different ways of drawing two balls is 11 X 10=110. 

The drawings in which two whites are produced form the 
particular section, and the number of these is 5x4=20. For 
to produce such a drawing any one of the 5 whites must be 
followed by one of the remaining 4. 

Hence the chance required =t^. 

So the chance of a white being followed by a black is ^nnr^ A> 
„ black „ white •^. 

„ white and black being drawn in either 

order =yt' 

Ex. 4. One of a pack of 52 cards having been removed, from 
the remainder of the pack two cards are drawn and found to be 
spades. Find the chance that the missing card is a spade. 

The missing card may be, and is equally likely to be, any one 
of the pack except the two drawn, t.c, any one of 50 cards. Also 
there are 11 cards, any one of which it may be so as to be a 
spade. Hence the probability of its being a spade is ^^. 
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EXAMPLES.— LIV. 

1. A hall is drawn from a bag containing 5 white and 6 black, 
and replaced, and then another drawing made. Find the 
chances (i) that both balls are white, (2) that a black ball is 
followed by a white, (3) that a black and a white ball are drawn. 

2. Compare the chance of throwing 10 with that of throwing 
7 with a common pair of dice. 

3. A throws with a common die, B with one in which 5 is 
counted as a blank. What is the chance that A throws higher 
than 5? 

4. A and B play with 3 dice, and the highest wins. A throws 
14; what are the chances of -B's winning? 

5. There are 3 balls in a bag, and each of them may with 
equal probability be white, black, or red. A person puts in his 
hand and draws a ball ; it is white ; it is then replaced. Find 
the chance of all the balls being white. 

6. A bag contains 5 white and 6 black balls. What is the 
chance of drawing two white balls together ? What is the chance 
that a black and a white ball are drawn together ? 

7. In 3 throws with a single die, find the chances that an ace 
is thrown (i) at least once, (2) only once, (3) at least twice, (4) 
only twice. 

8. What are the chances of throwing (1)8, (2) 10, with two dice? 

9. Out of a heap of 10 counters, numbered from 1 to 10, a 
counter is drawn and replaced 4 times. What is the chance that 
the sum of the numbers drawn is 33 ? 

10. What are the chances of throwing with 8 dice at one throw, 
(i) 10, (2) not more than 10? 

11. In three throws with a pair of dice, what is the proba- 
bility of having doublets once at least ? 

1 2. A man is known to have in his pocket half-a-crown in small 
silver. A coin taken from it at random is found to be a shilling ; 
show that the chance of his having another shilling is \, 
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13. A bag contains 6 coins, each either a shilling or a 
sovereign ; the d, priori probability that any particular coin is a 
sovereign is ^. Supposing two shillings and one sovereign have 
been drawn out of the bag, what would you offer for the remain- 
ing three coins ? 

14. If a thousand counters be numbered from 1 to 1000, find 
the chance of drawing a number prime to 1000. 

15. When a coin is tossed, what is the chance that it falls heads 
twice running ? 

16. In a bag are 3 white, 4 black, and 5 red balls. If two 
balls are drawn, what are the chances that they are (i) one white 
and the other black, (2) both red, (3) one at least red? 

17. In one throw with a pair of dice, what is the chance that 
there is neither a six nor doublets ? 

259. The results of Chapters [xzxin., xzziv.], will often be 
found useful in determining a and b (Art. 256). In fact, solutions 
of chance problems of this class merely consist of two or more 
applications of the rules for Permutations and Combinations. 

Ex, Seven gentlemen and six ladies meet at a croquet 
party, at which the game consists of two ladies and two gentle- 
men on each side ; find the chance of a given couple playing on 
the same side. 

1° For the general event. 

The number of different quartettes of gentlemen possible 

The number of different quartettes of ladies possible 

•"1.2.3.4"" ^• 

Now, taking any one quartette of gentlemen playing with any 
one quartette of ladies, we can form 6 pairs of gentlemen and 6 
pairs of ladies, and therefore 36 different sides ; but we must 
have two sides in each game. Hence we have 18 games which 
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can be formed by the same set of 8 ; .'.in all we have 35.16.18, 
or 7. 5^. 3'. 2, different games. 

2^ For the particular section. 

6 5 4 
There are ' , or 20, different quartettes of gentlemen, in 

\vhich any one gentleman plays, and 10 different quartettes of 

ladies, in which any one lady plays. As in 1® we can form 18 

games from each set of 8 ; .*. there are 3600 games in which 

any one couple plays. 

Now they are as often opposed as together. Hence the 

number of games in which they are on the same side b 

1800=52.32.23. 

2* 4 
.*. the chance required ==-7r=;r3-« 

^ 7.3 il 



EXAMPLES.— LV. 

1. Four white and 3 black balls are placed in a line ; what is 
the chance that the end balls are white ? What are the odds 
against both end balls being black ? 

2. What is the chance of drawing 2 black balls and 1 white 
from an urn containing 5 white, 4 black, and 2 red balls ? 

3. A person draws 3 coina from a bag containing 4 sovereigns 
and 4 shillings; what are the odds against them being all 
sovereigns ? 

4. From a bag containing 1 white, 2 red, and 3 black balls 
two are drawn ; what are the chances that they are both (i) red, 
(2) black ? 

5. If 20 cards are drawn from a pack, what are the chances 
that they contain (i) the 13 clubs, (2) the 4 kings, (3) the 13 
clubs aind the 4 kings ? 

6. Eight persons are to play at croquet. Four of them wish 
to play on the same side, but take up four mallets at random. 
The sides are decided by the order of the colours on the stick. 
Find the probability that these four will play together. 
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7. A^B^ G, i>, E take a four oar, detenniniDg each man's 
place by lot, find the chance that A and B are the stroke side oars. 

8. What is the chance that a person who deals at whist will 
have four trump cards and no more ? 

9. There are n books on a shelf which are taken down, 
dusted and returned. If all the ways of arranging them with 
their backs outwards are equally likely to be made in returning 
them, find the chance that they are replaced exactly as they 
were, (i) when they are all put right ends upwards, (2) when 
right ends and wrong ends upwards are equally likely. 

10. A thief in a dark night catches four birds in an aviary, 
which contained altogether five canaries, four goldfinches, three 
nightingales, and two robins. What is the probability of his 
catching one of each kind ? 

11. Eight people sit down to a round table. Show that the 
number of ways in which they can be arranged is to the number 
of arrangements so that the same two shall sit together as 7 : 2. 

12. Ten people sit down to a round table. Show that it is 7 
to 2 against any two given people sitting next one another. 

13. What is the probability of drawing 4 aces from a pack in 
4 successive trials ? 

14. If the House of Commons consist of m Tories and n 
Whigs, and a committee oi p+q members be selected by 
ballot, what is the chance that it contain p Tories and q Whigs ? 

15. In 6 throws with a single die, find the chance that an 
ace will be thrown at least twice. 

16. An urn contains 3 white, 4 red, and 5 black balls; what 
are the chances of drawing (i) 1 white and 1 red and 1 black in 
3 successive trials ; (2) 2 white and 2 red in 4 successive trials; 
(3) 1 white, 2 red, 3 black in 6 trials ? 

17. At a game of whist, what is the chance of dealing one 
ace and no more, (i) to a specified person, (2) to each person ? 

18. In a lottery there are 100 numbers, of which 5 are drawn, 
what is the chance that 3, and only 3, out of 5 previously 
specified numbers, are drawn ? 
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19. If we draw 4 cards out of a pack, what is the chance that 
they each belong to a different suit ? 

20. An urn contains 20 balls, namely, 6 white, 4 black, 
8 red, and 7 blue, what is the chance that, in 9 drawn at one 
time, we shall have 2 white, 3 black, 1 red, and 3 blue. 

260. We shall now pass on to some more general theorems 
relating to probabilities. 

The word event is applied not only to the general thing, as in 
Art. 245, but sometimes also to any one of the particular ways, 
in which the general event can happen. 

Thus, in Art. 255, the drawing of each ball is an event ; but 
also we talk of the event of the ball when drawn being red, 
white, or black. 

Single Exclusive Events, 

261. Def. Events are called exclusive, if, when one of them 
does, no other one can, happen. 

Thus the drawing of single white, black, or red balls, in Art. 
255, would be exclusive events. 

262. If p and q he the respective probabilities of two exclusive 
events (call them A and B) happening on any one of a succession 
of occasions, when one or other must happen, then p+q=l. 

Let P=^-r' Out of the b occasions when A may happen, we 

have, a on which ^ does happen, and . *. on which B does not happeui 
*— a j> »iiot » }j » happen; 

.\q=—^', .\p+q=l. 

Cor. K a succession of trials be made to do anything, which 
must either succeed or fail, then if p be the chance of any one 
trial succeeding, 1— j? is the chance of its failing. 

If the chance of an event happening is ^, the chance of its not 
happening is ^; and the chances of its happening, and not 
happening, are said to be even; or, it is said to be an even 
chance whether it happens or not. 
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263. Peop. If there he n exclusive events^ A^^ As, . . . . A^, 
®*w? Pi, Ps, . . . ]^nhe the chances of their respectively happening 
Cn any one of a siLccession of occasions^ on which one must 
happen^ then the chance that, on any given occasion^ one of the 
first T events happens is Pi+pj+ . . . +pr. 

liet jPi=:— , jPj=— , . . . Pn=— ; so that, out of every c 
c c c 

occasions, Ai happens on a^, and A^ on at, and so on. 

Since no two can happen on the same occasion, therefore on 
«!+««+ • • • +«rj out of c, occasions one or other of the first r 
events happens; .*. the chance of some one of them happening 

on any given occasion is =Pi+Pa+' • • +i?r. 

c 

CoE. If j9 be the chance of any one of r exclusive events, all 
equally likely to happen, then rp is the chance of some one 
happening. 

Compound Events, Components being Exclusive, 

264. The following example will enable the student to under- 
stand more easily the method pursued in Art. 265. 

The chance that a white ball is drawn from a bag is •^, and 
-f^ that a black is drawn. Find the chance that, in any 
sequence of 3 drawings, 2 white and 1 black are drawn, each 
ball being put back after it is drawn. 

Consider 1000 sequences of 3 drawings each. 

In the 1000 drawings which begin these sequences we may 
calculate that a white ball is drawn 300 times ; i.e, there are 300 
of the sequences which begin with a white ball 

Then in the 300 drawings which come second in these 
sequences, a white will be drawn 90 times; i.e, there are 90 
sequences having a white baU at each of the two first drawings. 

Then in the 90 drawings at the end of these sequences a black 
will be drawn 68 times ; i.e. there are 63 sequences in which 2 
white are drawn first and then 1 black. Similarly, 68 is tho 
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number of sequences in which 2 white and 1 black occur in any 

1 3 
given order; but we have ■[^(=3) different orders of arrange- 
ment of 2 white and 1 black balls; /. there are 3.63 (=189) 
sequences out of 1000, in which 2 white and 1 black Occur ; 

.*. Taaa is the chance required. 



265. Peop. a cmd B are two exclusive events, p is the chance 
of Ay and q of By happening on any one of a succession of 
occasions when either A or B muM Iiappen, To find the chance 
that, in any given sequence of n occasions, A mil happen r times 
and B n^T times. 

a b 

Since p+q=lj Art. 262, put p=— •>2'= — , where a+h=ic, 

c c 

Consider c** sequences of n occasions each. 

Of the c^ occasions coming first in these sequences, A will 
occur on ac^*-^ ; so that there are ad'*-'^ sequences in which A 
occurs on the first occasion. 

Then of the ac^~^ occasions coming second in these sequences, 
A will occur on a^c"^"* ; so that there are a'^c^^^ sequences in 
which A occurs on the first two occasions. 

Similarly there are a»'c**~'' sequences in which A occurs on 
the first r occasions. 

Of the a^'c**"*' occasions coming in the (r+l)th place in 
these sequences, B will occur on a^bc'^"^"^ ; so that there are 
a^'Jc""**"* sequences, in which, A occurs on the first r occasions, 
and then B on the next occasion, and so on generally. Hence 
we have a*'b^^^ sequences, in which, A occurs on the first r 
occasions, and then B on the remaining n— -r. 

And in the same way we can show that there is the same 
number of sequences, in which A and B occur, r and «— r 
times respectively, in any given order of arrangement 
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But there are i i _ diflferent arrangements of n things, in 



which r are alike and n—r alike. 

\n 
Hence out of c'* sequences we have • — "~2_ a^ft""**, in which 



A occurs r times and B n—r times in some order or other; 
\ the chance, that, in any given sequence of n occasions, A and 
B so occur, is 

[n a**i«-''__ \n 

\r\n — r c** \r\n—r^^ 



Putting successively r=n, n— 1, . . . 1, 0, we see that the 
chance, in any sequence, 

that A occurs n times and B not at all, is p^ ; 

that A occurs n— 1 times and B once, is np^~^q ; 

_ . _ . ••▼>.. n(n^i) 

that A occurs n— 2 tmies and B twice, is — ro~i>'*~*2'' ; 

etc. etc. etc. ; and 

that A occurs not at all and B n times, is ^. 

Cor. Out of c** sequences the number, in which A occurs at 
least r tin:es, is 

, , nin—\) , 1^ 

' 1.2 ' \r\n—r 



Hence the chance, that, in any sequence of n occasions, A will 
occur at least r times, is 

n(n—\) |w 



266. The student will notice that the chances of the various 
combinations of the occurrences of A and B are the terms of the 
expansion of (jp+qy*. 

Hence the most likely combination is that for which the 
corresponding term of the expansion of {p+q)^ is greatest. 
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267. In the same way it may be shown, that the various tenns 
of the expansion of {p+q+rY will furnish the chances of 
the various combinations of the occurrences of three exclusive 
events, of which the separate chances at any one opportunity 
arej9, q^ r. 



268. Ex. I. What is the chance of at least one ace being 
thrown at every one of 3 throws with two dice ? 

The chance of at least one ace at any one throw is q?* 

/11\8 
The chance of at least one ace at every one of 3 throws is I q^ J • 

Ex, 2. What is the chance of two aces at least being thrown 
in 3 throws with two dice ? 

This is the same as throwing 6 times with one die, and then, 

1 6 

at any one throw, the chance of one ace is-^ , and of no ace is -w ; 

.*. the chance of an ace being thrown at least twice is 

+n(?)'(l)'=(-F)"<'+''-*+"-^'+'"'-^"+'5-5'i- 

We might have shortened the process thus : 

'' ffl" 

/ 5 \* 1 
„ only one ace „ ^'\q) "6* 

5«+6.5* 11.6* 
.'. the chance that 2 are not throvm is — tt^ — =—^^, Art 263; 

11.55 
.'. the chance that 2 aces are thrown is 1 ^ , Art. 262. 



5V 
The chance that no ace is thrown in 6 times is [ — I 9 
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Ex, 3. How many throws with a single die must a man have, 

in order that his chance of throwing an ace may be J ? 

Let X be the required number of throws. 

5 
His chance of not throwing an ace at one throw is -^ ; 

,, „ at all in the x throws is 

5\« 



©■ 



But his throwing an ace once at least and throwing no ace at 
all are two exclusive events, one of which must happen ; 

,•., Art. .262, his chance of throwing an ace is 1 — — \ 

6 



.. 1 ^ 



- 2 ' •'• 6 '"'2 ' 

.•. a;(log 6— log 6)=— log 2; .•., by tables, «=3.8. 

This shows that there is no exact number of throws in which 
his chance will amount to |, but, if he throws 4 times, his chance 
will be a little greater than \, 

Ex. 4. If a bag contain 3 white and 7 black balls, and a ball 
be drawn and always replaced, show that the most likely result 
in 10 trials is to draw 3 white and 7 black balls. 

3 

The chance of a white occurring at any one drawing is tt: > 

„ black „ „ jQ- 

Hence we have to find the greatest term in the expansion of 

(3+7)iS Art. 266. 

Now [Art. 421] the (r+l)th is greatest when r is the integral 

^ -(10+1)7 . -77 ^ 

part of —^t:^ i *-^- ^^ iQ ; •*• '•=7. 

Hence the eighth term is the greatest, and to this term corre- 
sponds the chance of a combination in which 7 black and 3 
white balls occur. 
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Ex, 5. If ^'s skill at a game is double that of B^ what is the 
chance that he wins 4 games before B wins 2 ? 

By ^'s skill is meant his chance of winning any single game. 

2 1 

Hence -4's skill is represented by -k , J?'s by -k • 

A^% chance of winning the jir%t four games is ( -q ) > ^^^ ^^s 

chance of winning 3 out of the first four and the fifth is 
. /2V 1 2 4 /2V 

Also these are the only two ways, in which A can win 4 
before B wins two, and they are exclusive. Hence, Art. 263, 

the required chance =(•0' 1 (1+-Q- 1= o, ^043* 



EXAMPLES.-LVI. 

1. What are the odds against throwing heads n times in 
succession in the game of heads and tails ? 

2. What is the chance of throwing at least four aces with a 
single die in six throws ? 

3. When 3 coins are tossed up, what are the diances that, 
(i) two only turn up tail, (2) two at least turn up tail? 

4. A bag contains 5 black and 4 white balls ; a person draws 
a ball and replaces it ; what is the chance that in 6 trials he will 
have drawn black at least 4 times ? 

5. If on an average 1 ewe out of 3 yields 2 lambs, find the 
chance that 3 ewes bearing young will yield just 4 lambs. 

6. In six throws with a single die, what are the chances of 
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throwing a six (i) four times exactly, (2) not more than four 
times, (3) not less than four times? 

7. What are the odds against throwing 7 twice at least in 3 
throws with 2 dice ? 

8. Show that the odds are in favour of a person throwing an 
ace in four throws with a die. 

9. If n coins are tossed, what is the chance that there is one 
and only one head turned up ? 

10. Find the chances that in three tosses a coin will turn up 
one tail and two heads, (i) in this order, (2) in any order. 

11. A bag contains 3 white and 6 black balls, from which A^ 
5, G draw in order. Find the chanced that they draw (i) each 
black, {2) A and B black and G white, (3) one of them white 
and the other two black. 

12. A collection of 7 letters is made firom an alphabet con- 
taining 20 consonants and 5 vowels. Find the chance that it 
contains exactly 3 vowels. 

13. There are three tickets in a bag, numbered 1, 2, 3, and a 
ticket 4S drawn and put back. If this be done four times, show 
that it is 41 to 40 that the sum of the numbers drawn is even. 

14. A coin is tossed n times, what is the chance of the head 
turning up an even number of times ? 

15. If two coins are tossed three times, what are the chances 
that there will be two heads and four tails ? What are the odds 
against five heads exactly turning up ? 

16. Find how many odd numbers, taken at random, must be 
multiplied together, that there may be at least an even chance 
of the last figure being a 5. (Given log io2= -30103.) 

17. J. and B play at a game together, A wins 4, and B 3, 
out of every 7 games. What is A'f^ chance of winning at least 
6 in any 7 games ? 

18. -4 and B play together, -4's skill is to J?'s as 3 to 5. Find 
A^ chance of winning 8 games out of 5. 
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Independent Events. 

269. Def. Events are said to be independent, if the occurrence 
of one does not affect the occurrence of any of the others. 

Thus in Ex. 1 of Art. 254, a man's being of a certain height, 
and his having a certain colour of hair, are independent events. 

270. Prop, ijf p, q 6e the respective chances of two independent 

events (A and B) happening on any one of a succession of occasions, 

when one or both must happen, then the chance of both happening 

on any given occasion is pq. 

-r a c 

Let 2)=-^, q=-^- 

Consider bd occasions, of these A will occur on ad, on ac of 
which B will occur ; i.e. out of bd occasions, A and B concur on 
ac; .*. the chance of both happening on the same occasion is 

T-^=pq. Q.E.D. 

bd ^ 

CoR. I. IfjPi, Pi, ' ' ' Pr are the chances of r independent 
events happening on any one occasion, then Pi.p^ . . . ^r is the 
chance of their concurrence. 

For pi.pt is the chance of the concurrence of the first and 
second ; but this concurrence is independent of the happening of 
the third; .*. the chance of its happening on the same occasion 
as the third is^i.^j.^, ; and so on for any number of events. 

CoR. 2. K the chances of the happening of r independent 
events are each p, then p"^ is the chance of their concurrence. 

271. Prop. Also the chance of one, but not both, happening is 
p+q-2pq. 

For, of the bd occasions considered, A occurs on ad, on ac of 
which B will occur; .•. A occurs alone on ad^ac; similarly, 
B occurs alone on bc—ac; .'. either A or B happens alone on 
ad+bc—2ac occasions ; .*. the chance of one happening alone is 
ad+bc'-2ac , ^ 

—T3 =I>+Q^H^' 

bd ^ ^ ^ ^ QsJiD. 
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272. Ex. The chance of one man {A) living a year is 

67 11 

gg , and of another (B) is ysA * What is the chance that they 

both are alive in a year's time ? 

Consider 68 people under the same circumstances as -4, 
and 120* „ „ B, 

Then we can form 68 x 120 pairs such as A and B together, 
and these are what in Art. 270 we have called occasions. 

Now 67 X 11 of these are pairs of which both members live for 
another year. 

Hence the chance that, of any one pair, both live for a year, is 
67x11 _ 737^ 
B5xT20"8r60' 

273. We might have discussed the problem in Art. 271 as 
follows. 

(i) The chance of A happening is^; .-. (2), by Art. 262, the 
chance of it not happening is 1—^. 

(3) The chance of J? happening is q\ .*. (4), by Art. 262, the 
chance of it not happening is 1—^. 

Now (i) and (2) are independent of (3) and (4) ; .-., Art. 270, 
the chance of A happening and B not is ^(1— g'), . . . . I. 
and „ J? „ A „ g'(l— i?), . ... II. 

But I. and 11. are exclusive ; . *. , Art. 263, the chance of one 
or other occurring is^(l— g')+g'(l— ^). 

274. Many of the problems we have already discussed may 
be treated as belonging to this class. 

Thus, from a bag containing 3 red, 4 black, and 2 white balls, 
what is the chance of drawing first a red and then a white ball, 
each ball heing put back after it is drawn ? 

Since each ball is put back after being drawn, the first drawing 
does not affect the second. 

Hence the drawings are independent events. 
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3 1 

Now the chance of a red ball at the first drawing is q- or -h- , 

and the chance of a white at the second drawing is -q ; .*. the 

.12 2 
chance required is "q" * q"=o7 * 

The chance of a red at the first drawing and a red or black at 

17 7 
the second is -— . -^^ =-- . 

3 9 27 

K we required the chance of a red and white in either order, 

we have the chance of a red and then a white as 07 1 similarly 

„ „ white „ red ^y' 

and these two compound events being exclusive (Art. 263), the 
required chance (i.e. of a red and white, or a white and red) is 

27'^27"27' 



EXAMPLES.— LVIL 

Out of every 100,000 girls who attain to 3 years of age, 
nearly 83,000 attain to 28, and 63,000 to 63. 

1. What are the chances that, of two girls, aged respectively 
3 and 28, (i) both are alive in 25 years time, (2) the youngest 
only is alive, (3) the eldest only, (4) both are dead ? 

2. What are the chances that, of two girls, who attain the age 
of 3, (i) both live to be 28, (2) both live to be 63? 

3. What are the chances that, of two girls, who attain the age 
of 28, (i) both live to be 63, (2) one only. 

4. A card is drawn from a pack and put back, and a card 
drawn again. What are the chances, (i) that the first was the 
queen of hearts, (2) that the second was the king of hearts, (3) 
that the first was the queen and the second the king of hearts, 
(4) that the king and queen of hearts were drawn ? 
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5. What is the chance of throwing sixes with two dice? 
What is the chance of throwing three ? 

6. From a bag containing 4 white, 5 red, and 3 black balls, 
three are drawn, each as it is drawn being put back. What are the 
chances of drawing (i) white, red, black in this order, (2) white, 
red, black in any order, (3) a white and then two reds ? 

275. We can now give a shorter proof of the proposition in 
Art. 265. 

Consider each of the sequences of n occasions as a single 
event. 

Now the way, in which any one of these occasions has 
happened, does not aflfect the occurrence of any other, i.e, they 
are independent. 

Hence the chance that, in any one sequence, the first r occa- 
sions should give A, and the remaining n— r should give B, is 
{p.p ... to r factors) (g'.g' . . . to n— r factors). Art. 270, Cor. i, 

In the same way we can show that^^g^-^ is the chance of 
A and B occurring in any sequence, on r and n—r occasions re- 
spectively in any other given order of arrangement. And such 

arrangements are exclusive and . — • ^^ in number; 

I 71 

.*. , Art. 263, Cor., t — ■= — p'^gf^-^ is the required chance. 



Cor. a occurs r times at least in every sequence, in which it 
occurs r, r+1, . . . n— 1 or 71 times. Now all such sequences 
are exclusive, and .*. the chance that one or other of such 
sequences should occur is, Art. 263, 

\n 

This then is the chance of A occurring r times at least in any 
sequence of n occasions. 
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276. By working with the fractional notation we have, up to 
this point, been able to exhibit in every case the ratio existing 
between the number of particular events and the number of 
general events amongst which the former occur. 

Also, by starting with a proper number of'The general events, 
we have been able to give exactly the number of them which 
belonged to the particular class. Thus, in Art. 270, if the 
number of occasions we first considered had not been a multiple 
of d^ such as hd^ we should not have been able to express exactly 
the number of occasions in whj^A B occurred. 

For the future we shall nollbe so careful to exhibit our work 
in this form. Thus, when the chance of an event happening is 
^, we shall consider m occasions on which it may happen ; then 
the number of them, on which it happens, will be expressed by 
'p,m. 

When we use this notation, we shall assume that m is such 
that any product, into which it enters, is a whole number. 



Compound events^ the components being dependent, 

277. Def, Events are said to be dependent when the fact, that 
one has happened, afifects, but does not exclude, the happening of 
the others. That is, the occurrence of any one event does not 
prevent the occurrence of any of the other events ; but, in some 
way or other, makes the likelihood of their occurrences different 
to what it was before. 



278. Ex. I. There are 5 white and 7 red balls in a bag, what 

is the chance that a white ball is drawn and then a red, the first 

ball not being put back ? 

Let there be m pairs of drawings. Out of the m drawings, 

5 
which are made first in each pair, ys ^ ^lU produce a white ball. 
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Now, a white haying been drawn, there are 11 balls remaining, of 

5 
which 7 are red; .'. of the To^n drawings, which follow, a red 

7 5 
-will be drawn at tt'To^'^ 

35 
JSence, out of m pairs of drawings, there are -Too ^, at which 

35 
a white is followed bj a red ; .*. the chance required ^Too ' 

Hx^ 2. There are three oms, of which, one contains 4 white 
and 2 red, another 5 white and 1 red, the third 3 white and 
4 red, balls ; and there is no general reason why one nm should 
be selected more than another, or one ball from an urn more 
than any other ball from that urn. Find the chance of a red 
ball being drawn. 

Since all the urns are equally likely to be drawn from, there- 
fore of any number of drawings one-third will be made from each 
of the urns. 

Let there be m drawings ; of these -o it^ will be made from the 
first urn. 

Now, when a drawing is made from the first urn, all the 
balls in it are equally likely to be drawn ; therefore, of these 

1 .... . 21 1 .„ . 

-K m drawings from the first um, "^"o ^9 ^^ "q ^> ^^11 give 

a red ball 

Similarly a red will be drawn tk m times from the second um, 

4 
and ^ m from the third. 

114.. 
Hence, out of m drawings, "q^+TQ^+oT^ will give red 

balls; /. the chance of a red at any one drawing is 
1.1. 4_ 14+7+24 _45 __5^ 
9 "^18 ■^21'" 126 "126" 14' 
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279. Prop. If there he any number of dependent events, stick 
that pi is the chance of the first happening , p^ the change that when 
the first has happened the second will follow, p, the chance that 
when the first two have happened the third will follow, and so ouj 
then the chance that they all happen in this order is PiPsPs • • . 

Consider m occasions on which the first may happen, then it 
happens on pim. Of these pim occasions, the second follows on 
V^Pxm, and so on. 

Hence out of m occasions on which the first may happen it is 
followed by the rest in the given order on pip^ , . . m occasions 
.*. the chance of this sequence happening ispiPiP^ « . • 



280. The reader will see that Art. 270 is a particular case of 
Art. 279. For q being the chance that B happens on any 
occasion, it is, of course, the chance that B shall happen when 
A happens ; .*. the chance, by Art. 279, that A happens and 
is accompanied by By is pq. 



281. Ex. I. A and B draw from a bag containing 2 white and 3 
black balls, the ball being put back after each drawing, until a 
white is drawn. What are their respective chances of drawing 
a white ? 

2 

The chance that A draws a white at the first time is -g- • 

The chance that B has a drawing at all is the chance that A 
draws a black at the first time, i.e, -^ • 

The chance, that, having a drawing, B will draw a white, is 

2 

-7- ; .'., Art. 279, the chance of his drawing a white at the second 

.32 
drawing is x * 5" * 
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The chance that A has a second drawing is the chance that 
A and jB both draw black balls, which is j — j ; .*. the chance 

(3 \* 2 
"^ 1 ' 1\* 

Hence ^'s various chances of drawing a white are 

2 /3V2 /3V 2 , 

and his drawing a white at any one time excludes the possibility 
of his doing so at any other; .*., by Art. 263, his chance of a 

white baU ^s -^ +( -¥■ ) • T'+l T" ) X"^ ®*'^'> ^ infinitum^ =-q- • 

3 2 / 3 \* 2 3 

Similarly 5's chance is 5-'X+ "5) 'x +etc.; ad{njin.=-^- 

This result shows that, if a large number of such games be 
played, then, on the average, 5 out of 8 will be won by the player 
who begins, and 3 out of 8 by the other. 

Here each game constitutes one of the general events, and 
must belong to one or other of two particular sections, viz., those 
won by the first player, and those won by the second. 

Ex, 2. What would be their respective chances, if a baU when 
drawn is not put back ? 

2 
The chance of A drawing a white at first is j- • 

J£ B gets a drawing, there will be 2 white and 2 black balls, 

hence his chance then will be -q- ; 

. 3 1 

.'. J?'s chance of a white at his first drawing is x '-n" • 

If A gets another drawing, there will be 2 white and 1 black, 
hence his chance then will be -k- • 
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3 1 

But his chance of getting another drawing ^s -c" • "o 5 

.*. -4's chance of a white at his second drawing is -g- • 
Similarly ^'s chance of a white at his second drawing is 

1 1 i-JL 

5'2*3"10' 

Therefore ^'s chance of a white at either drawing is 
2 1_3 

"s + s—d' 

A T>^ 3,142 

and 5 s „ „ -+_=_=^. 



EXAMPLES.— LVIII. 

1. There are 3 parcels of books in another room, and a parti- 
cular book is in one of them. The odds that it is in one parti- 
cular parcel are 3 to 2; but if not in that one, it is equally likely 
to be in either of the others. If I send for this parcel, giving a 
description of it, and the odds that I get the one I describe are 
2 : 1, what is the chance of getting the book I want ? 

2. A certain sum is to be won by the first person who throws 
head with a penny. If there be m throwers, find the chance of 
the rth person. 

3. A and B throw for a certain stake, A having a die whose 
faces are marked with the numbers 10, 13, 16, 20, 21, 25, and 
B a die whose faces are marked with the numbers 5, 10, 16^ 20, 
25, 30. The highest throw to win, and equal throws to go for 

17 

nothing. Prove that ^'s chance of winning is qq • 

4. A pack of cards is separated into four packets, viz., 13 
hearts, 13 spades, 13 clubs, 13 diamonds. What is the chance 
of drawing the ace of clubs ? 
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5. Four persons throw a die in succession until one throws an 
ace. What are their respective chances of throwing an ace 
(i) in the first round, (2) in the second round, (3) at all? 

6. Of two urns A and B^ A contains 3 white balls, and B 3 
black only. A ball is drawn from each and placed in the other. 
What is now the chance of drawing a black ball from A ? 

H this interchange of balls be performed three times, what 
are the chances that B contains (i) 3 white balls, (2) 2 black and 
1 white ? 

7. Out of a pack of 13 cards, numbered 1, . . . 13, what is 
the chance of drawing first the 1, then the 2, and thirdly 
the 3? 

8. A bag contains 3 white and 6 black balls, what is the 
chance of drawing one white ball at least in three trials ; a ball 
when drawn not being put back ? What is the chance of not 
drawing a white ball until the fourth trial ? 

9. Two bags contain each 3 white and 5 black balls, a ball 
is drawn from one bag, and, if it is white, it is put into the second 
bag, from which a ball is then drawn. Find the chance of two 
white balls being drawn. 

10. -4, ^, C throw in this order with 3 dice together, until 
one of them throws 9 exactly at one throw. Find their respec- 
tive chances of being the last to throw. 

11. One urn contains 5 white and 9 black, another 6 white and 
8 black balls. A ball is taken from one and placed in the other. 
If a ball be now drawn, what is the chance of its being white, 
it being understood that at each drawing either urn is as likely 
to be drawn from as the other ? 

1 2. Two persons, A and B^ play for a stake, throwing each 
alternately two dice, A commencing. A wins if he throws 6, 
B if he throws 7, the game ceasing so soon as either event 
happens. Show that ^'s chance to ^'s chance =30 : 31. 
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Inverse Prdbabilitiea, 

282. Ex. There are 3 bags, 

one containing 2 white and 8 red balls, 
the second „ 5 „ 2 „ 

the third „ ^ » "^ » 

and all the Kags are equally likely to be drawn from. 

A white ball has been drawn ; what is the chance that it was 
drawn from the first bag? 

Let there be m drawings, of these -q- fn will be made from the 

first bag, and of these -^ -^m will give a white ball. 

5 1 

Similarly y "o" w will be the number of occasions, on which a 

4 1 

white will be drawn from the second bag ; and tt "o ^ will be 

the number of occasions, on which a white is drawn from third 

bag. 

IT . , ^2 , 5 , 4\1 . 669 

Hence, out of every l"g" + y+iTrQ"^> ^'^^ y\fX 

on which a white is drawn, it will be from the first bag on 

2 

q-F m occasions. 

Hence the chance that, a white ball being drawn, it comes 

15 ^ 2 154 

from the first bag is ^^g-_=-g^=ggg . 

1165 "^ 77 
Here the general event was a white ball being drawn, and it 
could belong to one of three sections, viz., being drawn from the 
first bag, or from the second, or from the third. 



m occasions. 
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283. Ex. A bag contains 3 balls, each of "which may be 
either white or black ; and a white ball is drawn. What is the 
chance that the bag contained 2 white and 1 black ? 

The bag may either contain (i) all white, or (2) 2 white and 
1 black, or (3) 1 white and 2 black, and there is no general 
d. priori reason for supposing one assortment to exist rather than 
another ; we therefore assume them all three to be equally likely ; 
by this we mean that in any large number of such bags, we 
should find as many which contained one assortment, as those 
which contained another. 

Hence, out of m drawings from any such large number of bags, 

-Q-m would come from bags of the first class, and then each 

drawing would give a white ball ; also -n m would come from bags 

2 1 
of the second class, and then -o- • -q- w of these would give white 

balls; and similarly -o-* -q" wi would be drawings from bags of the 

third class which would give white balls. 

1 / 2 1 \ . 2 
Hence, out of -„ w^l l+-q- +"q' ) > *'^' ~q ^1 drawings which 

2 
give white balls, -q- m come from bags of the second class. 

Hence the chance that a bag, which yields a white ball, is one 

2 

9""* 1 
of the second class is -^ — =-^ • 



284. Pkop. 7/" Pi, Pj, . . . Pn 5c the probabilities of tJie 
existence ofu catises, such that any one may be followed by a par- 
ticular events and pi, . . . Pn ^^ probabilities tJiat, when the 
several causes respectively eadst^ they will be followed by the given 
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evmi^ then the jprdbdbility^ thai on any occasion^ when the event has 
hajppenedj it has arisen from the rth cause, is 

-^vPr .__ 

P1P1+P2P2+ . . . +PnPn' 

Consider m occasions, on which any one of the causes may 
exist, then the 1st cause exists on Pim of these occasions, 
and „ 2nd „ P^m „ 

„ rth „ Prm „ 

and so on. 

Then of the Pim occasions, on which the first cause exists, the 
event follows on^iPiW, and of the Prm occasions, on which the 
rth cause exists, the event follows on prPr^n, 

Hence the event occurs on Pi^xm+Pajpjm+ . , . +PnPn'^i 
occasions altogether, and of these it arises from the rth cause on 
PrPr^n. 

Hence the chance, that on any occasion, on which it occurs, it 
has arisen from the rth cause, i^ 

PrPrm jPr Pr ~ PrPr 

{P1P1+ . . . +PnPn)m P1P1+ . . . +PnPn~^Pp)' 

285. The values of the chances A, Pj, . . . Pn were obtained 
independently of the occurrence of the given event, and are 

PrPr 

called d priori chances, whilst y7p~\ is called the d posteriori 
probability of the rth cause having existed. 

286. To apply this formula to Art. 283. We have 

Pl=Pj = P8^'o' > 

1 2 1 

1 1 

3 3 1 

Hence the chance required = ^ ^ . .. j =-q- . 

3^3 3^3 3 
Q 
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Alflo, 


in Art. 


282, Pi= 


=-?. 


=P. 


1 
~3 ' 












2 


V% 


5 
~7 


1 2 


4 
11' 




• 


,'. the 


chance 


required = 


^T 


2 . 


3 5 
1 5 


. 1 


4 


154 
~569' 



3' 5"*'3* 7"^3 11 

287. Such problems as the above, from Art. 282, are often 
said to involve inverse probabilities; and we may give the 
following as the general statement of such problems : — " An 
event has happened such as might have arisen from different 
causes; what is the probability that any one specified cause 
did produce the event, to the exclusion of the other causes?" — 
De Morgan. Those problems which we considered before Art. 
282 are said to involve direct probabilities. 

EXAMPLES.— LIX. 

1. There are two urns, and it is known that one contains 8 
white balls and 4 black, and that the other contains 12 black 
balls and 4 white. From one of these, but it is not known from 
which, a ball is taken, and is found to be white. Find the 
chance that it was drawn from the urn containing 8 white balls. 

2. A white ball has been drawn from one of two urns A and 
B, On examination after the drawing, A is found to contain m 
white and n black balls, and B to contain m' white and n' black 
balls. What is the probability that the ball was drawn from 
the urn A ? 

3. A bag contains 4 balls, each of which may be either black 
or white. 

(i) If on drawing a ball it prove to be white, what is the 
chance that the rest are white ? 

(2) If on drawing two balls at once they prove to be white, 
what is the chance of the remaining two being white ? 
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(3) If OQ drawing a ball, and, when it is put back, drawing 
another, we draw white both times, what is the chance that all 
the balls are white ? 

4. Into a bag containing either 4 black balls, or 4 white balls, 
we drop a fifth which is white. On drawing one of the five balls 
it proves to be white. What is the chance that they are all 
white ? 

5. Two bags each contain 5 white and 6 black. Four are 
taken at random from one and placed in the other. From this 
latter 8 balls are drawn, viz., 5 white and 3 black. What are the 
chances that the remainder are (i) all black, (2) 3 white and 3 
black ? 

6. In a bag are 7 balls, of which 2 are white and 3 black for 
certain, the colour of each of the remaining two is unknown, but 
it must be either black or white. A ball is drawn and turns 
out to be white, what is the chance that three white balls are 
left in the bag ? 

7. There are two bags, one containing 3 white and 4 black, 
and the other 5 black and 4 white, and the first is twice as likely 
to be drawn from as the second. 

( 1 ) If a white is drawn, what is the chance that it comes from 
the first ? 

(2) If out of three balls drawn from the same bag, two are 
white, what is the chance that they came from the first bag, 
(a) when each ball is put back after being drawn, (/3) when it is 
not put back ? 



288. Oftentimes a problem involves both inverse and direct 
probabilities, as in the following : — 

A bag contains five coins which are known to be either 
sovereigns or shillings. Two coins are drawn and are seen to 
be a sovereign and a shilling. If these be replaced and two 
again drawn, find the chance that they will be a sovereign and 
a shilling. 
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We can have four different kinds of bags, 

(i) containing 4 sovereigns and 1 shilling, 
(?) „ 3 „ 2 „ 

(3) „ 2 „ 3 „ 

(4) » 1 ,, 4 „ . 
We assume that all the bags are d. priori equally likely. 

Now the chance that a sovereign and a shilling come at any 

drawing, from (i) is yg, from (2) is y^, from (3) is y^, from 

(4) 18 J5 • 

Hence the chance that the bag is of the first kind is 

l.i. 
4 / A ' n 2? 7-"T"=-E-» of the second kind ^ttv , of the 

3 1 

third kind =-7r , of the fourth -^ . 

Hence, Art. 279, the chance that the bag is of the first kind, 

14 4 

and that a sovereign and a shilling are drawn again ~"k • Ta= aa " 

And the chance that the bag is of the second kind, and that 

9 
a sovereign and a shilling are drawn again = a7) * 

And the chance that the bag is of the third kind, and that 

9 
a sovereign and a shilling are drawn again = ttt • 

And the chance that the bag is of the fourth kind, and that 

.4 

a sovereign and a shilling are drawn again = fk • 

Also these events are exclusive. Hence the required chance 
_ 4+9+9+4 _13 
*" 50 ""26' 
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EXAMPLES.— LX. 

1. From an urn, containing 2 white, and 2 black, balls, 2 balls 
are drawn at random and placed in a bag. From the bag a ball 
is drawn at random twice successively, and replaced after each 
drawing; on each occasion it is found to be white. Prove that 
the chance, that a white ball will come at the third drawing, 
is 3:4. 

2. A bag contains 6 balls of unknown colour, one was twice 
drawn and replaced, and in each case it was white. If two balls 
be now drawn together, find the chance of both being white. 

3. A bag contains 4 white, and 4 black, balls ; from these four 
are drawn at random and placed in another bag ; three draws 
are made from the latter, the ball being replaced after each, and 
each gives white. Prove that the chance of another drawing 
giving a black ball is 33 : 100 

4. In a bag are four balls, each of which must be either black 
or white ; a white ball is now dropped in, and a ball is drawn, 
which is found to be white, and put back. Find the chance of 
now drawing a white ball. 

5. It is known that of two purses, one contains 4 sovereigns 
and the other 4 shillings. A coin (of value unknown) is taken 
from one and put into the other, and from the latter a coin is 
drawn and is found to be a sovereign. What is the chance of 
drawing a sovereign again from the same purse ? 

6. In an urn are three balls, of which the colour of each is 
black or white ; a ball is drawn and replaced twice, and both 
times it is white ; what are the chances of drawing (i) two white, 
(2) two black, in two more trials? 

7. A purse contains n coins, which are either sovereigns or 
shillings. A coin is drawn and turns out to be a sovereign. 
What are the odds that it is the only sovereign ? 

8. A bag contains 6 white, and 7 black, balls, a second bag 
contains 6 white, and 10 black, balls. Four balls are taken at 
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■ * 

random from the first, and 6 from the second, and are placed 
in a third bag. If a ball be now drawn from this bag, show that 
the chance that it will be white is 47 : 120. 

289. Explanation of the term " Expectation." 

If the probability of drawing a white ball from a bag is 2 : 6, 
and if I am to receive £1 every time, and nothing unless, I do 
so, what sum ought I justly to pay, so as ultimately not to gain 
or lose in the long-run by the transaction ? 

Evidently I must pay £1 every time I draw a white ball. If 
however, I draw a very large number of times, out of every five 
drawings, two will, on the average, give white balls. Hence I 
may pay £2 for every Jive drawings that I have. But I may 
wish to make a regular payment at every drawing, and this 
would be eight shillings. 

Now it seems (Venn's Logic of Chance, Ch. 3, § 20) that this 
average payment, having to be made at each drawing, came to 
be looked upon, instead of as a mere way of paying £2 for every 
five drawings, as the actual Worth of each particular drawing ; or 
that, as I might expect £2 in the long run for every five drawings, 
it would be the same thing to say that I expected eight shillings 
at each drawing. This average payment then is said to be the 
expectation at each drawing. 

290. The following is a general definition of the term Expec- 
tation, 

If p represent the chance on a given occasion of a certain eve^it 
happening^ m the sum of money to he paid if it happen, then ike 
expectation on that occasion is p.m. It is always understood that 
nothing is paid on any occasion when the event does not happen. 

For example, in Art. 281, Ex. i, if ^ were always to begin, 
and the winner of each game were to receive £2 for it, A must 
pay £10, and B £6, for every eight games they are allowed to 
play, and, it would be the same thing, if they paid respectively 
50 and 30 shillings for every game. Thus 50 and 30 shillings 
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are called the respective expectations of A and B at the begin- 
ning of each game. 

Ex, X, y, Z are three exclusive events ; a, &, c the amounts 
I receive, v^hen they happen, respectively ; x^y^z their respec- 
tive chances of occurrence on any occasion when one of them 
must happen. Then my expectation on each such occasion is 
xa-^yb'\-zc. 

For consider any large number (m) of occasions ; 

Then K happens on xm of them, and on each of these I 
receive a ; therefore I receive xma altogether on the occasions 
when X. happens. 

Similarly I receive ymb^ and «nc, on the occasions when F, 
and Z^ happen. 

Hence altogether on the m occasions I receive xma-\-y'mb-\-znc. 

And this is the same as if, on each occasion, I received 

xma-\-yml-\-zmc . , , , i.- 1 • ^i. /. „ , 
'-^ ■ , i.e. xa+yo+zc, which is therefore called my 

expectation on each occasion. 

EXAMPLES.— LXI. 

1. A purse contains three sovereigns and one shilling. What 
should be paid for permission to draw one coin from it ? 

2. A bag contains two sovereigns and three shillings. What 
should be paid for permission to draw two coins from it at once ? 

3. What is the worth of a ticket in a lottery of 100 tickets, 
there being 4 prizes of £60. 6 of £40, and 7 of £30 ? 

4. From a bag containing two guineas, three sovereigns, and 
five shillings, a person is allowed to take out three of them in- 
discriminately. Determine the value of his expectation. 

5. Three persons throw a die in succession, on condition that 
he who first throws an ace shall receive £1. What should each 
pay for his chance ? 

6. From a bag containing 4 sovereigns and 4 shillings, 4 coins 
are drawn at random and placed in a purse. Two coins are 
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drawn out of the purse, and found to be both sovereigns. ' Show 
that the probable mean value of the coins left in the bag is 
.29 j^ shillings. 

7. A man is in the habit of playing at a gaming-table where 
the odds against him are 11 to 10. He plays on an average foar 
nights a week, and stakes a hundred guineas in the course of the 
evening. How much per annum is his amusement likely to cost 
him? 

8. A bag contains six shillings and two sovereigns. Find the 
chances of a person's drawing a shilling at the first, second, or 
third time, and not before. What is the value of his expectation, 
if he is allowed to draw till he draws a sovereign ? 

9. Counters (n) marked with consecutive numbers are placed 
in a bag, from which a number of counters (m) is to be drawn 
out at random. Show that, if the drawer is to receive in £1 
the sum of the numbers marked on the counters, the value of his 
expectation will be an arithmetic mean between the greatest and 
least sums which can be indicated by the number of counters to 
be drawn. 

10. A person throws n coins, and is to take all those that turn 
up head. He throws again those that turn up tail the first time 
on the same condition, and so on for r times. Find the value of 
his expectation, and the chance that all will have turned up head 
in r throws at most. 

11. A die with m faces, marked 1, 2, 3, . . . etc., up to m, is 
loaded, so that the chance of a face turning up is proportional 
to the number on that face. A person is to receive as many 
shillings as the number on the face he throws. Show that the 

value of his expectation for one throw is — g — shillings. 

12. A man is to receive a certain number of shillings; he 
knows that the digits of the number are 1, 2, 3, 4, 6 ; but he is 
ignorant of the order in which they stand ; determine the value 
of bis expectation. 

13. ^ and B draw from a bag, in which are three white and 
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three black balls, fer a sum of £1 to be received by the one who 
first draws a black ball, and A draws first. What are their 
expectations, (i) when the balls are replaced as they are drawn, 
(2) when they are not replaced ? 

14. A purse contains three notes, each of which is either a 
£5, a £10, or a £20 note. A note is drawn and put back three 
times, and each time it is found to be a £5. What would you 
give for the contents of the bag ? 



291. We will now give a short notice of the manner, in which an 
attempt has been made, to establish a definite probability of a 
person's statements being true or false. 

It is sometimes said that the chance of a person speaking the 

truth IS -7- • 


This means that we conclude, from a general estimate of his 
character, that, out of every h of his statements, a are true, or, 
that, by making observations on a very large number of state- 
ments made by him, or by some other means, it has been ascer- 
tained that, on the average, out of every h statements observed, 
a have been true. 

Now it is very unlikely that this could be done, and even if 
it were, the particular circumstances of the case, to which we 
might apply it, might differ so widely from those under which he 
made the observed statements, that this experience would be no 
safe guide. 

Moreover, probabilities do not give any clue to one particular 
instance, but only as to certain proportions existing amongst a 
large number of instances ; so that it would be of little use 
applying the theory of probabilities to any one particular state- 
ment, unless we were able to apply it to a great number. 

As, however, the student will meet with questions in proba- 
bilities stated under this form, we subjoin a few examples. 
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292. Independent Testimony, 

Ex. I. A speaks the truth 3 times out of 4, f? 4 times out of 5. 
Find the chance that they will agree in their statements^ with 
regard to some event which has happened. 

3 

The chance of A asserting that it happened is -j » 

B ' 



« -^ » » 



5' 



3 
.'. ^ „ both „ „ -F. Art. 270. 

The chance of A asserting that it did not happen is -j ' 

B 1- 

jf -^ » »» 5 ' 

„ both „ „ ^, Art. 270. 

But these two concurrences are exclusive ; .*. the chance of 

one or other is ^ j_ -^ — -^^ 

■5"^ 20"" 20* 

In other words, out of every 20 occasions on which they both 
make statements, they concur 13 times. 

Ex, 2. If they both assert that the event has happened, 
required the chance that it did happen. 

Here, the general events are the various occasions on .which 
they concur ; and the particular sections, to which these general 
events may belong, are, (i) the occasions on which they concur 
in telling the truth, and (2) those on which they concur in a 
falsehood. Now out of 13 times on which they concur, they tell 
the truth 12 times ; therefore the chance required is 12 : 13. 

293. Traditionary Testimony, 

If a man makes a statement, purporting to be founded on what 
another has told him, he is said to have reported truly if he 
states the matter as it was told him, and to have reported 
untruly if he states the matter differently. 
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Ex, In Art. 292, if B report on the statement of A that an 
event has happened, required the chance that it has happened. 

Q 

Consider m times that the report is made, on -j- A has spoken 

_ 4 3m Zm « , ^ 
the truth, and on -j- • —^ , or -j- , of these B reports truly. 

Again, tm-jvn A has lied, and on -g---jm of these, i.e. on -^m^ 

B has reported untruly, Lut on these last occasions, as well as 

on the former, B has spoken according to the fact. 

Hence out of m times on which B makes a report, he speaks 

3/?i . 1 . 13r» 

accordmg to fact on "15" + on ^'> *-^* ^^ oa~ ' 

Therefore the chance, that what he says is according to the 
fact, is 13 

20_^__13 
m ""20' 
Here the general event is B making a report on hearsay from 
A, which may belong to one of two particular sections, (i) when 
it is according to the fact, and (2) when it is not according to 
fact. 

294. Ex, A bag contains 3 balls, 2 white and 1 black, and a 
ball is drawn from it. The two persons of Art. 292 concur in 
saying it is black. What is the probability of its being black ? 

The d prigri probability of the ball drawn being white is -q » 

and „ „ black j) -n * 

Also the probability that, if the ball is white, they concur in 

denying that it is so, is to ' 

And the probability that, if the ball is black, they concur in 

saying that it is so, is ^o' 
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Hence, Art. 284, the required probability 

J. 12 
3 13 12 6 

■■TT~rT2""i4"' 7 * 

3'13"^8'13 
In all examples it is always supposed, that the di 'priori pro- 
babilities of an event happening and not happening are equal, 
unless the contrary is indicated. 



EXAMPLES.— LXII. 

1. Four judges agree on a verdict ; it is known that two are 
wrong 1 out of 6 times, a third 2 out of 11, and a fourth 1 out 
of 12. What is the chance that the verdict is right? 

2. A speaks truly 3 out of 7 times, B 5 out of 6, C 7 out of 8. 
What is the chance of a statement being true, which is asserted 
by A and B and denied by C? 

3. A speaks the truth 7 times out of 8, J? 5 out of 6. What 
is the probability for an event which (i) they both assert, (2) A 
apserts and B denies, (3) they both deny, (4) A asserts that he 
heard B deny ; it being known in (4) that B has either denied 
or asserted the fact, and A can only derive information relating 
to the event from B ? 

3 6 4 

4. -4's truthfulness is represented by -f , B^ l^y -y , (7s by -g • 

What is the probability of the truth of a statement which A 
and B assert that C denied ? 

5. It is 3 to 1 that A speaks the truth, 5 to 1 that B does. 
They agree in asserting that a white ball has been drawn from 
a bag containing 2 white and 3 red and no others. What is the 
probability that this statement is true ? 



XXII 
CabU0 of a^ottalit?, etc. 

295. Observations have been made on the number of persons 
living, born, and dying in each of a succession of years, at cer- 
tain places, and records have been kept of the results. These 
records are called Tables of Mortality, 

296. We give below extracts from the Carlisle Table of 
Mortality, which was formed by Mr. Milne from observations 
made at Carlisle by Dr. Heysham in the years 1779-1787. 



Age. 


Living. 


Deer. 


Age. 


Living. 


Deer. 


Age. 


Living. 


Deer. 





10000 


1539 


30 


5642 


57 


60 


3643 


122 


1 


8461 


682 


31 


5585 


57 


61 


3521 


126 


2 


7779 


605 


32 


5528 


56 


62 


3395 


127 


3 


7274 


276 


33 


5472 


55 


63 


3268 


125 


4 


6998 


201 


34 


5417 


55 


64 


3143 


125 


5 


6797 


121 


35 


5362 


55 


65 


3018 


124 



The numbers in the second column (headed Living) indicate 
how many persons, on the average, out of every 10,000 born, 
were alive at the ages given, in the same horizontal rows, in the 
first column (headed Age). 

Thus out of every 10,000 born, 5417 reached the age of 34, 
and of these 3396 reached the age of 62. 

The numbers in the third column (headed Deer., for Decre- 
ments), indicate how many, out of every 10,000 born, died in the 

289 
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course of the next years, after reaching the ages given in the 
same horizontal rows in the first column. 

Thus 1539 died in their first year, and 56 in their 33rd. 

297. In the same way the NoriJiampton Table was formed 
from observations made at that place in the years 1741-1780. 

The various Life Insurance Offices have also formed siniilar 
tables, founded on their experiences amongst their own clients. 

298. We will now give some examples of a few of the 
principal ways, in which these tables can be employed. 

We shall assume that the tables hold good, for people living 
in most parts of England, and at times other than those at which 
the observations were made. 

299. Ex, I. Of the people who reach 33 years of age, what 
proportion reaches 60 ? 

This proportion is denoted by avPss- 

Out of 5472 living at 33, 3643 survive till they are 60. 

Hence the required proportion is TTn^ ' 

Ex, 2, What is the chance that two people, now alive, both 
die within 30 years, one being 30 and the other 32 years of age ? 

This chance is denoted by | soS'soaa ; *-6- | n^xy denotes the 
chance of two people, aged x and y years, respectively, both 
dying within n years. 

Out of 5642 people reaching 30 years of age, 5642—3643, or 
1999, die before they are 60, that is, within the next 30 years ; 
and of 5528 reaching 32 years, 2133 die within the next 30 
years. 

Hence the chances of each dying within 30 years are respec- 

1999 2133 

tively represented by c^to ^^^ K^i^ ' ^^^ these are in- 
dependent events ; therefore the chance that both die within 
^^ . . , , 1999 2133 

30 years is represented by ^jgj^^^ 5528 * 
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300. The mean, or average, duration of life beyond a given 
age, or, as it is sometimes called, the expectation of life at that 
age, is the average of the number of years enjoyed beyond that 
age, by those who reach it. 

Of two men, who are alive at the beginning of the year, sup- 
pose one lives 3 and the other 9 months, then the whole time 
enjoyed by the two together is 1 year, and the mean of the time 
is ^ year. 

301. Let Im denote the number of persons who complete their 
mth year, i.e., the number in the second column in the table, on a 
level with m in the first. To find the average duration of life of 
these Im persons. 

Now Z^— Zto+1 denotes the number of those who die in their 
m + lth year, i.e., the number in the third column on the same 
level. 

We will suppose these persons to die so that, for every death 
at any distance from the beginning of the year, there is one at 
the same distance from the end. 

Then the time enjoyed in that year by each pair, who die, is 1 
year. Art. 300 ; hence the average time enjoyed by each of the 
^m— ^m+i Persons is ^ year, and .*. the whole time enjoyed by 

tnem is ^ — years. 

And the time enjoyed by the 7,,^., survivors is of course 

^m+i years. 

Hence the time enjoyed in their m+lth year by the ^«, who 

reach wi years of age, is ^ r'm+i> or o~^ years. 

In the same way we can show that the times enjoyed by them 
in their m+2th, m+3rd, etc. years, are respectively 

2 '2 ' ^ 
Let the {m+z)i\i be the greatest age given in the table, so 
that /»+,+! =0, 
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Then the total number of years enjoyed by the l^ persons ia 
2 + 2 + ® ^- + 2 +"2" * 

Hence the average number of years enjoyed by each \a 



H 



'"m, 



This average duration of life at the age of m years is denoted 
by Cm. 

302. To find the payment (am) that must he made to an office^ by 
a person m years o/age^ to ohtain an annuity of£l per annum, /or 
the rest of his life, to commence a year after the payment is made. 

Let each of the Z^ persons, whom the table represents as being 
alive at the age of m years, enter into the same agreement with 
the office. 

Suppose interest to be paid yearly (see Chap, xin.) 

At the end of 1 year the office must pay £lm+\ > of which the 
present value is Zm+i(l+^)~^ ; 

At the end of 2 years the office must pay £lm+i > of which the 
present value is Z,»+j(l+r)"2 ; etc., etc. 

At the end of z years the office must pay £/to+«> of which the 
present value is ^m+«(l+^)~*- 

Hence the present value of the debt incurred by the office is 

and, this having to be paid for equally by the /^ persons, each 
must pay 

tfn 

_ 7„^,(l+r)-^'+W.a+>-)-^'+ • • • +lmW^+r)-^^ ' 

This is the sum to be paid for an annuity of £1, in order that 
the office in the long-run may neither gain nor lose. 
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The numerator of this fraction is denoted by -ATin, and is to be 
found by multiplying each number given in the column " Living " 
in a Table of Mortality, with the number in the corresponding 
place of a table of present values of £1 (see Art. 132), and 
adding these products together, from that corresponding to the 
greatest age given in the Table of Mortality down to the product 

for the age m+1 inclusive. 

A table has been formed of the values of ^^ for all values of 
m from to 103, and for various rates of interest from 8 to 10 
per cent. Jones on Annuities^ vol. i.. Tables xi.-xviii. 

303. When an engagement is entered into to secure the pay- 
ment of a stipulated amount upon the death of an individual, in 
consideration for a single, or annual, payment, such a transaction 
is called an assurance on the life of the individual 

The stipulated amount is called the sum assured , and the single, 
or annual, payment is called the premium, 

304. To find the annual premium (wm or Pm) to he paid, for 
the assurance o/" XI, on the life of a person, aged m years when 
the first premium is paid 

Let the lives of each of /^ persons aged m years be assured 
at the same office for £1, and suppose that each assurance is 
paid off at the end of the year in which the person, whose life is 
assured, dies. 

Let djn+i denote the number of persons who attain m but not 
m+1 years of age, then rf'm+i=^TO— ^to+d and is evidently the 
number placed on a level with m in the column " Deer" of a 
table of mortality. Thus d^z = 56. 

Then the office would h ave to pay £dm+i, £c?i»+t, . . . £c?»i+«+i 
at the end of 1, 2, 3, , . . z+l years respectively; hence, as in 
Art. 302, the present value of the debt it incurs is represented 
by eZ,»+i(l+r)-^+ . . . +eZ^+,+,(l+r)-«+». 

And this has to be met by an annual payment of £P^ by each 



244 TABLES OF MORTALITY, ETC. 

of the l^ persons, as long as he, or she, shall be alive, at the time 
for the annual payment. 

Hence the office receives 
-Prn^m at once, and Pm^m+i, -Pm^m+t, . . . ^m?m+# at the end of 
1, 2, 3, . . , z years respectively. 

The present value of all these sums is 
^m{^m+Wi(l+0"'+W.(l+r)-*+ . . . +Z,„+,(l+r)-} ; 
and this, in order that the office may neither gain nor lose in the 
long-run, must be equal to the present value of the debt incurred ; 
we have, therefore, 

p ^ <^in-n(l+r)-'+ . . . +^m+.-n(l+r)-^ 



<^„,+^(l+r)-">+^+ . . . +(Z„>+,.n(l+r)-">-^^+> 



by multiplying each term of the numerator and denominator bj 
(l+r)-"». 

Call this last numerator ilf^, and we have 



_ M^ 



P«= 



The values of M^ for different values of w, are calculated in 
the same way as the values of -^,», except that we use the column 
DecT. instead of the column Living, 

The values of M^ for all values of m from to 104, and for 
various rates of interest from 3 to 6, are given in vol. i. of Jones's 
Treatise on Annuities, Tables xi.-xvi. 

See also, " The Mortality Experience of Life Assurance 
Companies,'' collected by the Institute of Actuaries, London, 
1869; and ** Tables deduced from the Mortality Experience of 
Life Assurance Companies," London, 1872. 

EXAMPLES.— LXIII. 

I. The present value of an annuity of £100 on the life of a 
person aged 21 is, by the Carlisle Tables of Mortality, reckoning 
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* 

3 per cent., £2150. If, out of every 10 children born, 6 reach 
the age of 21, what sum ought to be paid down immediately on 
the birth of a child in order to secure it an annuity of £100 on 
its reaching 21, the deposit being forfeited if the child dies pre- 
viously ? 

2. A person who has a life annuity (a) wishes to secure to his 
family after his death an income equal to his present expendi- 
ture. What portion of his income must be paid in the way of 
annual premium to an assurance office ? 

3. Prove by general reasoning, or otherwise, that the present 
value of a life annuity to A on the death of B, is equal to the 
present value of the same quantity to A commencing immediately, 
minus the present value of the same to continue as long as both 
live. 

4. If A^ denote the value of an annuity to last during the 
joint lives of p persons of the same age, prove that the value of 
an equal annuity, to continue so long as there is a survivor out of 
n persons of that age, may be found by means of tables giving 
the values of ^4^ from the formula 

nAx—n rt-'^a + w.— Q— • — q— -4,— etc. dci4». 



XXIII 
2>nerininantsL 

306L 1£, liaring giyen the system of eqnatkiiSy 

ve flolre fior x, we obtain 

=<fi(5,c,— 5,<r,)+ etc (-^PP- -^^i*^ 1-3L) 

The expicaM on, which here appears as the coefficient of x, (eaO 

it ^) occms rerj freqfoently in mathematical inTestigatiwis, as 

veil as manj others of greater length, but of a similar character. 

We shall therefore explain a system of notation, by which such 

ezprenions can be represented in a more compact form. 

306. It win be seen that A consists of the algebraic som isi 
all the terms, which can be obtained from the square 

Ol K c^ 
a, i, Ct 

by dMerring the following rules : — 

i^ Pick out three symbols (such as aj), so that each comes from 
a different horizontal row and Tertical column to either of the 
other two, and multiply them together. 

Thus a^jht^ Ci are three symbols which will be taken together. 

2^ Prefix the sign + or — to each product, according as it 
can be obtained frx>m the product a^ bt c, by an even or odd 
number of interchanges of the suffixes. 

Thus to obtain a, 6, Ci from Oi bt c,, we interchange the 2 
and 3 under b and e, producing a, b^ c^, and now interchange 



DETERMINANTS. 247 

the 1 and 2 underneath the a and c, producing a^ J, c^ ; thus 
we have had two interchanges, and .*. we prefix the sign +. 
So also the product ax h^ c, would have — prefixed. 

307. Hence the square has been subjected to the following 
definite series of operations : — 

I. Multiply together every set of three symbols picked out 

as in 1°, 
II. Prefix the sign + or — according to rule in 2°, 
III. Add all such products together. 

When such a square has to be subjected to these operations, 
we indicate the fact by placing a bar on each side of it. 
Thus, «!, ^1, Ci, 

^Sl ^S) ^S) • • • \ /* 

^8» ^8J ^8) 

Any expression, which is capable of being written down in this 
manner, is called a Determinant, 

A and B are said to be different forms of the same deter- 
minant. 

Each of the symbols Oi, etc., is called a constituent of the 
determinant. 

Each of the products, with the proper sign prefixed, is called 
an element of the determinant. 

Since, from the diagonal element -f ^i 5, Cg we obtain all the 
others by proper interchanges of suffixes, it is called the 
principal elementj and the determinant is often indicated thus, 

2(±ai &2 Cs), . . . (C), 
this being a form which takes up much less room in writing and 
printing. 

Such a determinant as we have been considering is said to be 
of the third order, there being three factors in each element. 

The forms of a determinant of the second order, corresponding 
to il, ^, (7, are 
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308. If we interchange two columns of a determinant (of the 
third order), we obtain another differing from it in sign only. 
For 



&1 


«1 


^1 


\ 


a. 


Ct 


\ 


a. 


c% 



fll &i Ci 

^8 &J Cs 

Similarly 2(±aiCa58) = — ^(zhai&aCj). 
Cor. 2(zh&iC,a8)= — 2(zh&iaaCg)=2(zhai5aC,), 
and 2(zhciaa&8)= — 2(zhaiCj&8)=2(zhai&,C8). 



309. It will be observed that we may express the solution of 
the equations in Art 305 thus, 






y~ 2(±6.c.a,) 



S(zbciaa&|) 
""2(iax6,c,j 



310. Again 

ax &i Ci 
a% b^ Ci 
a^ &s Ct 






=ai 






— Oi 



hi Ci 

&8 ^8 



+ «J 



&a Cs 



Thus a determinant of the third order is the sum of the pro- 
ducts of each constituent of its first column into the minor 
determinant, formed by omitting the row and column in which 
that constituent occurs, the sign + or — being placed before 
each product according as the constituent in it from the first 
column comes from an odd or even horizontal row. 
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311. This will be useful in finding the value of any given 
determinant. Thus 



12 5 

2 4 2 

3 3 3 


=1 


4 2 
3 3 


-2 


2 5 

3 3 


^ 1 4 2 



=l(12-6)-2(6-15)+3(4-20) 

=6+18-48 

= -24. 



312. We have 



10 






«! &1 


=1 


a, &s 






= 





-0 





as &s 



+0 




«1 \ 



Thus a determinant of the second order can be written down 
in the form of a determinant of the third order. 



313. Again 
max 2>i Ci 

moLi b^ C3 



:= wai 



2^2 C2 



— wa2 



6. c, 1+^'^' 






— Os 



&1 Ci 



+ «« 



&2 Ca 

• <^2 I J 



s=m 



«1 


&1 


Ct 


aa 


&a 


Ca 


«• 


h 


Ct 



Thus 






4 15 




2 15 


6 2 6 


=2 


3 2 6 


8 3 4 




4 3 4 



-M 



2 6 

3 4 



-3 



1 5 

3 4 



+ 4 



1 5 

2 6 



1} 



=2{2(8-18)-3(4-15)+4(6-10)} 

=2{-20+33-16} 

= -6. 
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We have dwelt thus at length on determinants of the third 
order, for the purpose of familiarizing the student with the 
notation and nomenclature of the subject. For the same pur- 
pose we subjoin the following examples. 



EXAMPLES.— LXIV. 



I. Find the numerical values of the following :^ 



(I) 


1 2 

2 3 






(2) 


1 2 
3 4 




(3) 




1 2 

3 


(4) 


14 5 


(S) 


2 2 2 


(6) 


2 3 




12 




3 11 




6 4 




3 5 4 




4 2 1 




3 10 


2. Show that 


0\ hi Ci 




ai a^ a^ 






a, &, c. 


= 


hi hi &s 


• 
> 










cfn hz 


^8 




Ci 


c, c. 







or, in other words, that the value of a determinant is not altered 
by changing columns into rows, and vice versd. 

It will be observed that this justifies the notation (C7) in Art. 
307, for by that both the above determinants are represented 
by ^(ihaih^Ci). 



3. Prove that 



ai hi Ci 




(Z2 h^ C2 


+ 


Os &8 Cs 





a, 



a< 



a, 



hi Ci 




«!+«!, hi 


Ci 


&2 Ca 


= 


fla + ag, &a 


Ci 


hz c. 




«8 + a8, ^8 


Ci 



In other words, if each term of the first column be resolved 
into the sura of two others, the determinant can be resolved into 
the sum of two others. 

4. Prove that, if each term of a column or row be resolved 
into two others, the determinant can be resolved into the sum of 
two others. 

5. Prove that, if any two columns, or two rows, be the same, 
the determinant vanishes. 
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6. Show that 


1 








X 


aa ^a 


7. Prove that 




1, ai+a,, aiOTa = 




1, &i + &a, &i&a 






1, ^ 


^i + Cj, CiCa 1 



aitta+^i^a, aaaa+2>2^« 



+(aa— &i)(&,— Ci)(c,— aj), 



8. Find the numerical values of 



4 15 




6 10 


2 3 


, and 


2 5 


6 2 1 




10 3 1 



9. Prove that 

ax inbi Ci 
a^ mh^ C3 





fl?! hi Ci 




= m 


tfa ^« Ca 
as &8 ^8 


^— 



fli hi Ci 
mtti mh^ mca 

^8 2>8 <^8 



I o. Find the numerical values of the following : — 

(I) 



14 


(2) 


2 4 6 


(3) 


2 4 2 


(4) 


18 2 


2 6 5 




5 2 1 




8 3 




2 6 8 


3 2 1 




13 2 




6 5 




5 9 4 



II. Prove 



A B D 
BOB 
DBF 



^ACF+^EDB-AE^-'CD^-'FB' 



The above is called a symmetrical determinant. 



12. Prove that 






z 


y 


z 





X 


y 


X 






13. Prove that 



—2xyz, 



{h+cy a* 
b* {c+ay 



a" 



c* c" {a+by 



=2a5c(a+&+c)». 
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314. We shall now give more general definitions and 
theorems. 

Let there be n' symbols, arranged in a square of n yertioal 
columns and n horizontal rows. 

Each of these n' symbols is called a conditumL 

Thus, 



^iji ^i>a ^ijt 






a 



ni» ) 



^n)i ^n>8 .... 

SO that Op^ ^ denotes the constituent belonging to the jpth row and 
^h column. 

Then we give the name of determinant to the algebraic sum 
of all possible products of n constituents, one of which is taken 
from each row and each column, the sign + or — being pre- 
fixed to each product, according as it can be derived from the 
diagonal product ai^idajaajjs . • . cinm by an even or odd 
number of interchanges amongst the suffixes indicating the 
columns, i.e. in this case the second suffixes. 



315. We denote the determinant thus. 



^'ijl ^112 ^1>» ... Of 

^a J 1 ^* J * ^a > 8 • • • ^' 



1>H 

an, 



^»?i ^i»>a ^H>t ' • . CC 



nyH 



, or thus, Sdzaxi (hi • • • ^hm» 



316. Each term of a determinant is called an element, and if 
n be the number of rows, or of columns, and .*. also of con- 
stituents multiplied together to make an element, the determinant 
is said to be of the nth order. 
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317. The diagonal element an ^23... a„„ is called the 
principal element, or term. 

\N.B. — A determinant of the first order consists of only one 
element, thus | an | , and .*. is =aii.] 



318. Insfead of the notation for constituents given above, a 
shorter form is more frequently adopted ; thus the constituent 
of the pth. row, and qth. column is denoted by (p, q), and the 
determinant then appears in either of the forms, 

(1,1)(1,2)(1,3) (l,n) 



(2,1)(2,2)(2,3) 



(2,n) 



• (w,n) 



(n,l)(^^,2)(7^,3)(;2,4). 
or2it(l,l)(2,2)(3,3) . . . (n,n). 

In the symbols Opq and (p, q), for shortness, we speak of p as 
the horizontal index and of q as the vertical index. 



319. The constituents {p, q) and (q, p) are said to be con- 
jugate to one another, and, if (p, 2)=(2'>i^) ^^r all values of ^ 
and q^ the determinant is said to be symmetrical; see Ex. 
Lxrv. 11. 



320. Any determinant formed by omitting any r rows and 
any r columns is called an rth minor of the original determinant. 



Examples. 



(2, 2) (2, 3) 
(3, 2) (3, 3) 



• . . 



(2,n) 
(3,n) 



(n,2)(n,3) . . . («,n) 



omitting the first row 
and firHt column, 
call it Ai , 1, 
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(1,1)(1,2)(1,3)(1,5) 
(3,1)(3,2)(3,3)(3,5) 
(4, 1)(4, 2)(4, 3)(4, 5) 
(5,1)(5,2)(5,3)(5,5) 



(n,l) 

are fint minors ; and 

(1, 1) (1, 2) 
(3, 1) (3, 2) 

(4, 1) (4, 2) 
(5, 1) (5, 2) 



(3,«) 

(4,«) 
(5,«) 



(n,») 



omitting {he 2nd 
row and foartb 
coloinn, call it 



(1,4) 
(3,4) 
(4.4) 

(5,4) 



(1,6) 
(3,6) 
(4.6) 
(5,6) 



(l,n) 
(3,n) 

(4,«) 

(5,») 



(n— 1, n) 



omittiDg 
the 2Dd 
and nth 
rows, and 
the 3rd 
and 5th 
columns, 



(n-l,l)(«-l,2)>-l,4)(«-l,G) 
is a second minor, of the determinant in Art. 318. 

In general, Apq will denote the first minor formed by omitting 
the j9th row and ^th column. Its principal element is 
(1, l)...0)-l,i)-l)0?+l,i))(p+2,p+l)... 

...(2, 3-l)(gr+l, 2r+l)...(n, n), 

or (1, 1)...(?-1, 3-l)(?, !Z+l)(fZ+l, !Z+2)... 

...(^-1, i))(i>+l, jp+l)...(n, n), 
according asjp is <, or >, g^. 

For whenp<g', the^th row being absent, the (2?+l)th takes 
its place, and the (p+2)th takes the former place of the 
(2}+l)th, and so on; hence the suffix for the row is one in 
advance of the suffix for the column, which cuts it on the 
diagonal, until the g'th column being absent, the (2'+l)th takes 
its place, and cuts the diagonal on the same constituent as the 
original (g+l)th row. 

Similarly the student will understand the correctness of the 
form, which we have written down, for the principal element of 
Aptft whenjp>j. 
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321. Prop. i. If from a given determinant we form another, 
of which each row is the same as the corresponding column of tlu 
first, and vice versa, the two determinants are equal. 



Or 



<^i>i ^i>« ^i?t • 



)8 ^a>8 • 



^n>i ^n)« ^n)8 • 






^nm 



^i?i ^an ^1)1 • • 

«1,8 



'1)8 ^2)8 ^8)2 



^ijn ^2)n ^8>n • • 






^njn 



For their principal elements are the same. 

Now in the first determinant suppose that we obtain from the 
principal element, by a certain series of interchanges of second 
suffixes, the element ai,a^2>/3 • . • «njv 

In the second determinant it is the first suffixes which mark 
the columns, .*. they must be interchanged. Write the principal 
element of the second determinant thus, aa,afl^/3,/3 . . • chf,vj *•«. 
alter the order in which the constituent factors of the principal 
element are written down. Interchange the first suffixes till we 

arrive at ai,a<^8}/3 • » • ^n^v 

It will be seen that we have gone through the same series of 

interchanges, as in the case of the first determinant, only in the 

reverse order. For in the first case we interchanged the suffixes 

1, 2, 3, . . . n till we arrived at a, )8, . . . v; in the second 

case we interchanged the suffixes a, j8, . . . v till we arrived at 

X, Mdy . • • n. 

Hence the number of interchanges is the same in both cases. 

Therefore in one determinant the elements are the same, in 
form and sign, as'in the other determinant. 

Hence the two determinants are identically equal. 

This proposition is generally stated thus : " TJie value of a 
determinant is not altered, if the rows are changed into corre- 
sponding columns, and vice versa." 
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322. Prop. 2. If from a given determinant (D), we form 
another (D'), hy interchanging two columns (or two rows)^ then 

Leti>=2±{l,l)(2,2)(3,3) . . . (w,n). 

Let the pth and qth columns be interclianged, and let q>p, 
then 

2)'=2d=a, 1)(2, 2)...(p,q)...{q,p)... in, n); 

.'. the principal element of D' can be obtained from the prin- 
cipal element of D by the single interchange of the second 
suffixes p and g. 

Hence each element in D' occurs in J9, but can be obtained 
from its principal by one more interchange than when it occurs 
in Z), namely, by passing from the principal element of D' 
through that of D. 

Hence D and D' are the same, element for element, only with 
opposite signs. 

By Prop. I. the same is true when rows are interchanged 
instead of columns. 

This proposition is often stated thus : If two rows, or two 
columns, of a detei^minant are interchanged, the sign of the deter- 
minant is changed. 

Cor. I. If from a determinant D we form another J9', by x 
interchanges amongst the rows or columns, then Z)'= (—!)*£). 

For at each interchange we obtain a new determinant exactly 
the same as D, except that the sign of the whole is altered at 
each interchange. 

Cor. 2. If two rows, or two columns, are the same, the deter- 
minant vanishes. 

For if D be the determinant, on interchanging the two rows, 
or columns, we obtain — Z) by the Prop. 

But this interchange of two things identically the same can- 
not affect the value of the determinant , 

.-. Z)=-2>, or D=0. 
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Cob. 3. 

(l,l)(l,2)...(l,jp-])(l,2))...(l,7i) 
(2,1) (2,p-l)(2,;?)...(2,«) 



= (-l)i'-i 



(l,jp)(l,l)...(l,jp-l)...(l,w) 
(2,i?)(2,l)...(2,i>-l)...(2,n) 



(«,2>)(n, l)...(n,p-l). ..(»,«) 



{«,i) («,i>-i)Kp)-..Kw) 

For to obtain the right-hand determinant from the left-hand 
one, we must interchange, in succession, the original J9th column 
with the (j9— l)th, . . . , the second, and the first, making 
in all j3— 1 interchanges ; 

,•. the final determinant =(— 1)p-^X original determinant, 

or „ original „ =( — 1)^^X final 



» 



» 



323. Prop. 3. To mviXtvply every constituent of any one roto 
{or column) hy the same factor^ is the same thing as to multiply 
the whole determinant hy that factor. 

For in every element we have one constituent from any one 
particular row. Hence, if every coustituent of that row is 
multiplied by the same factor, each element, and .*. the whole 
expression, is multiplied by the same factor. 

The same is, of course, true for a column, instead of a row. 
For examples, see Art. 313. 



324. Prop. 4. If each constituent of a row {or column) is 
resolvable into the sum of two parts, the determinant is resolvable 
into two determinants. 

For suppose each constituent of the pth row is resolvable into 
the sum of two parts, thus suppose 

Ctpq = Xpq "T^pq y 

then any element in which a^^ appears can be resolved into 
the sum of two parts differing from it only in having Xpq in one. 
and ^p, in the other, as a factor instead of a^ ; and since each 
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^lirtnimt coniainf a factor from the pth row, all the elcmentg eui 
W nimilarljr ro»olvod ; 

Thd iamo in truo for columns. 

(%%, It ii ovidont bj proccediug Id the same way, that, if 
«a«lt crnmtitucnt of a row (or column) is resolvable into the sum 
iA Mty unuthar of parts, the determinant is resolvable into the 
imtm tiurtibor of determinants differing from the original deter- 
tiiifmiit only in having in each one part, instead of the whole 
amtnilimnif in that row or column. 

325, liy moans of tlicse propositions we can often reduce a 
4($t4trmitmnt to an equivalent with smaller constituents. 



lixattiplti. 



«, 1, 2, 8 

4, 0, 2, 1 

6, 4, 1, 2 

7, 8, 0, 1 

2 12 8 

4 2 1 
2 4 12 

4 8 1 



+ 



2+1, 1, 2, 3 

4+0, 0, 2, 1 

2+4, 4, 1, 2 

4+8, 3, 0, 1 

112 8 
2 1 
4 4 12 
3 3 1 



Now the second of these determinants has two columns 
identical, and therefore vanishes. We thus see that we can 
iuhtract one rata (or column) from another , without altering the 
value of the determinant 

The first of these determinants has two as a factor of each 
constituent of its first column, and 

112 3 
2 2 1 
14 12 
2 8 1 



.'., Art. 323, =2 
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EXAMPLES.— LXV. 



I. Show that 



2. Show that 



3. Show that 



4. Show that 

2 2 3 
12 4 1 

3 3 2 1 

4 6 2 



5 4 


3 6 


3 15 4 


2 1 


18 2 


5 3 


6 6 


1 6 


3 4 


3 6 1 


7 3 


7 2 


2 6 2 



= 6 



= 6 



6 2 2 1 




4 2 3 3 




6 3 7 2 


^■MM 


3 12 1 





14 13 
3 5 2 
116 1 
2 3 2 3 

12 3 4 
3 2 1 
5 110 
10 3 1 



=6 



2 3 
3 2 1 
5 110 
10 3 1 



12 11 




2 3 




3 5 2 




1111 





10 
2 3 
3 5 2 
1111 



= 2 



2 3 




2 


3 


0-1 3 1 
3 2 1 


= 2 


O-l 
4- 


3 1 
-1 


13 10 




-1 3 


I 



326. Prop. 5. In the determinant 2db(l, 1)(2, 2) . . . (n, n), 
the coefficient of (p, q) is (—ly'^Ap^g (see Art. 320). 

1° In each element in which (2?, q) occurs, its coefficient is. 
one of the products of n— 1 constituents, of which one comes 
from each row and each column, with the exception of the jpth 
row and qth. column, and may therefore be obtained from the 
coefficient of (p, q) in any other element containing (p, q), by 
interchanges of second suffixes, taking care to change the sign 
of the product once for every interchange, according to Art. 
314. The whole coefficient required is the sum of all such 
products. 

S 
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2° We must then obtain some one element in which (|>, j) 
occurs. Let /> > ^. If, starting from the principal element, we 
make successive interchanges amongst the second suffixes, thus 
q and 9+ If ^hcQ 9. ^^d q-\-% and so on, till we have inter- 
changed 5 with 2?, we obtain the product 

(-l)--'(l, 1)-. .(3-1, ?-!)(?, ff+1) 

...(p-l,2j)(p,2')(p+l,|)+l)...(n,n). 

3° Now in this, the coefficient of (p, S') is the principal 
element of A^^^ multiplied by (—!)''"». 

Hence by i^ the coefficient required is (—1)'"' multiplied 
by the sum of all the products, which can be obtained from the 
principal element of -4^ , by interchanges of the second suffixes, 
prefixing + or — to each product, according as, to obtain it, we 
have had to make an even or odd number of interchanges. 

But this sura is -4^ , (Art. 314) ; .*. the required coefficient of 

Similarly, if j9<2, we can show that the coefficient of (p, g) is 

(-i)«-'^,.,=(-ir'j,.,. 

Cob. 2±(1, 1) (2, 2)... (n,n) 

= (1, lMu.-(l, 2)A,....+(-l)»-'(l, n)^.,„, 
aUo =(1,1)4,„-(2,1)^„,. ..+(-!)»-»(», 1)^,,,. 



327. Ex. I. Continuing the reduction of the dfltemunant in 
Art. 325, we have , 



0, 2, 1 




1, 2, 8 




1, 2, 3 




1, 2, 3 


4, 1, 2 


-2 


4, 1, 2 


+ 


0, 2, 1 • 


-2 


0, 2, 1 


3, 0, 1 




3, 0, 1 




3, 0,1 




4, 1, 2 


0, 2, 1 




1, 2, 1 




1, 0, 2 




1, 0, 2 


1, 1, 1 


-4 


4, 1, 1 


+ 2 


0, 2, 1 


-4 


0, 2, 1 


3, 0, 1 




3, 0, 1 




3, 0, 1 




4, 1, 2 



=2 



subtracting the 3rd row from the 2nd in the last determinant 
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=2 



0,2,1 




0, 2, 1 




1, 0,2 




1, 0, 2 


1, 1,1 


-4 


1, 1,0 


+ 2 


0, 2, 1 


-4 


0, 2, 1 


3, 0, 1 




2, 0, 1 




3, 0,1 




3, 1, 



subtracting the 3rd column from the 1st, and the 3rd row from 
the 2nd in the second det., and the 1st row from the 3rd in the 
last, 

-M\\V^\\\\)A-\\\VAV<\) 



+2 



{\l\ 



+ 3 




2 



\\\\A\l\ 



+ 3 




2 



\\\] 



=2{-2+3(2~l)}-4{-2-2}+2{2-12}-4{-l-12} = 50 
Ex. 2. 



a» b^ c» 
a b c 
111 


^ 


a»— 6» 6» c« 

a—h b c 

1 


—b* 
-b 







= (a-J)(c-ft) 


a«+aJ+6« b* c*+cb+b' 
16 1 
10 




= (a-ft)(c-ft) 


o«+ai— c»— cJ 6» c»+c6+6' 
6 1 
10 




^ 


{a-b){c-b){ 


[a-c) 


a+c+b b' c«+cJ-t 
6 1 
1 


-6« 



=:(a-&)(c-6)(a-c)(a+c+5)| J J 

= (a-&)(c-5)(a-c)(a+c+5)(-l) 
= _(a-6)(J-c)(c-a){a+ft+c). 

It was evident at starting that a—b is a factor of the deter- 
minant. For put a=&, and we get a determinant with two 
columns identical, and .*. =0. Similarly for 6— c and c—a. 
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EXAMPLES.— LXVI. 



I. Find the values of the determinants in Ex, lxt. 
Calculate the values of the determinants, 



2. 


1 

2 
4 

1 




B, 1, 7 
2, 0, 8 
5, 8, 5 
5,4,4 


• 




3- 


1, 3, 0, 5 

2, 6, 0, 4 
1, 0, 1, 3 
5, 3, 0, 3 


• 


Expand 
4. 


the following : — 

«, to', »', I 

w', V, u', m 

v', u', w, n 

. I, m, n, 


• 


S- 


0, a5*, ac* 
ba*, 0, 6c« 
ca*, cb\ 


6. P] 

« 


rove 1 


the folloTV 
a \ \ 

X k c 


ing e( 


^nation, 


( 1 


• 


I 



(a-A)(6-A)(c. 

7. Prove that 

— ar+a;— m, n+Z— 2?+:c, — ^+a;— 7n =0. 
— a;+y— n, — a-+y— n, Z+w— a+y 

8. Show that if in any determinant, which is a function of x, 
n columns hecome the same when x is put equal to a, then the 
determinant is divisible by (a— «)»*" 

9. Prove that 



I— 1 



p +y, y +a, a +13, 
P'+i, 7'+a', a'+;8', 
iS'+y', 7"+a', a'+zS", 



= 2 



«', i8'. r' 
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10. Find the value of the determinant 

1 a a* a^-\-'bcd 
1 b h^ b^+acd 
1 c c« c'^+abd 
1 d d^ d^+abc 

11. If (I) be an imaginary cube root of unity, what is the value 



of 



0, 
-1, 

-0), 
— 0)5 



1, ^i 

0, -0)% 



(I)' 



(I)' 



0,-1 
1, 



? 



13. Show that the determinant 



0, 



ttj— ttl, 



fll — (Zj , 

0, 

etc., etc., 

is zero, except when n=2. 



0, 
etc.j 

etc.. 



etc., «! — Ofi 
etc., as — a„ 
etc., a, — an 



etc.y 







13. Prove that 

a & c 

a 7 /? 

b y a 

c p a 

14. Prove that 

0, 1, 1, 1 

1, 0, z', y' 
1, z\ 0, a;' 
1, yS a;', 



=(aa+8/3-c7')*-4a8a)8. 



x^i/*z* 



15. Show that 



1, r, -^ 

/?, ^a, 1 



0, a?, y, IT 

y, ocyz% 0, a;«y0 
2?, a;y*;2;, x^yz, 



=l+a«+/?«+y«. 
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328. Prop. 6. To show that the product 
^dba^i a,, . . . ann X ^db^n ^tt • . • h^n «< equal to 

Ofl^i + <W>i J + flss'aa + &c. , flji&si + a2t&22 + &c., . . . an (ni + a« &n9 + &c. 



Call these detenniuants A^B^C respectively. 

We shall use the i^xm partial column to denote any one of the 
n columns into which each of the columns of C is divided (Art. 
324). Thus the rth partial column of the pih coluom of C is 



«ir 


V 


a,r 




<^nr 


"v 



Thus C is the sum of the n** partial determinants, each of which 
is formed by taking a partial column from each of (fs columns 
(Art. 324); and bpr being a factor of every constituent in 
the above column, we should write bpr outside any partial 
determinant in which it occurred, leaving the colomn 
air 

Y inside, as the rth column. 

It will be observed that this rth column is the same, from 
whichever of Cs columns it is taken. Hence, if in forming any 
partial determinant, we took the rth column from two of CTb 
columns, we should obtain two columns identical, and therefore 
that partial determinant would vanish. 

Therefore all the partial determinants, which do not vanish, 
must be made up by taking a partial column of a different 
position from each of C^s columns. Hence each of these deter- 
minants must be of the form 
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C>ia Oj/S 6jy . . . Of^v 



«la, 


«l/3, . 


• • 


<l\v 


• 


a2j8, . 


• • 
• 


4 


• 


• 


• 


• 


^na.^ 


^TO/3> • 


• • 


ttnv 



I, 



where a, ^, y, . . . v is some arrangement of the numbers 

In this expression the determinant is merely A with its 
columns arranged differently, and .*. =±-4. 

Also, suppose the arrangement a, /?, y, . . . v to be obtain- 
able from 1, 2, 3, ... 71 by a; interchanges, then the above 
determinant =(— 1)*J. (Art. 322, Coe. i), 

BJid I=A(—iybiah2p . . . 2>»y. 

So that -4 is a factor of each of these terms, of which G is the 



sum; 



/. G=A2{(^—iybiab2p . . . bnv}i which is A.By 
since the product hiah2p . . . bnv is obtainable, from the 
principal element of J?, by x interchanges amongst the second 
suffixes. 

The student will observe that G can be written down by the 
following rule : — 

The A;th row of the Zth column of G is formed by multiplying 
together the A;th and Zth rows of A and B respectively, con- 
stituent by constituent. 



EXAMPLES.— LXVII. 

I. Write down the products of the following pairs of deter- 
minants : — 

(2) 



a, h 
c,d 


X 


a, P 
7,8 


• 


a b c 




a' b' c' 


a P y 


X 


a p y 


»y 







« i 


' « 1 
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2. Express 



^x Vx ix 
^» !/» ^t 



in the form of a determinant. 



3. Show that 

a« + [;«+c% aa+bp+cy 
aa+bP+cy, a'+^^+y'' 

4. Express 



b, c 

Ay 



+ 



c, a 



+ 



a, b 
a, p 



S. If in 



prove that — 



«i 2/1 ^1 
•^'i y% ^a 
j^* y% z» 

Qi a, a, 
61 6, 6g 
Ci c, c, 



a 5 



in the form of a determinant. 



a, 



A^ be the minor of a, , 

Bg the minor of 5,, and so on. 



= the original determinant. 



6. The square of a determinant is a symmetrical determinant 



329. Wo will now give an instance of the nse of determinants 
in the solution of equations, and in elimination. 
To solve the n equations, 

<iiar+?>vy+^i5+ etc. . . . =Wi, 

«fr+^a^+ etc =*»a, 

etc. =etc. 

OnJ^+bnf/+ etc 

OonsidoT the dotormiuant 

r?i i^i Ti . . . 
<^t ^t 

etc, otc. 



=i«„ . 



<i. 



(2), 



d<»not>e it bv D, 

Multiply ^ I "^ by the minor of ^i. {2^ by the minor of a^^ with 
iW ii«g;jiUT\e sdgn prefixoil. and, gonorally. the equation (A) bj the 
iMMMT of €^^ with the symbol y^ — 1 ^~^ prefixed, and then mdd all 
lM)lgellier« The coefficient of x vill Ik^ D (Art. 326). 
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The coefficient of y will be what D becomes when &i, &a, etc. 
are written for Oi, a^y etc., ».e., it will be a determinant with 
two identical columns, and therefore ynll vanish. For similar 
reasons the coefficients of z^ etc. all vanish. 

Also on the right hand we have what D becomes when wij , w? j , 
etc. are written for ai, a^, etc., ».e., the determinant 
2zhmi&gC, . . .; 

__2db77ii62C8 • . . 
Sdbax&a .... 

Similarly y= ^ , ^'^^ * ' ' ' ; -2?= etc.; etc. 

Cor. If 7Wi=Wj=s etc. =0, we can eliminate a?, y, etc., and 
the result is 2zbai&, . . . =0. 



EXAMPLES.— LXVIII. 

Solve, by using determinants, the equations : — 
I. 2a;+y+3z=2 2. «+ y+ xr=0 

a;+22; =4 (6+c)a;+(c+a)y+(a+6)z=0 

3^4-« =5. 6ca;+ cay-^- ahz^=\ 

3. a-+2y+3M =5 4. 2a:+3y+ « = 3 

— y+ « + w =3 a:+;2f+w= 

2^4-22?— w +2x=4 3^+22r+3w= 4 

xJ^z — 3w=l. 3z — 2w=— 2. 

5. Eliminate a;, ^, z from the equations 

ax-\-'hy •\-fz— I =0 
^+ ^<y + ^-2;— 7w=0 
y^c+^y + C2r— n = 
ic+m^+wz =0. 
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6. Eliminate x, y, z from the equations 



a* . 6* . c* 



x^ 



+ 



y 



F^=0 



al hm 
7 ' '-.« » 



cn 



X 



aV hm' 



cn' 



7. If L=ax+ hy+dz 

M=bx+ cy+ez 

N=dx-\- ey-{-fz 

Pz=. lx+my-\-nZy 



=0 
=0. 



and -Zr= 



a 


b d 


h 


C € 


d 


«/ 



Prove that 



I m n 

L a b d 

M b c e 

N d e / 



=P.H. 



8. Prove that 



ac 



=:2(a+b+cyahc. 



{a+b)\ be, 

be, (a+c)*, ab 
ac, ab, (b+c)* 

9. Show that {x-^y+z)(jx-~y—z){y-~z--x){z—X'-y) 

X y z 
X z y 
y z X 
z y X 
rfrT, y'y\ z'f 

^^i y y\ z - 



10. Prove that 






2 x^ 






y z^ zXjXy 
y z , zx , xy 



XXIV 

« 

ifinfte 2Difference8f* 

330. In this Chapter we shall discuss some problems leading 
to what really are particular cases of equations in a branch of 
higher Mathematics called Finite Differences, 

The methods therefore will be best explained by giving several 
eocamjples, 

331. Ex, I. Obtain the nth term of the recurring series, 

Wo+Wi«+Waa;*+ etc., 

the scale of relation being 1— pa:— 5a;*=0. 

We have, then, to find such a form for the function u^ as will 
satisfy the relation, Wn— JP"n-i— 9'W,i_j=0. . . (i). 

Now Aa^ is such a form, when A is any constant, and a a root 
of the equation, a* —pa —q=0, . . . ( 2 ) . 

This the student will see at once by substituting, in (i), Aa^ 
for w„, Aa'^-^ for Wn-i, Aa^-^ for Mn-«- 

Let a, /? be the roots of (2), and -4, B two constants (t.e. 
symbols which do not change when n is changed from one value 
to another, diflTering from the former by an integer) ; then not 
only AaP' and B^^^ but Aa^-^B^^ are forms of w„ which 
satisfy (i). The latter form is the most general solution of (i), 
and therefore the most general form which can be found for the 
nth term of any series, in which the scale of relation is that 
given above. 

We have still to determine A and By so that it may be the 
nth term of the particular given series. 

Putting n=0, and 1, successively, we have 

A+B=u^ 

Aa+Bp=u^ ; 
two equations which determine A and B, 
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332. We have stated that Aa^+BP^ is the most general 
solution of (i). This we cannot prove here, but the student 
will find that no other functions, except such as are particular cases 
of the above, will satisfy (i), if a and p are different. If, how- 

P 
ever, 45^=— ^*j a =13=-^* In this case, the general form of 

M„ is {C+Dn)a^, C and D being constants. 

This the student can easily verify for himself by sub- 
stituting, in (i), (a+Z)n)a«for t/„, ((7+Z)n— l)a»-» for «,»_,, 

{C+Dn—2)a^~'* for w„-j, and rememberhig that 2= — ^y 

2 
Then C and D can be determined from the equations, 

C=Uqj putting n=0, 

and {C+D)a=Ui „ n=l. 

If the scale of relation were 1— /?«— ja;'— nc'^O, and 
a, /?, y the roots of a«— ga*— /?a— r=0, the general form of «„ 
would be 

Aa^+B/^+Cy'^, when a, jS, 7 are all different, 

Aa^+{B+Cn)p^j „ /?=y, and a is different, 

{A + Bn + Cn^)a^, „ a=/3=y; 

^, ^, (7 in each case being constants, such as we had in Art. 
331, and so on, for other scales of relation. 



EXAMPLES.— LXIX. 

Determine the general term of each of the following recurring 
series : — 

1. l+3a:+4r«+7a;«+lla;*+18x»+etc. 

2. 3+6a;+14a;«+36a;»+98a:*+276a;»+ etc. 

3. 3+llic+31a;«+95a;»+283a:*+ etc. 

4. 3+15.c+63a;«+243a;»+ etc. 
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5. 2+4c+6a;«— 54a;*— etc. 

6. l+2a;+3aj«+6a;'+7a;*+9a;»+ etc. 

7. Show that the (r+l)th term of the recurriDg series, 
2-5+29-89+ etc., is 

8. If Ugi be the coefficient of t^ in the development of 

1_2^— 2<» 
l+^-)-^2^^s » show that tta:+s+Wa!+a+«a!+i+Wa!=0 ; and hcnco 

find Ux, 

9. A recurring 'series is such that each term is the sum of 
the two preceding. Find the limiting ratio of the nth to the 
(n— l)th term, when n is infinite. 



333. Ex. 2. Find the nth convergent of the continued fraction, 

a a a , 

•—J , p etc. 

a+ a+ a+ 

Let — denote the nth convergent ; then the form for p^ must 

satisfy the equation /?„=<ijpn-i+ ^jPn- J > • • • (i)* 
Hence, as in Art. 331, if \ h be the roots of the equation, 
x'^^ax'\-a, Ah^+Bk^ is the most general form for|>„; and also 
for qn, since the function for ^„ must satisfy the equation 
gr^rzrag'n-i+afi'n-j) which is the same in form as (i). 
To determine A and B. The first two convergents are 

a aa 
a ' a^^+a 

Hence, considering numerators^ and putting n=:l, and 2, 
successively, we have 

All +Bk =a, 

' Alv'+Bh^^aa, 

two equations from which the values of A and B for pf^ can be 
obtained. 
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SimUarly, considering denominators, we haye 

Ah +Bk =a 
Ah^+Bk^=a*+a, 

Obs, If d=:— 2" , ^=A;, and the general form forp^, and foi 

g^f ^ {G'\'Dn)h^, and C and D can bo determined from the 
equations, 

(a+2Z))^«=aa /^^"^ numerators, 

and (a+/>)^=a K , 

((7+2Z>)A« =a« +a ; ^^"^ denommatOTB. 



EXAMPLES.— LXX. 

T. Find the value to n terms of the continued fraction, 

2 2 2, 

2. Find the nth convergent of, 

..4 4 4 . 
\}) g 5 c ®tc., 

(«) 4+ 4+ 4+ «**•' 

,.6 5 5 . 
(3) 5- 5 ~ 5-_: etc. 

3. The nth oonvergent to the continued fraction, 

4 4 4 



8+ 8+ 8+ • • •' 
is ttrice the nth convergent to the continued fraction, 

^T^4+ 4+ 4+ • • • 

4. Show that —ri=2— 2^ "2 " ' " ' *^®'® ^^^S « quotients 
of 2. 
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S* If — be the wth convergent to va*+l, prove that 
qn ^^^ (a+Va*+l)»-(a-N/a*+i)'** 



334. ^a:. 3. Find — , the nth convergent of 

% X 9. X 

etc. 



1+ 1+1+ 1 + 
First, let n be odd and =2w+l ; 

i?2in-i =i?2i»-a + 3pain-» • 

Eliminating /?a,», /?2»i-a> *-c., the numerators of even rank, 
we have i?2m+i = Spaw-i — Vlp^m-t' 

Put jp2m+i=-4a;*"*''"S where i4 is constant, as in Art. 331; 
then a:* = 8a;«— 12. 

The roots of this equation are ± >y/6, db y'2 ; .*. the general 
form for^am+i is 

u4(V6)«'»+»+5(-V6)''"'^' + C'(V2)''"+*+^(-V2)''*+' 

tm+l 2m+l 

Now;?i=3; .'. (^-5y6+ (a-J9)V2= 3 

and i>,=12; .'. 6(^-5)V6+2((7-2))V2=12 

.-. (^-J5)V6=-|-, (a-i>V2=|- 
.-. 1>2«+i=y(6'^+2'")=3.2'»-H3«+1); 

.-. p2m-i = 3.2«»"«(3«^*+l). 
Also i>j«»=i'a»H-i — %)2„i_, 

=3.2"»-«(3'»-l). 
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Again, the general form for q^ being the same as for p^, we 
have for denominators, since q\=\, 9t=8, 

(4— B)V6+ (C-i>) ^2=1, 
^(A-B) V6+2(C'-i>) V2=8 ; 

.-. (^-5)V6=|, (C-i>)V2=-^- 

Whence we find, in the same way as for pi»+t and pnt-i , 
S'.«+i=2'»->(3«'+'-l), 
8'.«,=2"-(3»+>+l). 
Therefore l'»»t'=3-2'7'(3;+l)^3 3^ 



n-l 



Hence^ if n be odd, —^^--^iipi 

^» 3~-l 

n 

aDd, if n be even, --=3.-;^ • 



335. ^0?. 4. Find the nth convergent of the continued fraction 

_L A JL_L 
3_ 3« 3_ 3- ^^' 

First, let n be odd and =2wf 1 ; 

i'2m = 32?2m-i — 4p2«-t) 

Eliminating ;?,fl» andfJa^-j) we have 

i'sTO+i = 4p2«»-i — 4pa^_, . 
Putj!?,»»+i=-4iB*»»+^, .4 being a constant; 
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This equation has two roots each equal to >^2, and two others 
each equal to — >y/2 ; 

.•.i'.»+x={^+-B{2m+l)}2 » -{(7+2)(2m+l)]2 » 

am+1 2m+l 

=(^-a+5-2>)2 »"+2m(5-2>)2 « . 
Now ;?j=l;, .-. (^-(7+5-2>)V2=l, 

jp,=8 ; .-. 2(^-a+5-i>) V2+4(5--Z>) V2=8 ; 

.-. jPsm+i=2~+3m2« 

Also Pa»=-3(pa»+i+i?a«-i)5=3w2»-». 

Also, the general form for q^ being the same as for pn, we 
have for denominators, since ^i=3, ^,=12, 

2(^-C7+5-Z>) V2+4(5-i>) V2=12; 

.-. g',m+i=3.2'»+3m2'»=3(m+l)2~ 
and^,^=(3m+2)2'»-^ 

Therefore gg^^i^2>;>+3m2>>>^ l+3;n 
fi'm+i 3(m+l)2"» 3(m+l)» 

j?>ni_ 3m. 2"*-^ _ 3m 
g'am (3m+2)2"-» 3m+2* 

Hence, if n be odd, —=07 — Tr\ > 
' ' qn 3(n+l) 



and, if n be even, — =0 — rr 
' ' qn 3n+4 
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EXAMPLES.— LXXL 



Find the nth convergents of the foUowiDg : — 

^- 2+ 3+ 2+ 3 + 
2 2 2 2, 

^•rr3+r-3+"^- 

2 3 2 3 

3- 1+ 2+ 1+ 2+ 

9 1 9 1 

4- 2+ -2+ 2+:::2+®^* 

14 14, 

etc. 



^* 1+ -1+ 1+ -1+ 
^ a* a'— 4 a* a*— 4 . 



336. In the following class of examples the principal difficulty 
is similar to that in Artt. 196, 199, 203. 

Ex, 5. Show that fz 6^ 8- ^^''' 2M^2=3^4 ' 



2' 2 2'»|n 

where 6'=-rv=+ • • • + 



5 ^ ' ' • '^|2n+l 



Pti 



Let — denote the nth convergent, then the relation between 

Pnj Pn-iiPn-9 is 

;?n=(2w+2);7„_,-(2n-l);)n_, . . . (i) 

.-. jpn— (2n+l)/?„_i=2)n-i — (2n-lK-2, • (2). 

That is, we have transformed (i) into an equivalent equation 
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(2), of which one side is the same function of n, that the other 
is of w— 1 ; 

Pn-i-(2n-l);?„_a=^, ( 

etc. =eto. r ' ' ^3;> 

where A is some constant, i,e, a symbol which docs not change 
in value, when n is changed by an integer. 

We shall now transform these into equivalent equations, in 
each of which the left-hand side will consist of the difference of 
two terms, which will be respectively the same functions of con- 
secutive integers. 

Divide the first by 1.3.5 . . . (2n— l)(2n+l), the second by 
1.3.5 . . . (2n— 1), etc., and the last by 1.3.5. 

We have 

Pn Vn-\ A •_ 

1.3.5. ..(2n+l) 1.3.5. ..(2n-l) ""1.3.5. ..(2n-l)(2n+l)' 

1.3.5.. .(2w-l) 1.3.5... {2n- 3) 1.3.5. ..(2n-l) ' 
etc. • — etc. = etc. 

P^ Pi 



r3T5 1.3 "" 1.3.5* 

1 2«|n 

•., adding and remembering that 1.3. 5 ,,,(2^+1) =[2;^ 



I 



we 



^ ^""{npn Pi .12^12, 2'^-M^-l 2~|n 1 

^^^^|2H^-"T=^ 1 T5^+'"+-[2;^3r+|2;r+i| 



=J5. 

Now ;?,=:1, ;7,=6; 

.*., from the last equation of (3), -4=6—6=1; 

• ' |2n+l -T+*' 
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For denominaton. Since the equation for ^^ corresponding 
to (i) is of identically the same form, we have 

. p5m " 3 +^^ 

and qi—bqi=A, 

Now5',=21, 3^1=4; 

.-. ^5=21-20=1. 

g'«2«[n 4 , ^ ^, ;?„ 1+85 
Therefore i o , i =-o-+& Thus ^=~oo' 



2n+l 8 ^^' *"^ ^^"•4+8iS 



337. Ex, 6. Find the nth convergent of the continued firaction 



8 15 , n«-l , 
: ^— . etc. — ;=— r etc. 



-1+-!+ -l+''^"--l+ 

nn.il, i- * • (»+l)*— 1 n*+2n 
The nth quotient is ^ — - — ^-= = — ^— • 

Here then |)„=—|)„^i+n(n+2)^„_, . . . (i), 

. (-l)n^n , ( n+l)(-l)n-ij,^, 

•• [n+2 "^' jn+2 

" 'n+l "^ |n+l "■^' 



where ^ is a symbol which does not change with n ; 

•••,-^-f^=(-l)"^(«+2), 



*"^f¥^-|l^=(-^)""^("+l>' 



etc. — etc. = etc. 

j4 |3- ■^'°' 

13 nr "*•*' 
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.-., adding 

li^=2+^^^"^+ • • • +(-l)«-(n+l) + (-l)-(n+2)} 

n— 1 ., 



=^— ^— ^— , if n be odd, 



(2). 



Hence, putting n= 2, we have ^ = -j-/^—^j . . . (3). 

» . Pi 3 »• 3 — 3 

Again, ^=--^;|-=-j^=^. 

-1 

Hence, for nurmrators^ -^ =t( ~a o 1~ — o ^ 

• if n be odd ^^ 3 n-l__n+5 
. ., It n be Odd, |_^„_ + -^«-^, 

and, if nbe even, , -^"^ =— ^= — j-. 

' 71+1 2 4 4 



jPor cfewominafors. Since the equation for q^ corresponding 
to (i) is of identically the same form we have, as in (2), 

1^=1-^^, if» be odd, 

and =^ + ^ — ^, if n be even ; 
and, as in (3), J = j|^-^ j. 

But g'i=-l, g'a=9; .'. ^=l(6"+-2)= 2' 

.... If nbe odd, {^=-2—2-2 T- ' 

J .- , Cn —1 , 1 w + 6 n+4 

and, If « be even, -J' =— +_ ^=-^- 



Hence, — = —r or — r according as n is odd or even. 



28o 
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1 2 
338. Ex. 7. Prove that ^ — 



2+ 3+ 4+ 



3 , 8-6 
"^ =e-i:2 



Pn 



K — be the nth convergent, we have 

JPn=(n + l)/>«-.i+npn-«, . 



(I); 



.-. (n+2K=(n+l)(n+2);7,^i+(n+2)«i?H-. 

= (n+l)(n+3K-i-(n+lK-i+(n+2)np, 

.-. (n+2)pn-(w+l)(n+3);?^i = -(n+l)p«_i+(n+2)iipn-i; 
.'. (-l)n(n+2K+(-l)'*-Hw+l)(n+3)p„^, 

.•.(-l)«(n+2K+(-l)'^^(n+l)(n+3)p^i=J,acon8t(2); 
.-. (n+2K-(n+l)(n+3K_,=^(-l)n; 



n+2 n+1 _^(--l)" 

"H^^^""h+2^'^^~ |n+3 ' 



\ 



n+1 
|M-'2^""' 



n 






n+2 



(3); 



~~ etc. = etc. 
4 3 A 



etc. 

n+2 3 J . i 1 1 , 

Now jPi=1> Ps=3; 

.*., from the last of equations (3), 



(-1)" 

|«+3 



} 



4.3 3 A 



|5 



4 15 ' "^ **' 



=_l+3{l-;+i-i+4-4^' 



etc. 



1 [2 li ii E li' 

(-1)" 1 

«+3 ]■ 
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For denominators, we have the same general equation for q„ 
as for ^n- 

Now 9'i=2, 5'a=8; 

.'., from the last of equations (3}, 

48 3^_J_ 
) |4~|6 ' •■• ^-^' 



_i_2/ 1-1+1-1+ 1 _ 1 + _ti)n 

-1-2 1 1-1+^ ^ -^ g K [5 + • • • i n+3 / • 

. p^_ -l+3{l-l+,^- • • • -jiff} _i+3^ . 
*■?•" l_2i 1-1+1- _ill)!l" l-2e-' 

3— e 
=-^^ , when n is indefinitely increased. 



EXAMPLES.— LXXII. 

T, ., , 2 1 1 1 1 25" 

1. Prove that - -^_ -2-=!^^ , 

^here ^'=3^-^+ . . . +(-1)»-h.^^. 

Hence find the value of the continued fraction when n is 
infinite. 

2. K — be the nth convergent to the fraction, ^1 oX qjT ®*^-> 
prove that 2?n + 2'n = | w+1. 
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12 8 1 

3- Show that jq: 2+ 3+ ®**' ^ •*-^- = ^—\ * •^ 

T3 ,, ^ a 2 16 54 , 2n» 

4- Prove that - — jr-p ^--- =75—- etc. 



1+ 2+ 6+ lO+'^'-ii'+l 

f 1, 2* , (~2)« I 

"^1 2"^3T3;^ • • • +(»+l)|»+l/ 



1^. 



5. If — be the nth conTergent to the continaed fraction. 



2*4-1 
2«+ -^^ 



3« I 3'+l 
"^ ^4«+etc 

show tHatii»-{n«+l)i7^,=(-l)»+i. 

6. Prove that q^ 73 r— etc., aa tn/. = 2. 

7. Sum the series 

1.3'^1.3.5'^1.3.5.7'^ • • • ■''1.8.5 . . . (2»i+l)* 

8. Prove that 

.i_ J_ JL+L .'•+2_etc =1 1. 1 etc 

l+r+r+l+ r+2+*"'- r+l+(r+lj(r+2) ***'• 

9. Prove that 

~— - , 1 f 2r nr 

'^^■'^"^i^ 2r+l- 3r+l- * * ' (w+l)r+l- * * * 

10. Let there be a series of pairs of quantities, ai, 5i ; as> ^t ; 
flti &•; • • • ^n» ^n*} S'l^y P^^i* being formed from the preceding 
pair in the following manner ; — 

prove that when n is infinite t^= — s — • 
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11. There are two vases of equal capacity. One, -4, is full of 
water, and the other, J5, is half-full of wine. B is filled up by 
pouring into it part of the contents of A^ and then A is re- 
plenished by pouring back into it part of the contents of B» 
After this double operation has been performed n times, prove 
that the proportion of the quantity of water in the vase A to the 

2 1 / 1 \*» 
onginal quantity is ^-f-gl-j I • 

12. Two numbers, a and ft, being given, two others, Oi, 5i, are 

2a+ft , a-^26 
formed from them by the formula fli=~"Q — > ^1= — o — 1 

and two more, a,, 6,9 &i^e formed from these in the same way, 
and so on continually. Find the limits to which o^ &iid h^ 
continually tend as n increases without limit, and prove that 
they are equal. 



MISOELLANEOUS EZAMPLE& 



1. If (6/^2+7)'* be expanded by the Binomial Theorem 
in powers of hj% prove that the square of the sum of the 
irrational terms differs from the square of some integer bj 
unity. 

2. A series ai, 5i, a,, 5,, . . . is formed according to the 
following law : — a^ is an arithmetic mean between a^ and 
5„.i, and hn is an harmonic mean between hx and a^.!. Show 
that OLj)n'=^a-fii . 

3. Prove that 3«»»+« — 8»— 9 is divisible by 64 for all positive 
integral values of n. 

4. Solve the equations, 

(i) «*=4(aj— 1)(1— aj-aj«); 
(2) 2aj*— 4a;+l = 0; 



X 



(3) (^-2^)'=y— 3 

3j^(4aj-16)=a;(3a;+l). 
5. Find the condition that the equations, 

ax+bi/+cz =0, 
may lead to only one set of values for the ratios x:y:z; and 

Ix my nz 

show that, if this condition hold, "— =-t~="" ' 
' ' " o c 



a 



6. Prove that 



X x^ X* 
x^ X* . . 



X 

X 



n 



ajn-i 



= —aJ"(iC»— !)•*-». 



7. Sum to n terms the following series, 

<'> L5:9+6:e3+9T3-17+ '^• 
(2) 8+31+236+1575+ eto., 
(3) being recurring. 

284 
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8. Show that a recurring series, whose scale of relation is 
1— jpa?— ^x*, will be convergent or divergent, according as 2; is 
less or greater than the numerically least root of the equation 
1— pjc— ^a5*=0. 

9. If iSy is equal to the sum of the products, r together, of 
1, a?, a?', . . . a?**^*, prove that 



(Dy — • iDitL—^* 3C 



10. If tti, a„ flgj • • • On l>c in H.P., prove that 
aiaa+a,a8+ . . . +flrn-i<3rn=(w-^l)«i«ni 

(n-2V 
and aia8+aaa4+ . . . +a„_2«n= — 2 — (^i^»-i+^a^«> 

11. Prove that (a?— cov)^=X— coF ) , 

/ Tn ^ ,,^ > where «» = !, 

JC and Y being rational functions of x and y. 

Thence prove that 
(a;*+iry+y*)'* can be put into the form X*+XY+Y^, n being 
integral. 

Ifn=2, Z=a;«— y«, Y=:2at^+y^; 

71=3, -X:=a;'— 3iry«— ^», r=3a^(a;+y). 

12. The equations, x*+y^+z*—Zx^z=ia* 

yz+zx+an/ =&• 

cannot be simultaneously true, unless c'— a'=3c5*; and if 
this holds, they are true for an infinite number of values of 
Xy y, z, 

13. Prove that the first 1+wi' terms of the expansion for 

(1— a;) "*, according to ascending powers of a?, can be made 
greater than any assignable quantity by taking m large enough, 
if a;— 1 be positive and not a function of m. 
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14. Prove that the equation, 

(a-^l)(x-2) ( x-l)(x~2)(a?-3)(a;-4) 
^2.3 "^ 2.3.46 

( g~l)(a;-2) . . . (a?--^»»+2) _A 
2.3 .. . 4m-l ■""' 

is Batisfied by a;s=— 1, and by a;=4ii, where n may h&Te any 
integral value from 1 up to m inclusive. 

IS. if7ii)l'=a,yt2)I*=«+/a), .. . . JRI*=«+/('»-i), 

where f{n) is positive, whatever integer n be, prove that 

l + Vf+4^-2An+l) / 2_ Y 

l + Vr+4a-2Xl) Vl + Vl+W ' 
and is positive. 

16. Kthe square of th6 sum of n real quantities be equal to 

2n 
—^^ times the sum of their products, taken two and two 

together, the n quantities are all equal to one another. 

17. Solve the equations, 

(a) aj«-3a;+2=0, (j8) Va;*+4a;+3+V«*+2aj-3=a;+3. 

18. Prove that the coefficient of a;*** in the expansion of 

1 . (n+l)(4n«+lln+6) 

IB 



{l-a;)(l+a;)* 6 

19. Given yz-\-zx-\-xy=\^ show that 

a? , y , £___ 4a:yg 

20. Given y*— a?*=ay— /?a:, 4a7y=aa7+j8y, and a?*+y*i=l, 
eliminate a? and y, and show that (a+j8)*+(a— j8) =2. 

21. Show that 
(l+aj+a;«)(l+a;»+a;«) . . . (l+a?»"-*+a;«-»"^') 

=l+a;+a'+ . .. +«*"-». 



32. Prove that 



9 13 17 4 

18 28 33 8 

30 40 64 13 

24 37 46 11 



= -16. 
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23. If (^— ca5)* = (6*— ac)(y*— C2), prove that {fix—ayY 

24. Show that the sum of all the products of the first n 
natural numbers, three together, is 

(n-2)(n-lK(n+l)« 
48 

25. Investigate whether the following series be convergent or 
divergent : — 

1 2^ 8» 
(i) 1+2^+3^+4^+ • • • «^*V- 

26. Solve the equations, 

(i.) «*+J=W2Vaj*-i; 

^"•^ \(a;*-a«)(3^«-&«)=n(&a;-ay)*. 

27. If in the scale 12 a square number ends with a single 
cypher, the preceding digit is 8, and the cube of the square root 
ends with 60. 

28. Find the sums of every fourth terms of the series, 

l+a;+r^+|-o-+ etc. ad inf,^ commencing respectively at the 

first, second, third, and fourth terms. 

29. Show that the series, 

2*' 8'** n** 

(1:2?'"' +(0:37''*+ • • • + {i^y^+ «*«•• 

is convergent, or divergent, according as a? is<, or>, e~', p being 
positive. 

30. Prove that, if the denominator of a continued fraction be a 



288 MISCELLANEO US EX A MPZES. 

prime number, the error made by taking the ueoond last con- 
vergent cannot be an exact multiple of the error made by 
the last convergent. 

31. Solve the equations, 

(a) — =4 

^ , 11 

yz->txx-\-xy—-^z 

2xz+Syz=2xy. 

32. Prove the following equalities : — 

(i) a^(b+cy+h\c+ay+c\a+hy+2ahc(a+h+c) 

=2{hc+ca+ab)*. 
(2) a«5*c*— a«(«— a)*— 5«(5— 6)*— c«(«— c)* 

+ 2(»- a)*(»- 5)*(«— c)« 

where a=_lL_JZ_ . 
2 

l--2af+af^+» 

33. If a: be a positive integer, prove that — r^ >rj 

is a positive integer. 

34. Solve the equations, (i) x*+px+2c^x^+px+q*:=2cq, 

ax* + bxy+cy* = 6a + 26, 

^+hxy+ay^^5c+2b. 

35. Prove that the relation <^(aj+2)=<^aj+l)+<^a;) is 
satisfied, if <l>(x) is a function of the form 

Using this result, prove that, if a and b are the first and second 
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terms of a series, such that any term is the product of the two 
preceding terms, the nth term is a''&*, where 

and 8 is a similar quantity with n— 1 as exponent instead of 
n-2. 

36. Solve the equation, 

and the equations, 

37. Show that, if n—l, n+1 be both prime numbers greater 
than 6, n*(n*+16) will be divisible by 720, and that n will be 
one of the forms 30^, 30^ ±12. 

38. Find the values of », y and z which simultaneously 
satisfy the following equations : — 

a?+y+^=«) 2^^+2:cy=a;«=2«+22:a;+2^2r. 

39. If ina;i^+w^i*=a% 7wa;,'+nyj*=a* and majia;,+nyiya=0, 

a* , a* 

then a;i«+a;,*=~, and yi2+ya«=— • 

40. If VaJ^'+aic— 1+ Vic^+feB— 1= /,/a+ /^6, 

then a;=l, or /^y ^jA^ — . • 

41. Solve the equations 

yz-\-zx-\-xyz^% 

yz[y +z) +zx{z+x) +xy{x+y) = 3, 
yz[y^+z^)+zx{z^^-x^)+xy{x''-\-y^)^Z. 

42. Eliminate x and y from the equations 

aa;+iy=a;+y+ajy=a;*+2/'— 1=0, 

and show that -+^=^-^3^. 
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43. Prove that 

Solve the equation -jt-+— 77=^•*=T77• 

44. Solve the equations, a;+y+2r=3a 

45. Solve the equations, 

a* 

X ' 

and a:*+y*— «•— V— ly*=0, 

a;«+y« — a;— AZ—Ty =0. 

46. Solve the equations,a;'+y*+2'=3a^a,a5— a=y— 6=« — a 

47. Solve the equations 

481 

48. Find the sum of the series, continued to n terms, 

1.3«+2.4*+3.5«+ etc. 

49. K ,|Pr denote the number of permutations of n things, 
taken r together, show that the limit of the expression 

log{nPi+nP.+ . . . +nPn} -log |«_, 

when n is indefinitely increased, is unity. 

50. Eliminate Z, m, n from the equations 

51. If ,|Pr denote the number of permutations of n things, 
taken r together, and ^{J^) denote n^i+n^t+ • • • +n-P»i 
show that 

S(.+,P)=(n+l){2{^)+l}. 
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52. There are two numbers, a and h. It is required to find n 
intermediate numbers, «i, a,, . . , «„> so that aj— a, as— aj, 
a,— fla, . . . 6— fln ™ay form an A. P. with the common differ- 
ence d. 

Determine Oi, Oj, . . . ; and find the limits between which d 
must lie. 

53. What is the limiting value of «+ — r --7- • • • j when 

X approaches zdro. 

54. Solve the equations, 

«'+ a^ +2y*=74 
2x^+2x1/+ y' 

55. The coefficient of af in the expansion of 

(l+x){l+cx){l+c*x) . . ., 

the number of factors being unlimited, and c less than unity, is 
equal to 

g4r(r-i) 

(l-c»)(l-c«)(l-c«) . . . (l-C)* 

56. If ^o)A,-^2> ... be the successive coefficients of a 
binomial raised to an integral power n, show that 
(i4o-^+J4- etc.)*+Mi-^s+^6- etc.)* 

a j_ « 

57. 1£ a,b,c be positive integers, and a\ h% c* be in G. P., 

show that o**, 6*^, c*" are also in G. P. 

58. A gentleman and his family drink year by year a quantity 
of sherry, which varies, directly as his income, directly as the 
square of the mean annual temperature, and inversely as the 
price of the wine. One year when his income was £600 and 
the mean temperature 49°, they drank 6 octaves at £8 the 
octave. Another year, when the mean temperature was 60°, 
they drank 9 octaves at £10 the octave. What was the gentle- 
man's income in the latter year ? 

59. If pGn denote the number of combinations of p things, n 

u 
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together, where 2? ig a prime number, prove thatp_iC,j-J-(— 1)«^ 
is divisible byj?. 

60. Show that the number of ways, in which ran things cai 
be divided among m persons, so that each shaU have n of them 

. |iHn 

61. K the odd convergents to a continued fraction b< 
ip , — , . . , -^^ - , the corresponding quotients beicc 
rii^s}^f • • • f7?,n+i» prove that the continued fraction is equa 
toi?i+— — h— -+ . . . +- heto. 

Give the last term of this series. 

62. Solve the equations, 

(i.) l+4x-8a;»+2a;*=0; 

(ii.) V(x«+a*)(y« + &«)+ V(a;«+^'')(y*+a*)=(a+ft)S 

63. There are 2? +9' numbers, a, /?, y, . , . , of which ^ are ever 
and g odd. Show that the sum of the products, taken 3 and \ 
together, of the quantities ( — 1)* (— 1)^, (— 1)y, . . . etc. is 

64. If a;n=a^(»+l)(i»+2) . . . (x+n—1), show that 

n in 



J •'^ ' |r n~^r \t-\-\ |n— r— 1 



I. "("-!) __t— + etc 
^ 1.2 |r+2|n-r-2^ **"•' 



then 
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66. If Vr—- — Vjr" -^-^ , prove that 

V. ^' 1^' etc ^-^y^^ -x I ^1 ^ I 4.^ 

67. If \/a;+a+6+ V« + c + rf= v'a + a — c+ V«— ft+^ 
then 5+c=0. 

If a;*+y«+2«=fl*y^:+4, prove that 

68. Solve the equations, 

(i) a*— 8a-*=2; 
(2) 10^=2; 



(3) [ "^^^^ 



69. Find the value of — g*— 2g»-l-2 ^— 1 ^ «=1, and 
also of — ^j when aj=l. 

70. Solve the equations, 4x10 =25x2; 

and 2»=3y ) 

2y+^=3*-* j ' 

71. Solve the equation 

5 5 

72. Having given tt„=nw„-i + (— 1)" and Wi=0, prove that 
I , , n(n— 1) . n(n— 1) 
|w=w„+nWn-i+--Y2 ""-'"^ . . . + 1,2 ^ a + ^; a^<^ 

w»i . . 1 

that I — is ultimately equal to — , when n increases indefinitely. 



73. K a, j8 be the roots of the equation aa:*+&aj+c=0, 

a* i8* 
prove that the quadratic equation, whose roots are -g , — j is 
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74. Show that for all integer values of n, the series 
l-(n-l)+('illg)§^)- ("-^H"-^)(»-^> +.^=±lo.O, 



stopping at the first term which vanishes. 

75. Prove that the condition, that ax*+2fery-|-cy* should 
contain Lx-\-My as a factor, can be expressed thus, 

a h L 

be M =0. 

L 3f 

76. Find w, v, «, t/ from the four equations 

X I or —• 4 

77. Given that x+ ^z+2=---^ — , fina x. 

78. If a+&+c=0, prove that (o«+6«+c«)«=2(a* + &*+c*). 

79. A person has £15,000 invested at 4 per cent. He spends 
£500 a year and invests the remainder at the same rate. Deter- 
mine in how many years his investment will be trebled. 

log2 = -30103, logl-3= -11394. 

80. Sum the series, 

1.4.7+2.5.8aj+3.6.9aj'+ . . . ton terms; 
x+2x^ + 7x^+20z* + 61x^+ . . . ad inf. 

81. Prove that 



h4-c 



a 



a 



h c-\-a b 
~b 



' c+a 
c a+b 



c+a' 

c 
a+b' a+b' c 

3-2aj 



_ 2{a+b+cY 
''(b+cl{c+a){a+b) 



82. Expand /^^^x+x*)* ^° ascending powers of x, and find 
the coefficient of x^. 
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%2i' If n be a positive integer not less than 2, show that 

an(6— c) + &~(c— a)+c«(a— 6) 
is divisible by (a— &)(6— c)(c— a). 

Determine the quotients for the values 3, 4, and 5 of n. 
State the general form of the quotient. 

84. In the series, ^1 + ^2+ . . . +a„+ etc., the (n+l)th term 

is derived from the preceding by the formula, 0|,.n= ^^ ' K 

2n — a» 

Prove that a„= n ^7 71 iu • ^^ ^^ ®»+» = ,^^ ^ , 

then an=^-^ — ~^, where c=-5 — -» 

85. If n persons agree each to name a number not greater 
than n, what is the chance (i) that no two persons name the 
same number, and (2) that they all name the same number? 

86. Find all the numbers of 3 digits each, which satisfy the 
condition that the sum of the digits shall be 15, and the number 
formed by reversing the order of the digits shall exceed the 
number by 198. 

87. If a, /?, y, 8 are the roots of the equation, 

X* —px* + qx* — ra;+ s= 0, 

express, in terms of the coefficients, the determinant 

a 1 1 1 

1 )8 1 1 

1 1 7 1 

1115 
I 

88. If x*+px'*+qx+rj x* +p'x* -\- ^x+r' have a common 
factor of the form a;— a, show that 

{q—q'){r—r')''(p—p'){rp'—r'p) ' 
jPjJP', q^ q\ r, r' being subject to an equation of condition. 

89. The diameter of a crown and half-crown are '81, and 
•666 inches respectively. Find the least number of coins which 



a= 
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can be placed in a row 9 feet long. Find also die smallest sax 
which such a row may be made to represent. 

90. If n be a prime number and JV prime to n, prove iha 
^„r+i«nr_i \^ ^ multiple of n^+>. 

91. If a, 5, and n are positive integers, and h less than 2a — 1 
show that the integral part of (a+ Va'— &)** is an odd number. 

92. Is the >*«^es-g(l— --^j+-j|l— -^j+etc^^ ad infini 

turn, divergent or convergent ? 

93. Show that the radix of the scale, in which 49 represent 
a square number, must be of the form m(m— 3). 

94. Ten persons each write down one of the digits 0, 1, 2, ... I 
at random. Find the probability of all ten digits being written 

95. If the number of years (e), which a person, whose age i 
a, may expect to live, be approximately represented by the eqoa 
tion €=§(80^ a), what would it cost a man, whose age is 32 
to purchase an annuity of £100 for life, interest being reckone< 
at 4 per cent. ? 

96. If Orii hn be the coefficients of af* in the expansions o 

2—x 1 

l--4a;+a;' ^°^ l-4a;+a;* ^^^V^^^'f^^J J *^en wiU On*— 3V=1 

97.-4 and B have equal sums of money (S), A gives S on< 
nth of what he has, then B gives A one nth of what he has, thei 
A gives B one nth of what he has, and so on. Show that aftei 
A has given B x times and received x times he will have 






98. A KhdiB throw for a certain stake, each with one die, 
at one throw, A^^ die is marked 2, 3, 4, 5, 6, 7, and ^s die 
1, 2, ... 6, equal throws dividing the stake. Show that A'^ 
expectation is 7^ of the stake. 
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99. If a; be a prime and r any number, then af +4 cannot 
be a square number, x and r both being > 2. 

100. Develope (5^5^, 5^.. 5^3,^.). , 

in ascending powers of x as far as a^. 

10 1. A number taken at random, in the scale of 10, is squared. 
Show that it is an even chance that the digits in the unites place 
of the result is an even number, and that it is 4 to 1 that the 
digit in the ten's place is an even number. 

102. If n be a prime number greater than 2, prove that any 
number in the scale, whose radix is 272, ends in the same digit as 
its nth power. 

103. Solve the equations, 

104. If P=ao+aia+a,a*+ ., . . +«„«'*> 

show that, when ao=an, ai=«n-u e*<5., P:G=a':j8*, where 
a, /3 are the roots of the quadratic x*-{-px+l=0. 

105. If ax^+Sbx*+d and hx^+Bdx+e have a common 
measure, prove that 

(ae— 4&(^)» = 27 (ad" 4-5«c)«. 

106. Show that, if x^+py^+qz'^ is exactly divisible by 

x*'-{ay+hz)x+ahyz, then ^+^+1=^- 

107. K n be a prime number and p any integer, then 
(n^^*— !)»*-> +1 and (njp+l)»-*+(7729— 1)»*-* have the same 
remainder when divided by n*. 

If n be a prime and m not divisible by n, prove that 

. |2n-l 
m«"-i-l- '^_^. (m-1) is a multiple of n. 



108. There are n dice in the shape of regular tetrahedrons, 
which have each one side marked with 2, two sides with 1, and 
the remaining side blank. If they are thrown on a table, show 
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that the chance of the sum of the numbers on the onooyfflred 

., r * Q ,1 • 1 1.3.5 . . . (2n— 1) 

Bides amounting to o/i exactly is -^ \ — ^ '— 

109. Find the scale in which the number 16640 in the 
common scale appears as 40400. 

1 10. From a box containing three £50 notes, three j£20 notes, 
and three £10 notes, three notes are taken at random and put 
into a bag. A note is drawn out twice f^om the bag and replaced. 
Each time it is found to be a £50 note. Find the probable value 
of the contents of the bag, supposing (i) that the numbers on 
the notes drawn were not observed, (2) that thej were observed 
and found to be the same, (3) that they were observed and 
found to be different. 

111. Show that the greatest coefficient in the expansion of 

(«i+«a+ . . . +«m)'' is -j-^^jji~=_ , wher 

and r the remainder, when n is divided by m. 

112. Show that 

1 . n+ 1 (n+l)(2ri+l) 

=— — -, ifjP>l and^+n>0. 
j?-l 

113. Examine in what cases the.following series is convergent 
or divergent, 

114. Sum the series 

and thence show that, if dn be the coefficient of ic~ in the 



expansion of log(l +«)log[ l-\ — |, 



(-l)~na„=l+-2+-3+ • . . +-- 
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115. In the equation, a*— 2(M;'+&a;'+ca;+/=0, the sum of 
two roots is a. Find all the roots, and determine the relation 
which must exist between the coefficients of the given equation. 

116. Find an expression for the series 

l+^+0^),^,.+ ("-2)(;-|)(»-^) ,.+ etc. 

The sum of all terms of the series, 1.2+2.3+3.4 . . . +(n— l)n, 
which on division by 7 have an odd remainder, and of which 

(n+3)(n*+6n-4) 



(n—\)n is the greatest, is 



21 



1 

sa 
2(»— a)(«— &) 



117. If 2«=a+&+c, prove that 

1 1 

1 2(«-&)(«-c) 8C 

1 . 8c 2(s— c)(s— a) 
1 sh sa 

=— 16s(5— a)(«— 5)(«— c). 

118. A box contains three Bank of England notes, any of 
which may be a five-pound, ten-pound, or a twenty-pound note ; 
one is drawn, found to be a five -pound note, and then replaced. 
What is another draw worth ? 

119. Show that the sum of the series, 2+6+14+80+ etc., 
is2»+«-(2n+4). 

120. Prove that the determinant 

a b c 
cab 
b c a 

m 

is divisible by a+wJ+w'c, when w is a cube root of unity. 

121. If iS^n be the sum of the nth powers of a number of terms 
of an A. P., of which a is the first and I the last term, and S 
their common difference, and if 

(5+ 8)„= Sn+nSn-iS+'^^^Sn-tS'+ "^'*~'^^^'*-% ^,S' + etc., 



the coefficients following the law of the binomial theorem, then 

(S+8)n-5„=(i+8)»-a» 
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122. Prove that (l+a;)"(l+ic")>2*+*a^, n being positiiTe. 

123. Prove that, r*«+2nr«»-»>l+2iir««+», 

and r " (r ' +w)>nr * +1, when r>l. 

124. If ai, a,, . . . On be any odd numbers, and if iS^ be the 
Bum of their products, taken r together, prove that 

and ^,-5,+^,+ . . . +(-l)»S;^, 
are both even numbers. 

If a; be any odd number, prove that 

- , x(x^\) a:(a;— l)(a;— 3) , . ^ 

^-'^^-W- 1.8.6 + "**• "<^ 



ANSWERS. 



APPENDIX TO PART I. 

L p. X. 
i/a;= — (a+5+c), 2. x=l, 3. a?=3, 

1 ,17 a» 



(6-a)(5-c)' ^""20' '• '"-(a-.c)(a-5) 
1 o21 o n— m 

(c— o)(c— a) 40 mn 



IL p. xiii. 
I. 74. 2. Remainders 6. 3. Remainders 8. 

m. p. xvii. 
I. a:>2,or <-i- 2. -^+V^1 . 3. It is >-7+4 V3, 

• . ,^ -, ^ 8± a/247 28 

or < —7—4 v3 ; Between g • 4- "q"* S- All be- 

2±VlT 
tween ^ 6. All between 9d=4V&. All between 

6±3V6 7 ,3 
4 * 7- ~"2 ^°^ "2 • 

801 
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IV. p. zviiL 
^ n(n+l)(«+2)(«+3) . ^ |(»+1)(2«+1). 

3. .12!^ . 4. 2«.(«+l).. 5. <-+^f"+^ . 

. n(«+l)(n+2)(3n+l) 
12 



PART II. 

I. p. 10. 

1. a'-J*+2ajV^; a'-3ai'+J(J*-3a*) V^^ 
a+J V— 1 ^—y^—tcy v'^1 . — =- 

'• ~a-«+F~ ^ sq:? ' y-^ ^"1- 

3- ^^t~- 4. 3 V2. 5.-i±^";l. 6. 1-4 V^IJ. 

8. ^-1; 1-.2V^=^. lo. V6+2 Vl8. 

n. p. 20. 

10. ic*+^. 10. a; most not be <'y 

19. a;H — >4, if a; is positive, and >3 or <1, 

<4, . . . negative, or between 1 and 8. 
-3zh2V2. 
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T 


2n 


III. p. 24. 

[2^ 

5- 
7. 2«-l. 


(2n-l)2« 




(2/i-l)(2w+l) 


3- n+2 • 


4- 
6. 


1 


K^+l)(n+2) 


(nx+V)(nx+2x+\y 
8. (3n— 2)a?»-^ 
1 


9' 


*^- 8(n+2)(«+3)- 



II. ^ 1; '^•gn + y 



12 






13- 



|?i+p-2 



n— 1 |p— 1 



/ ^x ^ ,r-n+2 

14. (-l)n+i.--_L==^:._3r-n+t. 



n— llr— 2n+3" 



'5- (2n+l)l2n-l* 



16. 



2n-i 



W + 1 



IV. p. 34. 

2. Div. 3. Div. 4. Div. 5. Div. 6. Div. 7. Dir. 
8. Div. 

V. p. 40. 

3. Ka;= or <1, Div.; if col, Conv. 

4. If «= or >1, Div.; if a;<l, Conv. 

5. If a:<l, Conv.; if iB=, or >1, Div. 

6. If «=, or >1, Div.; if a;<l, Conv. 

7. If a;=, or >1, Div.; if aj<l, Conv. 

8. If n is positive, but not integral, and a;=, or <1, Conv.; 
otherwise Div. 
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VL p. 42. 
7. When «=, or <1. 

Vn. p. 42. 

1. (1.) Diy.; (2.) Div. 

2. If a<l, CoDT. ; if a=, or >1, Dm 

VIII. p. 40. 

6- 2 («+«-• -2). 9- 2(l-j|-+||-4-+eto.). 

10. hje-^l, 

IX. p. 60. 

X. p. 55. 

I. gc^q*a—pg(b^pa)—e=0, 2. 42=— 4(m+l)+i>'. 

qd^pe-q^ih—pd) =0. 

4. (2a;+y-3)(x-ll^+l). 5. (2a;«+a:+2)«-.(V5a;)«. 

6. (1.) 4c5(Z = 8arf«+c»; (2.) i»+8a«(/=4a5c; 1, J, —1. 

XL p. 59. 
I. a+(5— a)ar—5a;«+ era;' +(5— a)a;*—&c»+ etc. 

3. aJ=y+^+^+ etc. 

3a;« , 6aj» ^ . , -. , 2n— 1 ^ , . 

6- 8+3^+3-'+ '''*• 
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XII. p. 63. 

1. If 2a; <1, and 2'=i 1 o "> when p is an integer it is the 

(^^-l)th and the j?th, when p is not an integer, let q denote 
its integral part, then it is the (5'+l)th. 

2. If a; = or < 3, it is the 1st ; if a;>3, there is no greatest 
terra. 

3. If «<-g, as in 1, ^^ere2> =27x33^* 

4. If a;=or<J, it is the Ist; if x>\^ there is no greatest 
term. 

< or > ^. 

5. K ar<-s- and jp= ^_q , then as in 1. 

6. K a?=, or <, -g-, the 1st. 



XIU. p. C5. 



5. 



|m+n 



|m+w— r \r 
6. If r is odd, 2(w)r-i. (n)^.! ; if r b even, f (n), | •. 

|2n 



7. 



XIV. p 68. 



(n+l)(n+2) 
8. 2 
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XV. p. 70. 

, 2{ 2»-hgi^'2»-«3+''^'-^)<'j-2)(*-^>2»-«3'+ete. I -1 

2. 2 1 3- +!^i^)3— .7+cte. I -1. 

^7-».3'.5 



*-2{7-+'^.2 



5. 2|3-+!!<?^l>3-'.2. 

^n(n-l)(n-2)(n-3)3^g,^^^^ I _l 

6. 2|6«+''-^^=^^5»-».3«.2+etc. l-L 

XVT. p. 71. 

1. a). 2 1 3*+^?^^VT*+etc. I -1 ; 

(2), 2|n3'^'+ete. l 

2. (1), 2 1 6^+'^(^)6"-i-*2' 4 etc. I - 1 ; 

(2), 2 { „.6V2+^^§^)6-2.+ etc. } . 

3. (1), 2 1 l0?+t?^^10"-^V+ etc. }- -1 ; 



(2), 2{n.lo"« 3+etc.}. 
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n-l 

I, 2{w.l2 2 3+etc.}. 



8. 



4. (1), 2 { 12?+?^2^12"-^'3«+ etc. | -1 ; 

(2), 
.), 2""^! 3«+5^^^)3"-^2»+etc. I -1 ; 

5), 2{n.l8^.4+etc.}. 

.), 2.3^^1 5H^^^^^5^*2*+etc. I -1 ; 

5), 2.3"{n.5^2+etc.}. 

.), 2|32^+^^^^;^32""^V + ete^ 

n-l 

I), 2{w.32 « 5+etc.}. 
2 { 3^+"(^^)3"-i-'. 2+-( -l)(-^)(--^ )3V2» +eto. } -1. 

n(w-2)(w-4)(«-6) jy35»^etc. I -1. 
"*■ 2M4 ** i 



5. a: 
(2; 

6. (i; 

(2; 
7. (i; 

(2) 



9. 2 3 



lo. 2{ 2«3^+^^^^^2'"'.3'^'.ll + etc. | -1. 



XVII. p. 72. 
6. l+10a;+55a;»+200a;«+ 525a;*+1002a;»+1335a;«. 

9. (l-a;)~«-l. 
12. Ifr<w+l,n— m+1; if r>m+l and <n+2, n— r+1; 

if r>w+2, 0. 
|r+5 



3o8 



1 



ANSWEXS. 



XVm. p. 78. 
I. 8. 2. -244. 3. _1 

^' '—I (|l,)-'+(|«-l)«|2+(|n-2)'|4+-+f2^}' 
"'— t F2^^+|"2| 2^=3 +|3 |2n-5 i2'"''^*°-+i;«71^^f ' 



^{\^ 



n+l^|n-2 2 



n 



■f etc. 



+ 



2n-4 3 ^ 2w 



f 



6. -104. 



• 7. 99. 



8. 



2601 



-2I2I 



10 

14. 35. 

16. 1 — o-ic+ 



266 • 
II. 12a;». 12. 3. 



3 . 3« « 

9- 2^+q;+3- 



2^ 

13. 28. 

15. l-8x+16x«+16a;» — 66a:*+etc. 
5a/ 



|l°-+^)-K?^») 



laj»+ etc. 



XXL p. 86. 

2. (27r+2j9»-9/?^)«=4(p«-3^)«. 

3. (1), ^; (2), -p«+3i>^-3r; (3), MZ^''. 4. 2, 2, 1. 

5. (1), 3; (2), -3. 6. {!), x''-'qx'+prx^r^=:0; 

(2), aj«— (jp2-2^)aj''+(g^-2j9r>-r'^=0; 

(3), a;«+(3(Z-JoO«- {18pg'r— 4rp»+;?V— ^j' — 27r«}*=0. 

7. a«cV-(6»-2ac) (a«+c2)a;+(62-2ac)«=0. 

II. a;«-47wna;-(m«-n*)«a=0. 15. K3=t \/r^)*^=180. 
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XXII. p. 89. 
I. <7=9, 3rd root =1. 



2. K-3i- V-^IX 4,-1. 3. ± V2, — l=t V3. 

4. -1- V^, 2, 4. 5. 16a;* +8a;« +49=0. 
6. iB«- 12a;- 65=0. 

XXIII. p. 90. 



I. -1, ^-^^-^. 4. -2, lib v^. 



2 

XXIV. p. 96. 
J. a=|^, 5=— 4, c=4^. 

1 1 



(^)'2(a;« + l)"^2(a;-l)«' 

W» 2^2a;+3 2(2a;+3)« ' 

..V 18 3 . 

^ ^' 5(a;+6) 6(a;+l)' 
... 1 /^a;+^ ^^±B\ . 

,^. 9 , 31 19 



2(a;+l)"^2(a;+3) a;+2 ' 

m -i L+ 13 



2(a:-l) a!-2'2(a:-3) 

(1) 6_ 3 2 . 

^ ^' 7(2«-3) 7 («+2V (a!+2)' ' 

/-o^ 3 16 . 8 . 

^ ^' a!-3"^(a;-3)'^a;+6' 
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12 2 

..x 1 , 1 1 1 

^ -'' 16 (a;-l)'^8 (a;-l)' i6(a;+l) 4(a;+l)«"*' 

1 



■*(«+!)•' 



f6~) ~^'^- I ^ ?__ . 

'' •'' 5 («> +7a;+5)^5 (a;+2) (a;+2)» ' 

— 1 ar— 2 a?+2 



5- 3^'^2+iTP {i^>^(-l)"}--- 
6. (l),l-+|-etc.-{l-2«+^(-l)"}x"-etc.; 

(2), 2-ia;+etc.+l{ (_l)«7 + 3^i)" j-x»+etc.; 

(3), | + ^a;+ . . . +|_l-+^_|.^J.a;»+eto.; 
(4), l+3a;+etc. + {2»+'-l}»"+etc. 



If a=& the series is 1 + — 4 hetc. 



ANSWERS. 311 



8. J« |l+na+??i^±i)a«+etc., 



n (n+1) . . . (n+m-2) ^ ) 
3 2 

XXV. p. 101. 

I ie42- 4^^ percent 2 logl3~log3 

I. i.4J , 4^ per cent. 2. _^_jg___g years. 

3. £900. 4. £16000. 5. 4p. c. 6. £p| 1+-^|"*. 

3 

7. 5p. 0. 8. 25r=3— 



9. £ 



10000 100 1« .103 -.An^-^ 



103 



; m <fnA' ^°' ^^^- — 1 — P* ^* 



II. 3 =— ; . -JlTj supposing the interest to be payable 

23 

at same time as the annuity. * 12. £ffl--.. 

^ 41 

^^ « («+l) (2n+l)_^«» (»+^^)("-l)r, r being interest for 

£1 for 1 year. 

15- -\ l-ZT+ZTr** \^r\& int. for £1 for 1 year. 

16. 8s. 2 ^d. per cent, nearly. 

17. 10 (41)X4P-40«) : 7(41»-40»). 18. lOO^^ZL?. 
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XXVI. p. 107. 

24- J- ^ a J_ 1 1 

^16+ 5' ' 2-f 16+ 5' 

24-JLJ_J_J-l .1111 

■^i+l+6+l+T '^^ 4+ 2+1+7- 

11111 ,, 1^ 1 1 1 



'■ 188+ 1+ 2+ 8+ 2" ■ ^34+2+14' 

M + iq:2T^''- «• '+6T 6^ «'^- 

9-2+j^j^etc. ro. 2+jl- jl- 3I- ^ eta 

"• *+8q: IT ^''- "• '+IT li IT i^ •'*^- 

„ , 1 1 1 1 1 1 . 

'3- 6+1+ 2+ 2+ 2-+ 1+ 12+ '*"• 

.,1111111 1 .^ 

'4- 0+1+ 1+ 1+ 2+ rqrr+ 1+ 12+ ^**'- 

^5- 9+1^ i4; «'<'• ^^- I'^+ST iTF 5-T life **^ 

_L J_ JL J_ J_ J- J_ 

^7- 4+ 2+ 1+ 3+ 1+ 2+ 8 + 

o 11111. 

^8- 4+ 1+ 3+ 1+ 8+ ^**'- 

.1 J_ J_ J_ 1 111 
'^' ■*'7+ 1+ 3+ 1+ 16+ 1+ 1+ 15" 



XXVII. p. 109. 
*■ (l)i 1> 3, 1, 5, 3 ; li g- » -J- ) 23 ' ^ * 
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(2), 9, 2. 1,2; 9.^, |,^. 

(3), 3,1,2; \,\,^- (4), 1,1,8; 1,2,^. 

9 38 161 682 2889 

2. (1), 2, 4, etc. ; 2, -J- , jY ' "72 ' 305 ' 1292' 

, 11 15 101 116 
(2), 3, 1, 2, 1, 6, 1 ; 3, 4, 3-, X' "27 ' ^' 

/<?^ 4 2 8 2 8 2- 4 ^ "^^ ^^^ ^^^ ^889 
(4), 11, 1,1, 1,16,1; 11, 12, 11^, ll| , llg. ll||- 

3. Three, -g , ^g , 0. 

/IS oil il 7 8 1 rt 

4- (i). -100 ' 100 ' 300 ' 1300 ' 2900' 

mJl.}^ _7_ _2 1_ 

^ '' 229' 687' 2977' 6641' 22900* 

t J- J_ 1 1 

^" 5 ' 180' 329x36' 329x694" 

s-LJ-JLJ-JlI 1 1 ± 

'2+1+2+1+87' 2 ' 3 ' 8 ' 11* 

9- ' ' 2 ' 25 ' 27 ' 52 ' 339 ' 730 ' 1799* 

1 _3_ 251^ 1362 1513 
"' 7 ' 22' 1107 ' 9985' 11092* 



XXVm. p. 114. 
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41 A ^ 1 . o_i_ 1 1 * 485 

2. -y 4. An error <2j9g5. S- ^+2+ 4+ etc-llgg- 

6. ^. 8. 9th and lOth; 10th and 11th; 49th and 

51th. 9. 7th and 6th; 15th and 13th; 187ih and 162nd; 

202nd and 175th 3 3S9th and 337th, etc. 

^"^ T ' 4' &' rev ^'^^ "• A kQometre^lOOO metres. 

31 , QQi ,, 213 

12. ^. 14. 3.31. 15. 2=g 



XXX. p. 125. 
I ^r9+^./39Vl ^ ^^ ^^ ^^ ^. ia.2^^ 



XXXI. p. 127. 

3 1. 

XXXn. p. 132. 

I. 6. 2. 5. 4. 13. 5. If t be any positive integer, all in 
the formulae x=3+13/, y=2+9/. 7. 5. 9. 28 cr., 20 
half-cF. 10. 8. II. x=50, 43, 36, 29, 22, 15, 8, l,y=0, 2, 
4, 6, 8, 10, 12, 14. 12. 119. 13. 349. 14. 1000. 15. Men, 
4, 15, 26, 37, 48. Women, 84, 65, 46, 27, 8. 16. Of the 
first, 19, 12, 5, second, 4, 9, 14. 1 7. 146. 

XXXin. p. 135. 

I. a) a:=2, 15, y=ll, 3. (2.) x=l, y=13. (3.) ar=15, 
12, 9, 6, 3, 0, y=l, 6, 11, 16, 21, 26. (4.) x=18, 11, 4, 
1^=2, 8, 14. (5.) x=2, y=3. (6.) x=2, z=l. 

2. (1.) x=12, y=18. (2.)x=29, y=20. (3.) x=37, jf=13. 
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(4.) ar=23, y=31. 3. a:=17, 130, y=19, 374 4. ar=10, 
21, 32, 43, y=10, 23, 36, 49. 5. a? =90, y=89. 6 The 
first gives the second 3, 5, or 7 crowns and receives from him 2, 
7, or 12 florins. 

XXXIV. p. 136. 

1. y=l, ar=3, 7, 11, 2=6, 3, 0; y=6, a:=l, 5, 9, ;j=6, 3, 
. ; y=ll, a?=3, 7, -5=3, 0; y=16, ar=5, 1, «=0, 3; y=21, 
a?=3, 2;=0; 2^=26, a;=l, z=0. 

2. 2 = 1, a;=23+7^, y=2-3^, <=0, —1, -2, —3, 
25=2, a;=22-7<, 2/=3^, <=0, 1, 2, 3, 







2=3, a;=14, y=l; a;=7, y=4, 

2=4, a;=6, y=2. 




2=9, a;=0, y=l. 

4. a;=0, 2/=36-<, 2=2^, <=0, 1, ... 36; 

a;=l, y=34— «, 2=l+2e, <=0, 1, . . . 34; 

a;=2, y=33— «, 2=2^, <=0, 1, ... 33 ; etc. 



2, —3 ; a:=6, y=l, 0, £:=3, 14. 

6 24. 7. 1. 8. 10. 9. Tea. 



XXXV. p. 137. 

1. x=l— 8/, y=51+7/, z=63— 13«, ^=0, —1, —2,...— 7. 

2. No positive integral solution. 

3. a?=4+f, y=3^, 2=1+5/, /=0, 1, 2, etc. 

4. 6. 5. Bullocks, or 7 ; sheep, 100 or 21 ; geese, or 72. 
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XXXVL p. 138. 

I. 24. 2. 299, 398, 389, 497, 488, 479, etc... .992, 983, 929. 

3. 36. 4. 15. 5. 1147+2184/, <=0, 1, 2, etc. 

6. 211-695/, /=0, -1, -2, etc. 7. 66, 44. 

8. a?=3+2/, y=23+16/, /=0, 1, 2, etc. 9. 4. 

10. n=l, a;=l, 19, y=l, 19; w=2, a?=13, y=6 ; n=6, 
a?=17,y=2. II. 3. 12. a?=486+19/,y=582+23^, 

/=-26, —24, . . . —1, 0, +1, etc. 

13. |-,|, |-. 14. 13. 15. 30. 

XXXVII. p. 144. 

1. .=24,^=6; .^(24-f5V23)n+(24-5V23)n^ 

^^(24+5V23)n--(24-5V23)n ^^ ^^^ ^^^.^.^^ ^^^^^ 

, ^, (33+8V17)n+(33-8V17)^ 

2. a; 2 ' 

(33+8 a/17)''- (33- 8 V17)^ • .«v • ^ 

y= v — ±. — y. — '-^r—j^-^' — - > n IS any positive integer. 

2 y17 

, ■_ (4+ V15)"+(4- V15)" .._ (4+ V15)''-(4- V15)« 

3- * 2 '*~ 2715 ' 

n is any positive integer. 
_ (2+ V5)"+(2- V5)» (2+ V5)"-(2- V5)» 

4- « 2 '^~ 2^5 ' 

n is any positive even integer. 

, ■_ (15+4 V14)»+(15-4 V14)» 

5- « 2 ' 

^^(15+4V14y'-(15-4V14)»^ „ j^ ^^y p^3jtj^, j^t^g^^_ 

^_ (7+4V3)"+(7-4V3)'> 

^^ (7+4V3)n-(7-4V3)' ' „ is any positive integer. 
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^ ^_ (18+5V13)n+(18~5V13)n 
7. ^ 2 ' 

^^(18+5V13)^n,g8^5V13)n^ ^ .^ anypositive odd integer. 
Q ,_ (8+3V7)^+(8~3V7)n 

6. /I g , 

/8+3a/7)'*— (8--3a/7)'* . •.• • * 

A;=^— !- — ^ ^ 1, ^L-L , 7» IS any positive integer, 

2 Y 7 
a;=3^zfc7A:, y=3A:zfc^, both upper, or both lower, signs 
being taken. 

, (18+5V13)'*+(18-5V13)« 
9. A- 2 > 

, (18+5V13)~ -(18-5V13)n . 

A;=^^ — no 1 w IS any positive even 

integer; ic=7Azt26^, i/=7kdz2h, both upper, or both lower, 
signs being taken. 

10. a;=13, ^=62. 11. x=0, 6, y=2, 8. 12. a;=2, y=l. 

13. a;=3, 0, ^=4, 8. 14. No solution. 

(4+ V17)»+(4- V17)" 
IS- * 2 ' 

(4+ V17)»-(4- yiT)" . .,. , , . , 

y = ^ 2~7T7 ^ — > ** '^ *°^ positive odd integer. 

, _ (170+39V19)"+(170-39V19)» 
10. a?—. ^ } 

(170+39 V19)»-(170-39V19)» . 
y= 2 /iQ > •* ^ ""y positive 

integer, as*— 19y' =—l has no solution. 

XXXVni. p. 151. 

I. (1). l-2a!+a;'; (2)- p^; (3).«a!»-; 

,.. 1— (n+l)a?»+na!"+» 

W- (i:=S)i — - • 
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XXXYm. p. 151,— coNftiiHal. 



2. (1). (!+*)•; (2).^-^^.-, (3).(-l)— (2«-l)«i.-; 
t±s l-» / >. (2n+l)»^+(2«-l)a^» 

(3). (2.7»-'-3— )j-->; 

l+x+(3»-2.7»)j^+21(2.7»-'-3«-'>E"+' 
W- l-iaB+2LC 

MX 1 5x^. „. 2(30+ 17a;) 

(3)- (o^.-sl^y'- ; W- ^-(i-^+f ) 

3 a/— 24-2 , 

5. a)- «,-2«^,+3«^; (3). ^ ^ ^ (l-V^Ziy-i 

2— 3V^ , 

+ j^-^a+ V^)-»; 

(4). |-?z:^(i_ v=2)»-^±^(i+ Vi:2)- 

6. (1). 1+1-^; (2). ^li^; 
(3). { 2(-l)«-'-2^ ^^-^ . (4). 5,(l+|-^) 

=l-aB- 1 2(-l)»-ii I a«+ I (-l)»+i I a^». 

7. (1). «^+%^--F; (3). 2(-l)»-giy,- 
(4). -|_(_1)»+^. 
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8. (1). (l-ic)- (2). ^^.; (3). n«a^- 

(4). 5„(1— a;)*=l f a— (n+l)«a^+(2n«+2n— l)a;'*+i— n«aJ«+V 

9. (1). I+3.-..-3..; (2). i^3\_X3^. ; 

(8). •[ -|+|(_l)«-.-|(_8)»-i I a!»->; 

(4). 5„(l+3a;-a;«-3je»)=l-10a:'-| — | + |-(-l)« 



-\{ - 3)» } a^+ { |+-|(-1)"+' } «" 



+1 



3 2;— fia;* 

10. (1). l-2a,-a,.+2a^; (2). j-^—^-^^ ; 

(3). I i. 2»--l(-l)-i+2 |a--.; 
(4). S'„(l-2a;— a;'+2a;»)=3-a!-6a;« 

- I -12"— J-(-l)»+2 l"^- { (-l)»-2 ]■?!»+• 

+ |42»+-|(-l)»+4l«»H 

11. (1). (l+a,)«; (2). ^±^; (3). (-l)«-H3-n)x»-» ; 

(4). iS;,(l+a;)'=2+3a!-(-l)«(2-n)a!» 

+(-l)»->(3-n)iB»+». 

12. (1). M„— 10m„_,+21m,_,=0; (8). 2.7"^'— 8"-» ; 

1 8» 7" 
W-6-2+T- 
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XXXVIII. p. 151, — continued. 
3. If n be odd, < -g "rC— 1) * Ya^^] if n bo 



even, 



^|2«+«-(-l)^*la:«-i. 



14. (1). {4n- + 3n-}^n-x. 1^^^^^.' 

(2). {4n-i+(-3)n-i}a:n-i. ^_^~^^, > 

2»»* 2*** 6 
i6. tin-12Mn-i+32M„«,=0; 2»'-»+2«'-»; i4+-g — ^T' 

17. Wn-3Mn-i+4wn-,=0; 3- -g- (-l)n-|-2»+n.2n-^ 

18. a=-2, i8=l, Sn(l-xy='i+x-(2n+r)a^ 

+(2n— 1>»+». 

«(n-l) 

19. a; « +^ 



XXXIX. p. 155. 

n(2yi+l)(n+l) 
I. -^ ^^-^ 2. If nis even, — 2n(n4-2); 

odd, 2n(n+2)+3. 3. n^(2n^-l) 

4. (— l)»*-i(47i» — 3n). 

5- l+S+l-^ ^- !!(^+L)(3„.+23«+46). 

^ Ti^ . w(n+3) ,, (7i+l)(n+2) 
7. If w IS even, ^7— ^ ; odd, ^^ — ' — 75 — ' — -> 

g yi(n+l)(7i+4)(n+ 5) 
4 
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9. «a»+-2-w(n-l)+^-w(n-l)(2n-l)H — ^— ^ &«. 

3n(72+l) , ^ w(2n«+3«-l) , ,.(n(n«-l)(n+2) 

11. na» + a»& ^^ ^ +g&'- -^2 ' •\'^''^^ /^ - 

12. _w(n+l)(3n2 + lln+4). 

2 1 

14. -3n(n+l)(n+2)(3n+7). 15. g-n(n+l)(n+2). 

7 1 
16. (1). 2n»+^»*' + 2-»*- (2). If wis even, 

-n»-n«+-|^; odd, 7i«+?ia_^^. 

n*— 2yi«+7^' — t)n+8 w" 572» 23n 
'^' 4 5 20+12 + 16 • 



18. -|(27i''+3w-5). 



XL. p. 159. 



^- 4j(«+«-l&)(a+«&)(a+n+l&)(a+n+25) 



a 



-43(«'-6')(«+2&). 

4 1 

2. j«(n+l)(n+2). 3. 4n(n+l)(a+2)(»+3). 

4. -5n(n+l)(n+2)(n+3)(n+4). 
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XL. p. 159 — eontinueiL 

S- |(4n«-l)(2n+8)(2n+5)+y. 

1 20 

6. j2(3n-l)(8n+2)(8n+6)(3n+8)+^. 

8. j^jn(n+l)(n+2)(n+3)(2n+8). 
9.-gn(n+l)(2n+7). 

10. l„(„+l)(n+2)(«+3)+|n(n+l)(2n+7>. 

11. jH('«+4)(n+5)(3n'+23n+6)-10. 

12. ^(3«-2)(3n+l)(3n+4)(3n+7)+y- 

13. ■g-n(n+l)(n+2)(n+3)(n+9). 



XLI, p. 163. 

1_ 1 1 

^' 4 2(n+l)(n+2)' 4 ' 

1 !_ \_ J_ 1 

^- aft J(a+n6)' aft* ^' 32 16(n+l)(n+2)* 

1 1 J^ 1 

'*• 12 4(n+3)' ^" 24 6(3n+l)(3n+4) ' 

, 1 1 , 1 1 

°' 40 8(4»+l)(4n+6)' '* 18 3(n+l)(n+2)(n+3) ' 

3_ 1 1 .1 1 



2 4n+2 ^ 90 6(2n+l)(2w+3)(2n+5) ' 

1 3 2n+3 3 

^^- "^"n+r "• 4 2(n+l)(n+2)' 4' 

11 2n*+10w+ll n 

"• 5B 4(n+l)(n+2)(n+3)(n+4)'» 96" 
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b_ 3w+5 b_ 

^3*36 6(n+l)(n+2)(n+3)' 36* 

5 4n+5 " ^ 1 2w+3 

^^ 4 2(«+l){n+2)' 4* ^5-4 2(n+2)(n+3)' 

- 1 4«+3 17 

8 8(2n+l)(2n+3)' '' 96' 

n(n+l) wt+.l ,0 1 

"•4(n+2)' ^' (m-3)(OT-l) |>n-l (n-2)|n-l' 

1 1 -- n(n+l) 

"• 8 2(n+l)(n+4)' "" n+2'* 



XLH. p. 166. 

2^i«_l a»>_l 2a a .. ^ 1 

^- 2«^irr-"^f''Ti2^-i^''^''<2- 

\+x* (n'+n+l)a!»— 2n'ig»+'+(n'— n+l)a^-«-' . 



l+x» .. , 



* (l-a!)» (!-«)• 

\\-x) 

„ l-a!» (n+3)a!»+'— 2(n+2)ai»+'-K«+l)a!^» 
3- nT^»"" (l-«)' ' 

2j5 

T^j^i^j^vt , if « is positive. 

^* ^S'^i 2.3»*' 4' 

256 , 612 4>^^-1 256 2n-l --^2 
7- 3 +"9"— l^J^I g- 4n J A*^- 

Y 
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144+162g«+62g' fee* 
II. 5— (-l)"(4n»+20n«+26n+5). 



w, 28 ./ 1 \»-'9n'+30n+14 
'3- 27+i~2"j 27 

,4- l+^^+S^+Sx- +fo. 1- 



(1— «)» ' (1— «)♦ 

(n»+3B'+3n-6)ai"-(2n«+3n'-3n-l)!r«+'+(n»— !>!-»• 

^ (1— ic)' \1— a?^ /I— a? 
,6.4-^1 -(n-l)|f 
2 1/1 ^ N/ 1\*-^ 

^7- T+-|(3+^(- 2) 

• (l-x)« (1-a?)* ■*■ {l-^)» 

_r_ 1 —r^i , x^r (1 — r»-' ) ag*r (1 -ai^-'y'^-') 
^' "^l-a?* 1-r "^(l-ic)* (1-r) (l-x)* (l-a^r) 
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8. 



XLIir. p. 171. 
n 



(o+26+3c) (n+lo+n+26+n+8c) 

3. j^n («+l) («+2) (8n'+lln+l). 

4. -^n (n + 1) («+2) -i- (n-r) (n-r+l) (n-r+2). 

5. 185. 6. 25707. 7. 2870. 8. V«-l. 

TO S 3n+5 

'°- T-(«+2) (»+8) • "• 

n«4.3w— 2g!" 2na;"+' 2a;"— 2a? 
'5 r=^ +(l-a;)'"'' (l-«)» * 



m 



XLIV. p. 174. 

I. 8».5». 2. 3.11.31. 3. 17«. 4. 3«.5.7.13. 5, 2».3»,7. 

6. 3M3.19'. 7. 2'.3'.73. 8. 11.23.29.37. 9. 2».5.7'.8. 

10. 2'.3'.7'. II. 3'.5.37. 12. 2.3^5.7. 13. 7».89. 

14. 2*.5M1'. 15. 2«.3'.5. 16. 2».5'.9'. 17. 8*.5'.7». 

XLV. p. 178. 
1. 15. a. 18. 3. 2206. 4. 147. 

XLVI. p. 180. 

I. (1), 1, 8, 8»; 5, 5.3, 5.3* ; 5», 6».8, 6».8». (2^ 9. 
(8), 408. (4), 6. (5), 2. 
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XLYL p. 180— eon^nuedL 

2. (1), 1, 8, 3* ; 13, 13.3, 13.8« ; 19, 19.3, 19.3« ; 19«, 19«.3, 
19^3*; 19.18, 19.13.8, 19.13.8*; 19M3, 19U8.8, 19M3.8*. 

(2), 18. (3), 69342. (4), 9. (5), 4. 

3. (1), 1, 2, 2* ; 3, 3.2, 3.2* ; 8*, etc. ; 7, etc. ; 7.3, etc. ; 
7.3*, etc. ; 7*, etc. ; etc (2), 27. (8), 5187. (4), 14. (5), 4. 

4. 1, 2, 2*, 2% 2*; 11, 11.2, 11.2% 11.2% 11.2*; 11«, etc.; 
5, etc. ; etc. (2), 45. (3), 127813. (4), 23. (5), 4. 

XLVII. p. 182. 
18. 7n+4. 21. (7n±2)«. 

XLVm. p. 186. 
I. 96. 2. 600. 3. 604. 4. 400. 

m. p. 193. 

5. 5^ 25«. 6. 3*; 6\ 

LIII. p. 200. 

^•T'T- ''U' ^-^^l^- ^-52- ^-SS- ^-65- 

8. 6 white, 4 black, 2 red. 9. -^; 4- 10. A 

^55 12' 

II. 5 to 1; For. 

LIV. p. 203. 

25 . 80 . 60 ^ _ 6 5 ^1 

'• 121' 121' 121" ^•■^•2. 3.-9-- 4. 5j. 5.-5-. 

6 A. A . 91.25. 2. 5 35.1 8 

""'ll'ir ^'216' 72' 27' 72* ^IB' 12* ^•2"50- 
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^°-T'2 



»S- 



II. 



91_ 
216 



13. £1. 2<. 



,6 A- 1.15 

11' 33' 22 



14.3- 



17 -g- 



LV. p. 205. 



I. -S-; 6 to 1 against. 



^ 15' T* 

^- 35' ^' 10 



'•i^'IfK 



2 
2. jj. 



3. 13 to 1 against 



|20J39_ 67 . |20 [36 
5* |J7_|_52 ' 3l85' ~\£ 'W* 



M 



~0r 



}■ 



• I 3 1 30 1 61 * 



10. 



120 
1001* 



13. If each is put back afiter being drawn, =-g- . If they are 

not put back, J ' ^ • 

^ ' [62 



[p[g^ m^p \n—q\ m-^n * 



xs. I-2J 



16. When each is put back, 

are not put back, _ • r_ . z5 
^ '11' 56' 77 



5« 



144 ' 144 ' 31F 



When they 



1319.87 (13)» 

^^' 17.26.49 ' ^^•17.26.49' 

13« 
'^' 17:2639 • 



18. 



{liP}'. 



j2 j -jS [100 1 93- 

4 1 20 
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LVI. p. 218. 

203 8 1 

I. 2"— 1 :1. 2. 23328* 3- 0), -g ; (2), 2^* 

^•77 4 ^ ,,^ 6» ,„. 46625 ,., 406 

4- g.-- S- -9 • 6. (1), 2:gj; l^J, jgggg; (dj, 46556' 

7. 25:2. 8. 671:625. 9. |;- 10. (1), \; (2), -| . 

/■i\ 5 ,„, 6 ,„, 15 51 11 

11. (1), gj; (2), 28 5 (3). 28- "' SOS" '^ 2-2-- 

«n « . , . 5«.2" „ 3375 

15. 29:3aguii8t 16. 4. 17. y, • 18. TgooT' 

LVn. p. 217. 

/i\ 63 „, 1 ,„. 1071 ,., 17 
'• ^*^' 100 ' ^'*^' "5 ' ''^'' 8300 ' ^*^' 416 * 

, 6889 ™ 3969 ^ 39^ ,„ 1260 

*• ^*^' 10000 ' ^ ''' 10000 ■ ^' *- -'' 6889 ' ^ ''' 6889 ' 

4. (1), 62' (^)' 52' ^^^' 2704' ^*^' 1352' 

11 ic /i\ ^ /•o^ ^ /9\ ^5 

5- 86 ' 18 * °- ^^^' lli ' ^ -'' 24 ' ^'' 432 ' 

LVm. p. 223. 

7 2m-r 1 1 5 5* 6» 

^15* *' 2--1' "^^ 52' 5- <.a;, 6 , g,, gj, gj. 

5* 6^ 5^ 5^ ,„v 216 180 150 m 
W> g, . 6« » 6" 6* ' ^'' 671 ' 671 ' 671 ' 671 ' 

, 1 . „. 4 „. 41 1 16 6 

6. -3 ; W, gj ; (.^;, 81 • 7- 171^- »-2l'i2- 

1 46666 41256 36481 11 
9- -g- • lo- 124393 ' 124393 ' 124393 ' 28 * 
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LIX. p. 228. 
J 1, ^ (»n+l)(n'+m'+l) 



11 («»+l)(«'+»»'+l)+(»»'+l)(n+«»+l)' 

3.(1),|;(2), |;(3),^. 4. |. S- (l).^; (2),^. 

,4 » /tx 27 ,„ , 6561 ,„ „, 48 

6- 9- 7- (1). 41 ; (2. a), 999J ; (2, /3), yg- 

LX. p. 231. 

877 11 17 . .,. 7 ,„, 4 

'•550' ^W 5.25- ^- (^)' 9 ; (2). 63 • 

7. «*+n— 2 : 2 against. 

LXI. p. 233. 
I. 15s. 3d. 2. 17-^s. 3. £6. 2s. 4. 32^s. 

13. (1), ^, 13s. 4d. 5 B, 6s. 8d. (2), A, 13s. ; 2?, 7s. 

14. £19l|. 

LXn. p. 288. 

2475 16 , ^. 35 ,„> 7 ,„. 1 ... 1 

'• 2177' '• 43' ^- ^^'86*' <^^' 12' <^)' 36' ^^^'l' 

49 10 

'♦• 90' 5- n' 
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I. £1290 



LXm. p. 244. 



/100\" 

\To3; ^• 



a 



(l+r)e+i-r^ 
tion of lifOi r the interest for £1 for 1 year. 



, where e is his es^pecta 



I. (i)-i;(2), 

8. -60;-28. 



LXIV. p. 250. 

2; (3),-6; (4)3; (5), 4; (6), 89. 

lo. (1),48; (2), 44; (3),-166; (4), 24. 



LXVI. p. 262. 

I. 42; 138; 15; -62. 2. 0. 3. -72. 4. l*{u'*^vw) 

+m*(t;'*— i^n*)+n*(i^'*— wv)+2mn(W— vV)+eto. 
S- 2a'b*c\ 10. 0. II. 0. 



I. (1), 



(2), 



LXVIL p. 265. 



aa+h^y ay+bS I 



2. 



4- 



aa'+J&'+cc', aa+6^+cy, ax+I)f/+ez 
aa'+pb'+yc\ a^+^^+yS cuc+^^+yz 
xa'+y&'+zc', xa+yP+zy, x^+y*+z* 

XiXi+y^yi+z^z^, «2*+ys* +'2^2*, a?aic»+2^2y«+2r,2r, 

a^siCi +2^8^1+2821, ^siCa+ysya+Zs^a, «t'+yt* +^i* 

iCi, «yi + 5^i, ayi+^^1 
jTa, ay^ + bZij ay^+fBz^ 
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LXVni. p. 267. 
_1 1 ,8 1 

3. «=18^, y=-10|, z=-10, tt=2i- 

, ^ 37 73 -4 41 

4. «=-47, y=57, «=4-7-. «=47- 

5. i«(e'— Jc)+ etc. +2»m(ae— /ft)+ etc. =0. 



LXIX. p. 270. 

3- ^ --n^. 4. (3+2n)3'»sC». 5. 2.3»-»(3-n)a^. 

^8- l(-l)'+j(l+6V^)(V-l)" 



+i(i_5V^X_V-i)'. 



9 V5+1 

V' o 



LXX. p. 272. 



2n+i:^2(--l)^ 



,ox 10 (5+ V5)''-(5- V5)« 
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LXXL p. 276. 

■ ( V3+i)»-(-ir(v8-i) « . 

^- '*(V3+l)»+'+(-l)»(V3-l)» 



»-> •> 



2.2«+(-l) a 2.2'»+3(-l)» 

n+l n 

, '-^. n odd; 4 — , n even. 

^ 6-r-i 4.6T+1 

8 — n jj — n 
^ 1+n' 4+n' 



6. 

n±l H-1 

gg(5+V^^+^)(2fl*-8+V4a«+9 ) ^ +(V4oa+9-5)(2ag-8-\/4^+9) » 

n+l H-hl ■ » 

(2aa-3+Via^9) * -(2a2-3- V^a^+S) " 
when 91 is odd ; 



(2a8-8+V4ag+9) ^ -(2a«-8~V4aa+9) ^ 

2a« JL n 

(-8+V4aH9)(2a3-3+V^HS) * +(3+V4a2+9)(2a2-3- V4a^+9) ^ 

when n is even. 
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LXXn. p. 281. 



l-21og2 



log2 * ^'2 1 1-3-6 • • • (2«+l)j 



a+& 

12. — X— 



MISCELIiAXTEOTTS EXAMPLES. 

4. (l),-ld=v3; 



xnv V2d= V2 V2-2 -V2±V-2v^-2. 
W> :2 ' ^^ 2 ' 

1 2 

(3), y=0, a?=0, or -^ ; y=4, a?=9, or 6 — . 



n-i 



^- (1)' 4V 8(4n+l)(4n+5) ' (^' 1+^1)^ 
17. (a), 1, 1,-2; (/3), -3. 25. (l),Div.; (2), Div. 

(=c), hx^a^= tjm—l (c+a5). 
28- 4 i 4 

i ^ ' 4 

31. (a), a?=3, y=2, ;zf=l ; (jS), a?=2, y=8, or a=8, y=:2. 
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34. 0), 0, -p, or -|.± Jic'+ieq+f^ 

(2), x«-y=5, &ty+(«+c)»«=26. 
,6 1 _53+20_5/6. 



2a;(m,n,— n,m,)=(wM»,— fw,)±V4(m,ii,— n,fni)*+(m»i,— nn,)' 



2jr(n,in,— fR,n,)=(inm,— nm,)db>/4(n,m,— m,n,)*+(mm,— nm,)'. 

41. 2, -t-^ or-3, J 43- 4- 44- «• 

45. a;=±a; 

, 2a—h—c 26— a— c 2c— 6— a 

46. a;= g , y= g , 2= g 

2 1 

47. a? and y=2-g-, or 1 ^-j 2=2. 

48. n{n+l) {Sn*+19n+S2) 

12 

52, a,=a+r iz:?-^ (n-r+1) ; rf>0 and <2 *"" 



n+1 2 "' • /» - - „(„+!)• 

53- !• 54- a!=8 or —3, y=— 5; a;=— 8, or 3, y=5. 

S8. £1080. 9s. 
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62. (1), ,^ c+2±V10+6c ^ ,,,,, ,^± ^2, (2), ^I^; I 
6S. (1), gi ; (2), log. 2; (3), «=(£)^, ,^(|)^. 
70. 4, or 4+^+_i_ . a:-^^« ^ 



log 2"^ (log 2)*' "^ log3-log2' 

_log2_ 
^ log3-log2 
71. 5±V11, 7 or 3. 
76. 0? and y are the roots of tHe qnadratio 

(6« — ac) z*—(hc— ad) z+ c« — hd= 0, 
and M(y— a:)=ay--6, t? (a— y) = aa;— 6, 

77. 4, 1, —2. 79* Iq *^e 66tli year. 

X 

l-2a;— 3a:"' 

82. |.+ eto. +(r+l)^l-^y+etc. 

83. — a— 5— c, — a*— ft*— c*— Jc— ca— aft, 

_((wn^«+ac«-»+a«c«^*+ etc. +a^*) 

— &(c'^»+atf»-*+ etc. +rt»-») 
— 6«(c'»-*+ac»»-*+ etc. 4-a«-*)— etc. — ft«^". 

85. a),&;<2) 1. 



n' 



86. 294, 375, 456, 537, 618. 87. 8'-q+2p^S 

89. 136 ; £21. 5«. 9«- Divergent. 94- ^^^2500 
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95. £2500 x '^,,' * loo. 1+x^ +«*+«•+ etc. 

'''^- ^"t (6»+c»)« j ' t (a»6«-c«)« j 

109. ±8. no. £105; £97, 10s.; £120xV 

113. Convergent if a;<c"*, otherwise divergent 

4. ^{14+...+^}. 

115. The roots of the equations 

y'-ayH \ -] a»-a6-c=0. 

1 f /1+ V4^H-1\»*+* a- V4S+i\'*+« ) 

"'■ :;^+!i(~^— j -(—2—) }• 

118. £8. 6s. 8d. 



II 



THE END. 
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Browne's ReligiO Medici. By W. P. Smith, M. a., Assistant 
Master at Winchester Collie, is. 

Goldsmith's Traveller and Deserted Village. By c. 

San KEY, M.A., ffead Master of Bury St. Edmund* s Grammar 
School. I J. 

Extracts from Goldsmith's Vicar of Wakefield. By 

C. San KEY, M.A. is. 

Poems selected from the Works of Robert Burns. 

By A. M. Bell, M.A., Balliol College^ Oxford. 2s, 

Macaulay's Essays. 

MOORE'S LIFE OF BYRON, ^y Francis Storr, B. A. gd. 
BOSWELL'S LIFE OF JOHNSON. By Francis Storr, 

B.A. gd. 
HALLAM'S CONSTITUTIONAL HISTORY. By H. F. 

Boyd, tate Scholar of Brasenose College, Oxford, is. 

Southey's Life of Nelson. By w. E. Mullins, m.a. 2s. 6d. 
Gray's Poems. Selection from Letters, with Life 

by Johnson. By Francis Storr, B.A. is. 



New Edition. Small Svo. 2s. 6d. 

The Rudiments of English Grammar and Com- 
position. By J. Hamblin Smith, M.A., of Gonville and Caius 
College, and late Lecturer at St. Peter"* s College, Cambridge. 

Small %vo. IS. 6d. 

A Primer of English Parsing and Analysis. By cyril 

L. C. Locke, M.A., Assistant Master at Clifton College. 

Small %vo. IS. 6d. 

The Beginner's Drill-book of English Grammar 

Adapted for Middle Class and Elementary Schools. By James 
Burton, B.A., Eirst English Master in the High School of the 
Liverpool Institute. 

Small %vo. 2s. 6d. 

A Practical English Grammar For schools and col- 
leges, and for Students preparing for examinations. By the Rev. 
W. TiDMARSH, B. A., IcUe Heed Master of Putney School. 

Small %vo. 2s. 6d. 

Short Readings in English Poetry. Arranged, with 

occasional Notes, for the use of Schools and Classes. Edited by 
H. A. Hertz. 

""^ ■ ■ ■■■- -i—..» 

Waterloo Place, London, 
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HISTORY 

IVi/A Maps and Plans, New Edittan^ Revisai, Crown Szw, 

A History of England. By the rcv. j. franck bright, d.d.. 

Master of Unwernty CcHegty Oxford^ and laU Master of the Modem 
School at Marlborough College, 

Period I.— MEDLEVAL MONARCHY: The departnie of 
the Romans, to Richard III. From A.D. 449 to A.D. 1465. 
4J. 6d, 

Period IL— PERSONAL MONARCHY: Heniy VII. to 
James II. From A.D. 14S5 to A.D. 1688. y. 

Period III.— CONSTITUTIONAL MONARCHY: WUliam 
and Mary, to the present time. From A.D. 1689 to A.D. 1837. 
^s. dd. 

Crown 81V. 6x. 

The Rise of Constitutional Gouemment in England. 

By Cyril Ransome, M.A., Professor of Modem Literature and 
History^ Yorkshire College, Leeds, 

With Maps and Illustrations, Crown %ZHf, 

A History of England for Schools. By f. york- 

PowELL, M.A., Lecturer at Christ Churchy Oxford ; and J. M. 
Mackay, M.A., Master of the English Department in the High 
School, Edinburgh, [In the press 

Second Edition, With Forty lUustraiions, i6mo, 2s. 6d, 

A First History of England. By louke creighton, 

jiuthor of " Life of the Black Prince," « Sir Walter Ralegh," &c 
l^ith numerous Illustrations, Royal i6fno. y. 6d, 

Stories from English History. By louise creighton. 

Author of " A First History of England," « Life of the Black 
Prince," &c. 

Nro) Edition, iSmo. is, 6d, 

A History of England for Children. By george daws, 

D . D . , formerly Bishop of Peterborough, 



Waterloo Place, London. 
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Historical Handboohs. Edued by oscar browning, 

M.A., Fellow of King* s College^ Cambridge, 

Crown Svo. 

English History in the XlVth Century. By Charles 

H. Pearson, M.A., late Fellow of Oriel College, Oxford. 3J. 6d, 

The Reign of Lewis XL By P. F. Willert, m.a., -ft/Aw of 

Exeter College, Oxford. With Map. 3^. td. 

The Roman Empire, a.d. 395-800. By A. M. Curteis, 

M.A. With Maps, y, 6d. 

History of the English Institutions. By Philip v. 

Smith, M.A., Fellow of King* s College, Cambridge, ^s. 6d. 

History of Modern English Law. By Sir R. K. Wilson, 

Bart, M.A., lale Fellow of King^s College, Cambridge, 3^. 6d, 

History of French Literature. Adapted from the French of 

M. Demogeot, by C. Bridge. 3^. 6d. 



Crown Svo. 

A History of the Romans. For the use of Middle Forms 
of Schools. By R. F, Horton, M.A., Fellow and Lecturer of 
New College, Oxford, [In the press. 

Crown Svo, Js, 6d. 

Chapters in the History of English Literature. 

From 1509 to the close of the Elizabethan Period, 

By Ellen Crofts, Lecturer at Newnham College^ Cambridge, 

Crown Svo, ys. 6d, 

EcClesia Ang/icana. a History of the church of Christ in 

England from the earliest to the present times. By Arthur 

Charles Jennings, M.A., ^esus College, Cambridge; Vicar of 
Whittlesford, 

Second Edition, Revised, Crown Svo, ys, 6d. 

History of the Church under the Roman Empire, 

A.D. 30-476. By t^e Rev. A. D. Crake, B.A., Vicar of Haven 
Street, Ryde. 

Waterloo Place, London. 
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Historical Biographies, e^^ ^ m^ rc^. m. 

Crkightox, M. a., IX.D. , lai£ FdUw and Tuiar of MarUm ColUgf, 
Oxford, ^.^^^ ^^^ ^^ pj^^ ^^^^^ g^ 

Simon de Montfort. By M. Crmghton, ^L a., ll.d. 2s, 6d. 
The Black Prince. By Louise Creighton. 2^. 6d, 

Sir Walter Ralegh. By Louise Creighton. y. 
Oliver Cromwell. By F. W. Cornish, M.A. y. 6d. 
The Duke of Marlborough. By Louise Creighton. y. 6d. 
The Duke of Wellington. By Rosamond Waite. zs. 6d. 



Second Edition, Croum ^fiw, 6s, 

A Handbook in Outline of the Political History of 

England to 1882. Chronol(^caUy arranged. By A. H. 
Dyke Acland, M.A., CArist Church, Oxford, and Cyril Ran- 
soms, M. A., Professor of Modem Literature and History, Yorkshire 
College, Leeds. 

Crown Svo. Paper caver, is. Cloth limp, is. 6d, 

A Handbook in Outline of English Politics for the 

Last Half Century. Extracted from **A Handbook of English 
Political History." With Appendices on the Reform Bills, Dis- 
franchised and Enfranchised Boroughs, &c. By A. H. Dyke 
Acland, M.A., and Cyril Ransome, M.A. 

Small Sz/o. is. 6d. 

A Skeleton Outline of the History of England, 

being an abridgment of a Handbook in Outline of the Political 
History of England. By A. H. Dyke Acland, M. A., and Cyril 
Ransome, M.A. 

Small Svo, 2s. 6d, 

A Skeleton Outline of Greek History, chronologically 

arranged. By Evelyn Abbott, M.A., LL.D., Fellow and Tutor 
of Balliol College, Oxford, 

Small Svo, 2s. 

A Skeleton Outline of Roman History, chronologically 

arranged. By P. E. Matheson, M.A., Fellow of New College^ 
Oxford. 

Waterloo Place, London. 
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SCIENCE 

Third and Enlarged Edition. With Illustrations, Zvo, 2ls, 

Physical Geology for Students and General 

Readers. By a. H. green, M.A., F.G.S., Professor of Geology 
in the Yorkshire College of Science^ Leeds, 

Crown %vo, 2s, 6d. 

Elementary Course of Practical Physics. By a. m. 

WORTHINGTON, M.A., F.R.A.S., Assistant Master at Clifton 
College. 

New Edition, Revised. With IHusirations. Crown %vo, 2s. 6d. 

An Easy Introduction to Chemistry. Edued by the 

Rev. Arthur Rigg, M.A., and Walter T. Goolden, M.A., 
Lecturer in Natural Science at Tonbridge School, 

Second Edition, With Illustrcttions, Crown Svo. 5 j. 

A Year's Botany, Adapted to Home and School Use. By 
Frances Anne Kitchener. Illustrated by the Author. 

With Illustrations, Medium S/vo. 

Notes on Building Construction. 

Arranged to meet the requirements of the syllabus of the Science 
and Art Department of the Committee of Council on Education, 
South Kensington. 

Part I.— FIRST STAGE, or ELEMENTARY COURSE. Second 
Edition. With 325 woodcuts, los. 6d, 

Part II.— COMMENCEMENT OF SECOND STAGE, or 
ADVANCED COURSE, Second Edition. With zoo 
woodcuts, los, 6d, 

Part III.— ADVANCED COURSE. With 188 woodcuts, 21s. 

Report on the Examination in Building Construction, held by the Science 
AND Art Department, South Kensington, in May, 1875. — " TAe want of a text- 
book on this subject^ arranged in accordance vnth the published syllabus^ and therefore 
limiting the students and teachers to the prescribed course^ has lately been well met by 
a work published by Messrs. Rivingtons^ entitled * Notes on Building Construction,' 
arranged to meet the requirements qjf the Syllabus of the Science and Art Department 
of the Committee of Council on Education, South Kensington." 

(Signed) H. C. Sbddon, Major R.E. 

yune 18, 1875. [Instructor in Construction and Estimating at the 

School of Military Engineering, Chatham.] 



Waterloo Place, London. 
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MATHEMATICS 

Riuington's Mathematical Series. 

Small ^0, y. Without Annvers^ 2s. 6d, 

Elementary Algebra. By j. Hamblin Smith, m.a., of 

GomnlU and Caius College^ and late Lecturer in Classics at St. Peter s 
College^ Cambridge, 

Also an Edition especially prepared to cover the ground required 
by the Regulations for the University Examinations in India. 3f. 

A Key to Elementary Algebra. 9^. 
Small ^0. 2J. 6d, 

Exercises on Algebra. Sy^. Hamblin Smith, m.a 

(Copies may be had without the Answers.) 

Crown Svo. Ss. 6d. 

Algebra, part II. By E. J. Gross, M.A., Fell^ of Gomnlle 
and Caius College, Cambridge, and Secretary to the Oxford and 
Cambridge Schools Examination Board, 

Small Svo, y. 6d, 

A Treatise on Arithmetic. By], Hamblin Smith, M.A 

(Copies may be had without the Answers.) 

A Key tq Arithmetic, gs. 

Small Svo, 4s, 6d, 

Elementary Trigonometry. 'By], hamblin Smith, m.a. 

A Key to Elementary Trigonometry, ys, 6d, 

Crown Sfuo, $s, 6d. 

Kinematics and Kinetics. By E. j. Gross, m.a. 

Crown Svo. 4s, 6d, 

Geometrical Conic Sections. By G. Richardson, m.a.. 

Assistant Master at Wiftchester College, 

Small Siz/o. 3^. 
Elementary Statics. By], Hamblin Smith, M.A 

Small Siz/o, 3J. 

Elementary Hydrostatics. By]. Hamblin Smith, m.a. 

Crown Svo, 6s, 

A Key to Elementary Statics and Hydrostatics. 

By], Hamblin Smith, M.A. 

Waterloo Place, London. 
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■ - , ^ 1 — 

Small %vo, Jj". dd. 

Elements of Geometry. By j. hamblin Smith, m. a. 

Containing Books I to 6, and portions of Books II and 12, of 
Euclid, with Exercises and Notes, arranged with the Abbreviations 
admitted in the Cambridge University and Local Examinations. 
Books I and 2, limp cloth, \s, 6^., may be had separately. 

Crown Svo, Ss. 6d, 

A Key to Elements of Geometry. By j. Hamblin 

Smith, M.A. 

Small Svo. is. 

Book of Enunciations for Hamblin Smith's Geo- 
metry, Algebra, Trigonometry, Statics, and Hydro- 
statics. 

Small Svo. 35. 

An Introduction to the Study of Heat. Byj. hamblin 

Smith, M.A. 



Crown Svo. ^s. 

Companion to Algebra, with numerous Examples. By L. 

Marshall, M.A., Assistant Master at Charterhouse. 

Contents.— Elementary Formulae and Results — G. C. M., L. C. M., etc.— Evolution 
— Equations — Ratio, Proportion, and Variation — Indices, Surds, and Imaginary Quantities 
— Progressions — Permutations, Combinations, and Probabilities — Scales of Notation and 
Properties of Numbers — Binomial Theorem — Continued Fractions— Convergence and 
Divergence of Series — Indeterminate Co-eflBcients, and Partial Fractions— Summation 
of Series — Indeterminate Equations — General Theory of Equations — Miscellaneous 
Problems. 

Crown Svo. 6s. 

The Principles of Dynamics. An Elementary Textbook 
for Science Students. By R. Wormell, D.Sc, M.A., Head 
Master of the City of London Middle- Class School. 

Small Svo. ^s. 6d. 

Army and Civil Service Examination Papers 

in Arithmetic, including Mensuration and Logarithms. With Arith- 
metical Rules, Tables, Formulae and Answers, for the use of 
Students preparing for Examination. By the Rev. A. Dawson 
Clarke, M.A., St. John^s College^ Cambridge, 

New Edition^ Revised. Crown Svo. 6s. 6d, 

Arithmetic, Theoretical and Practical. By w. h. 

GiRDLESTONE, M.A., of Christ* s College, Cambridge, 
Also a School Edition. Small Svo, ^s, 6d. 

Waterloo Place, London. 
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Latin Composition Books. 

Bennett's First Latin Writer, /. 15. 

First Latin Exercises, /. 15. 

Second Latin Writer, /. 15. 

Ritchie's First Steps in Latin, /. 16. 
Dawe's Beginners Latin Exercise Book, p, 16. 
Arnold's Henry's First Latin Book, /. 18. 
Gepp's Arnold's Henry's First Latin Book, /. 18. 
Prowde Smith's Latin Prose Exercises, /. 19. 
Hamblin Sbuth's Latin Exercises, /. 19. 
Arnold's Latin Prose, /. 18. 

Bradley's Arnold's Latin Prose, /. 18. 

Aids to Latin Prose, p, i8. 

Sargent and Dallin's Materials, p, 20. 

Greek Composition Books. 

Sidgwick's First Greek Writer, /. 23. 
Arnold's First Greek Book, p, 23. 
Morice's Arnold's First Greek Book, /. 23. 
Ritchie and Moore's Greek Method, /. 22. 
Arnold's Greek Prose, p, 24. 
Abbott's Arnold's Greek Prose, p, 24. 
Sidgwick's Greek Prose, p, 23. 
Sargent and Dallin's Materials, p, 25. 

Latin Reading Books. 

Bennett's Easy Latin Stories, /. 15. 

Viri Illustres, p. 2. 

Second Latin Reading Book, /. IS« 

Selections from Vergil and Caesar, /. 15. 

Ritchie's Preparatory Latin Reader, /. 2. 
Heatley and Kingdon's Gradatim, /. 16. 

Excerpta Facilia, /. 16. 

Taylor's Stories from Ovid, /. 19. 

Greek Reading Books. 

Heatley's Graecula, p, 22. 

Morice's Stories in Attic Greek, p. 26. 
Phillpott's Stories from Herodotus, /. 25. 

Moore's Selections from Thucydides, p, 2. 

Abbott's Selections from Lucian, p» 25. 

Moberly's Alexander the Great, /. 26. 

Sidgwick's Scenes from Greek Plays, /. 26. 

Latin and Greek Unseen Translation. 

Bennett's Easy Latin Passages, /. 16. 

Turner's Latin and Greek Passages, /. 2. 

Sargent's Latin Passages, /. 20. 

Spratt and Pretor's Latin and Greek Passages, p, 20. 

Waterloo Place, London. 
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LATIN 

New Edition^ Revised, Crown Svo. 3j. 6d. 

First Latin Writer, comprising Accidence, the Easier Rules of 
Syntax Illustrated by copious Examples, and progressive Exercises 
in Elementary Latin Prose, with Vocabularies. £jf G. L. 
Bennett, M.A., Head Master of Sutton Valence School, ' 

A Key for the use of Tutors only. 5j. 

Crown %vo, 2s, 6d, 

First Latin Exercises, Being the Exercises, with Syntax 
Rules and Vocabularies, from a " First Latin Writer.** By G. L. 
Bennett, M.A. 

Crown 8w. is, (>d, 

Latin Aooidenoe. From a "First Latin Writer.** By G. L. 
Bennett, M.A. 

Second Edition. Crown ^o, y, 6d. 

Second Latin Writer, SyO, L. Bennett, M.A., Head Master 
of Sutton Valence School, 

A Key for the use of Tutors only. $1. 

New Edition^ Revised, Crown ^o, 2s, 6d, 

Easy Latin Stories for Beginners. By g. l. bennett, 

M.A., Head Master of Sutton Valence School, With Vocabulary 
and Notes. 

A Key for the use of Tutors only. $s. 

Crown Svo, 2s, 6d. 

Second Latin Reading Book. Forming a continuation of "Easy 
Latin Stories for Beginners.** By G. L. Bennett, M.A., Hea^ 
Master of Sutton Valence School, 

A Key for the use of Tutors only. 5^. 

Small Sz/o, 2s, 

Selections from Caesar. The Gallic War. with 

Preface, Life of Caesar, Text, Notes, Gec^aphical and Bio- 
graphical Index, and Map of GauL By G. L. Bennett, M.A., 
Head Master of Sutton Valence School, 

Small ^vo, is, 6d, 

Selections from the Aeneid of Vergil, with intro- 

ductlon, Notes, &c. By G. L. Bennett, M.A., Head Master of 
Sutton Valence School, 

Waterloo Place, London. 
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l6mo. Paper covers, \s. ; or cloth, is, 4d. 

Easy Graduated Latin Passages. For Translation into 

English, for use in Schools as Unseen Pieces. Bjf G. L. Bennett, 
M. A., Jfead Master of Sutton Valence School. 

This book contains 256 pieces, the earlier portion being short sentences, the remainder 
consisting of graduated continuous pieces, including some of easy verse. 

A Key for the use of Tutors only. 31. dd. 
Small ^0, is, 6d. 

Latin Grammar and Junior Scholarship Papers, 

By J. H. Raven, M.A., Head Master of Fauconbergc School, 
Beccles, Suffolk. 

A Key for the use of Tutors only. ^s. 

Sfnall %vo. 25. 

Easy Latin and Greeli Grammar Papers. For the 

use of Public and Private Schools. Prepared by H. R. Heatley, 
M.A., Assistant Master at HiUbrow School, Rugby. 

Second Edition, Crown Svo. is. 6d. 

First Steps in Latin. By F. Ritchie, M.A., The Beacon, 
Sevenoaks, and late Assistant Master in the High School, Plymouth. 
A Key for the use of Tutors only. 3J. 6d. 

New Edition. SmcUl Svo. is. 6d, 

Gradatim. An Easy Translation Book for Beginners. With Vocabu- 
lary. By H. R. Heatley, M.A., Assistant Master at Hillbrmu 
School, Rugby, and H. N. Kingdon, B.A., Head Master of Dor- 
Chester Grammar School, 

A Key for the use of Tutors only. 5^. 

Second Edition. Sfnall Svo, 2s. 6d. 

ExCerpta Facilia. a second Latin Translation Book, containing 
a Collection of Stories from various Latin Authors, with Notes at 
end, and a Vocabulary. By H. R. Heatley, M.A., Assistant 
Master at Hillbrow School, Rugby, and H. N. Kingdon, B.A., 
Head Master of Dorchester Grammar School, 

Copies may also be had without the Vocabulary. 

A Key for the use of Tutors only. 51. 

Second Edition, Crown Sfvo, is, 6d, 

The Beginner's Latin Exercise Book. Affording Practice, 

oral and written, on Latin Accidence. With Vocabulary. By c! 
J. Sherwill Dawe, B. a., Lecturer and Assistant Chaplain at St. 
Mark^s College, Chelsea, 



Waterloo Place, London. 
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iSmo, 

LCttin I BXtS, For use in schools, &c. 

THE AENEID OF VERGIL. Books I. II. III. IV. V. VII. 
VIII. IX. 2d. each. Books VI, X. XI. XII. 3^. each. 

THE GEORGICS OF VERGIL. Books I.-IV. 2d. each. 

THE BUCOLICS OF VERGIL. 2d. 

Vergil, The BucoUcs, Georglcs, and iEneid in One Volume. 2s. 6d. 

CAESAR DE BELLO GALLICO. Books I. V. VII. VIII. 3^. each. 
Books II. III. IV. VI. 2d. each. 

Caesar De BellO GalliCO. in One Volume. IS. 6d. 

Crown Sivo. On a card, gd. 

Elementary Rules of Latin Pronunciation. By 

Arthur Holmes, M.A., late Senior Fellow and Dean of Clare 
College^ Cambridge, 

Sixth Edition. Crown Svo, p. 6d. 

Progressive Exercises in Latin Elegiac Verse. 

By C. G. Gepp, M.A., Assistant Master at Bradfield College. 
A Key for the use of Tutors only. 5^. 

Twelfth Edition.. l2mo. 2s. 

A First Verse Book. Being an Easy Introduction to the Mechan- 
ism of the Latin Hexameter and Pentameter. By Thomas Ker- 
chever Arnold, M.A. 

A Key for the use of Tutors only. is. 

Crown Svo. 

(jIlUUS, Elementary Exercises in Latin Elegiac Verse. By A. C, 
AiNGER, M.A., Assistant Master at Eton College. 

Part I. 2s. 6d. Part II. 2s. 6d. 

A Key for the use of Tutors only. 3^. 6d. 

Crown Svo. 3^. 6d. 

An Elementary Latin Grammar. Byj. hamblin smith, 

M.A., of Gonville and Caius College^ and late Lecturer in Classics at 
St. Beter's College, Cambridge. 

Waterloo Place, London. 
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Tweniy'sixth Editum, i2mo, y, 

Henry's First Latin Booli. By t. k. Arnold, m.a. 

A Key for the use of Tutors only. is. 
New EdUian, Bevisai, iimo, y, 

Arnold's Henry's First Latin Bool(. ifyc.G.GBPP,M.A., 

Assistant Master at Bradfield College, Author of ^^ Progressive Exer- 
cises in Latin Elegiac Verse/' 

A Key for the use of Tutors only. 5 j. 
Twentieth Edition, Svo, 6s. 6d, 

A Practical Introduction to Latin Prose Compo- 
sition. By Thomas Kerchever Arnold, M.A. 
A Key for the use of Tutors only, is, 6d, 

New Edition, Revised, Crown Svo. $s, 

Arnold's Practical Introduction to Latin Prose 

Composition, By G. Granville Bradley, D.D., Dean of 
Westminster, late Master of University College, Oxford, and formerly 
Master of Marlborough College, 

A Key for the use of Tutors only. 5j. 

Crown Svo, 5J. 

Aids to Writing Latin Prose. Containmjg 144 Exercises, 
with an Introduction comprising Preliminary Hints, Directions, 
Explanatory Matter, &c. By G. G. Bradley, D.D., £>ean 
of Westminster, and T. L. Papillon, M.A., Fellow and Tutor of 
New College, Oxford, 

A Key for the use of Tutors only, ^s. 

Crown %vo. 

The Aeneid of Vergil, Edited, wUh Notes at the end, by Francis 
Storr, B.A., Chief Master of Modern Subjects at Merchant Taylors* 
School, 

Books I. and II. is, 6d, Books XI. and XII. 2s, 6d. 

Small Svo, is. 6d, 

Virgil, GeOrgicS, book IV. Edited, with Life, Notes, Voca- 
bulary, and Index, by C. G. Gepp, M.A., Assistant Master at 
Bradfield College. 

Waterloo Place^ London. 
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TTiird Editi4m, Revised, Crown Sivo, 31. 6d. 

Stories from Quid in Elegiac Verse, with Notes and 

Marginal References to the "Public School Latin Primer." By 
R. W. Taylor, M.A., Head Master of Kdly College, Tavistock, 

New Edition, Revised, Crown Svo. 2s, 6d, 

Stories from Quid in Hexameter Verse. Hfeta- 

morphOSeS, with Notes and Marginal References to the " Public 
School Latin Primer." By R. W. Taylor, M.A. 

New Edition, Revised, i2mo, 2s, 6d, 

EclOgOB OuidianCB. From the Eleglac Poems. With English Notes. 
By Thomas Kerchever Arnold, M.A. 

Second Edition, Small ^0, 2s. 

Cicero de Amicitia. Edited, with introduction and Notes, by 
Arthur Sidgwick, M.A., Fellow and Tutor of Corpus Christi 
College, Oxford, 

Small Sivo. 3^. 6d, 

CcBsar, De Bello Gallico. books l-iil Edited by 

J. H. Merryweather, ^,K.,and C. C.Tancock, M.A., Assistant 
Masters at Charterhouse, 

Book I. separately, zs. 
Crown Svo, y, 6d. 

Exercises on the Elementary Principles of Latin 

Prose Composition. By]. Hamblin smith, M.A., of Con- 
ville and Caius College, and late Lecturer in Classics at St, Peter* s 
College, Cambridge, ^ ^JE.^ ^^ 

Small Svo. y. 6d.. 

LiUy. BOOK IT. Chiefly from the text of Madvig, with Notes, 
Translations, and Appendices. Edited by Henry Belcher, M.A., 
Master of the MatriculcUion Class, King^s College School, London. 

Fourth Edition. Crown Svoi 2J, 6d, 

Latin Prose Exercises. For Beginners, and junior Forms of 
Schools. By R. Provvde Smith, BiA., Assistant Master at 
Cheltenham College, 

Waterloo Place, London. 
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Crown %vo» 2s, 6iL 

Latin Passages adaptecf for Practice in Unseen 

Translation, For the use of Middle Forms of Schools. By 
J. Y. Sargent, M.A., Fel/aw and Tutor of Hertford College, 
Oxford; and Editor of " Materials and Models for Latin and Greek 
Prose Composition." 

Crown Sz/o. 

Exercises in Translation at Sight a selection of 

Passages from Greek and Latin Authors. For the use of Students. 
Arranged and translated byA,Vf, Spratt, M. A., and A. Pretor, 
M.A., Fellows of St, Catharine* s College, Cambridge, 

Vol. I. — The Original Passages. 41. 6d. 

VoL II. — The English Versions. [Now ready, 

i6mo, 

A Latin-English Dictionary for Junior Forms of 

Schools. By C. G. Gepp, M.A., Assistant Master at Bradfield 
College, [In the press. 

This work aims at supplying in a concise form and at a low price all the information 
required by bovs in Middle Class Schools, or in the Junior Forms of Public Schools. 
Archaisms (with the exception of such as occur in the most commonly read authors), 
words peculiar to Plautus, and words found only in late or ecclesiastical Latin, have been 
accordingly excluded. On the other hand, Proper Names have been briefly yet adequately 
treated in alphabetical order in the body of the work. No effort has been spared to ensure 
completeness and accuracy, all references having been verified from the latest and most 
approved editions of modem scholars. 

%vo. On a Card, is. 

Outlines of Latin Sentence Construction, By e. d. 

Mansfield, M.A., Assistant Master at Clifton College, 
Second Edition. Crown $z/o. Js. 6d, 

Classical Examination Papers. Edited, with Notes and 

References, dy P. J. F, Gantillon, M.A., Classical Master at 
Cheltenham College, 

Or, interleaved with writing-paper, half-bound, lOf. dd. 

New Edition, re-arranged, with fresh Pieces and additional References, 

Crown ^0. 6s. 6d, 

Materials and Models for Latin Prose Composition. 

Selected and arranged by J. Y. Sargent, M. A. , Fellow and Tutor 
of Hertford College, Oxford, and T. F. Dallin, M.A., laU Tutor 
and Fellow of Queen^s College, Oxford, 

A Key to Selected Pieces (i 16), for the use of Tutors only. 5j. 



Waterloo Place, London. 
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Crown Svo, 

Terenti ComcBdicB, Edued by t. l. papillon, m.a., Fduno 

and Tutor of New College^ Oxford, 
ANDRIA ET EUNUCHUS. With Introduction on Prosody. 4^. 6d. 
Or separately, ANDRIA. 31. 6/. EUNUCHUS. y. 

Crown Svo, ^s. 

JuUena/lS SatirCB. thirteen satires. EdUed by G. 
A. SiMCOX, M.A., Fellow of Queen^s College^ Oxfords 

Crown Svo, 3^. 6d, 

PerSii SatirCB. EdUed by a. Pretor, M.A., FeU<yw of SU 
Catharine^s College, Cambridge, 

Crown Svo, Js, 6d, 

Horati Opera. By J. M. Marshall, M.A., Head Master of 
Durham School, 

Vol. I.— the ODES, CARMEN SECULARE, and EPODES. 

Also separately, THE ODES. Books I. to IV. is, dd, each. 

Crown Szfo, 

Taciti HlStOriCB. Edited by W. H. Simcox, M.A., Fellow of 
. QueerCs College, Oxford, 

Books I. and II., 6f, Books III., IV., and V., 6j. 
Crown ^0, Paper cover, is, each. 

Plays of the Oratory School, Birmingham. 

TERENCE— Andria—Phormio—Pincerna. 
With English Notices to assist the representation. 



Waterloo Place, London. 
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^£w Edition^ Revised. Crown Stw, 3^. 6d, 

A Primer of Greek Grammar, with a Preface dy john 

Percival, M.A., LL.D., President of Trinity College^ Oxford; 
late Head Master of Clifton College, 

Or separately f crown 2fV0, 2s, 6d, 

Accidence* By Evelyn Abbott, M.A., LL.D., Fellow and Tutor 
of Balliol College^ Oxford; and E. D. MANSFIELD, M.A^, 
Assistant Master at CUfton College, 

Crown Siz/o. is, 6d, 

Syntax. By E. D. Mansfield, M.A., Assistant Master at Clifton 
College, 

New Edition, Crown %vo. y, 6d, 

A Practical Greeli IVIetiiod for Beginners. Being a 

Graduated application of Grammar to Translation and Composition. 
By F. Ritchie, M.A., Tke Beacon, Sevenoaks, and late Assistant 
Master at the High School, Plymouth; and E. H. MoORE, M.A., 
Assistant Master at the High School, Plymouth, 

A Key for the use of Tutors only. ^s. 

Crown &1/0. 2s, 6d. 

A UfanUal of Gree/{ Verbs, with Rules for the Formation of 
Tenses, and Tables of Verbs for Practice. By F. Ritchie, M.A., 
The Beacon, Sevenoaks, and IcUe Assistant Master at the High 
School, Plymouth ; and E. H. MoORE, M. A., Assistant Master at 
the High School, Plymouth, 

Small ^0, is, 6d. 

GraeCUla. a First Book of Greek Translation. Rules, Short Sen- 
tences, Stories for Translation, and a Vocabulary. By H. R. 
Heatley, M.A., Assistant Master at HUlbrow School, Rugby, 

A Key for the use of Tutors only. 5^ . 
Small %vo. 2s. 

Easy Latin and Greek Grammar Papers. For the 

use of Public and Private Schools. Prepared by H. R. Heatley, 
M. A., Assistant Master at Hillbrazv School, Rugby. 

Waterloo Place^ London. 
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New Edition, Revised, Crown Svo. ^s, 6d» 

A First Greek Writer. By Arthur Sidgwick, M.A., Felhw 
and Tutor of Corpus Christi College, Oxford ; late Assistant Master 
at Rugby School, and Fellow of Trinity College, Cambridge, 

A Key for the use of Tutors only. 5^. 
Fourth Edition, Revised. Crown ^o. 5^. 

An Introduction to Greek Prose Composition, with 

Exercises. i6> Arthur Sidgwick, M.A. 

A Key for the use of Tutors only, ^s. 

Second Edition, Reidsed, Crown ^0. ^s. 

An Introduction to Greek Verse Composition, with 

Exercises. By Arthur Sidgwick, M.A., Fellow and Tutor of 
Corpus Christi College, Oxford; and F. D. MORICE, M.A., 
Assistant Mastei' at Rugby School, and Fellow of Queen* s College, 
Oxford, 

A Key for the use of Tutors only. 5J. 

Sixth Edition. i2mo. ^s. 

Tlie First Greek Book. On the plan of Benty's First Latin 
Book. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only. \s. 6d, 
Neiv Edition, Revised, Crown %vo. y, 6d, 

Arnold's First Greek Book. By francis david morice, 

M.A., Assistant Master at Rugby School, and Fellow of Queen* s 
College, Oxford. 

A Key for the use of Tutors only. 5^. 
Cloth limp, Svo. 6d. 

Elementary Card on Greek Prepositions. By Rev. 

E. Priestland, M.A., Spondon House School, Derbyshire, 

Crown Svo, gd, 

A Short Greek Syntax. Extracted from « Xenophon^s Anabasis, 
with Notes." By R. W. Taylor, M.A., Ifead Master of Kelly 
College, Tavistock. 



Waterloo Place, London. 
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A Syntax of Attic Greek for the use of Students 

and Schools. By F. E. Thompson, Bi. A., Assistani Master at 
Marlborough CoU^c 

Third Edition. Imperial i6mo. &r. 6d. 

Maduig 's Syntax of the Greek Language, especially 

of the Attic Dialect For the use of Schools. JSdited by 
Thomas Ke&chever Arnold, M.A. 

TaUh Edition, ^oo, 51. 6^1 

A Practical Introduction to Greek Accidence. By 

Thomas Kerchever Arnold, M.A. 

Fourteenth Edition. Snw. 51. 6d. 

A Practical Introduction to Greek Prose Com- 
position. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only. is. 6d, 
New Edition^ Revised. Croum Svo. y. 6d. 

Arnold's Practical Introduction to Greek Prose 

Composition. By Evelyn Abbott, M. A., LL.D., Fellow and 
Tutor ofBalUol College, Oxford. 

A Key for the use of Tutors only. ^. 6d. 
Crown ^oHf, 4s. 6d» 

Elements of Greek Accidence: By evelyn abbott, 

M.A., LL.D., Fellow and Tutor o/BalUol College, Oxford. 

Crown Sz/o. 4J. 6d. 

An Elementary Greek Grammar. By j. hamblin 

Smith, M.A., of Gonville and Caius College, and late Lecturer in 
Classics at St, Peter* s College, Cambridge. 

Cloth Kmp, 9/z/o. is, 

A Table of Irregular Greek Verbs, classified 

according to the arrangement of Crusius^s Qreek 

Grammar. By Francis Storr, B.A., Chief Master of Modern 
Subjects at Merchant Taylori School^ and late Assistant Master at 
Marlborough College, 

Waterloo Place, London. 
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Crown Svo, 

Exercises in Translation at Sight, a sciectiwi of 

Passages from Greek and Latin Authors. For the use of Students. 
Arranged and Translated by K. W. Spratt, M.A,, and h, Pretor, 
M. A., Fellows of SU Catharine's College, Cambridge. 

Vol. I. — The Original Passages. 45. 6^. 
Vol. IT. — The English Versions. 

Crown Sz/o, Is. 6d, 

Etyma GrfleCa, An Etymological Lexicon of Classical Greek. 
By E. R. Wharton, M.A., lecturer and late Fellow 0/ Jesus 
College^ Oxford, 

Second Edition. Crown Svo. Js. 6d. 

Classical Examination Papers. Edited, with Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltenham College. 

Or interleaved with writing-paper, half-bound, lor. 6^. 

Second Edition^ containing fresh Pieces and additional References. 

Crown Svo. $s. 

Materials and Models for Greek Prose Composition. 

Selected and arranged by]. Y. Sargent, M.A., Fellow and Tutor 
of Hertford College^ Oxford; and T. F. Dallin, M.A. 

A Key to Selected Pieces (92), for the use of Tutors only. 7J. 6^?, 

Crown Svo. 2s. 

lophon : An Introduction to the Art of Writing 

Greek Iambic Verses. By the writer of "Nuces" and 

"LucretiUs." 

Fifth Edition. Crown S(vo. is, 6d, 

Stories from Herodotus. The Tales of Rhampslmtus and 
Polycrates, and the Battle of Marathon and the Alcmaeonidae. In 
Attic Greek. Edited by J. Surtees Phillpotts, M.A., Ifead 
Master of Bedford Grammar School. 

New Edition^ Revised. Small Svo. y. 6d. 

Selections from LuCian. with English Notes. ^^^Evelyn 
Abbott, M.A., LL.D., Fellozvand Tutor of Balliol College, Oxford, 



Waterloo Place, London- 




Scenes from Greek Plays, rugby edition. 

Abridgid and ada^td for the tut of Schools. *^ Arthur. Sidcwick, 



Aristophanes. 

THE CLOUDS. THE FROGS. THE KNIGHTS. PLUTUfe. 

Euripides. 

IPHIGENIA IN TAURIS. THE CYCLOPS. ION. 
ELECTRA. ALCESTIS, BACCH^. HECUBA. 



Fourth Edititm. Crcmm Smj. 3*. 6d. 
Stories in Attic Greek. Fonnmg a Greet Reading Book for 
the use of Junior Forms in Schools. With Notes and Vocabulary. 
By Francis David Morice, M.A., Assistant Master at Ra^iy 
Sckaol, and Ftllirif of Quan's College, Oxford. 

New EdiHen. Croum %ve. 
The Anabasis of XenOphOn. EdUed, with Preface, intro- 
duction. Historical Sketch, Ilinerary, Syntax Rules, Notes, Indices, 
Vocabularies, and Maps, byV.. W. Tavlor, M.A., Head Master of 
Kitly CoUege, Tafistoct/md late Fdlsm of St. Johiis CoUege, Cam- 

BoOKS I. and 11. 31. 6d. Books III. and IV. 31. 6rf. 
Also separately, Book I., 21. 6d. ; Book II., ai. 
CroamSvo. 3s. 6d. 
XenOphOn'S AgesilaUS. EdU/d, witt syntax Rules, ana Refer- 
ences, Notes, and Indices, by R. W. Tavlor, M.A. 

Second Edition, Small Sve. 2J. 

Xenophon's Memorabiiia. book l, with a few omissions. 

Edited, with on Introduction and Notes, by C. E. Moberly, M.A, 
formerly Seholar of Baliiol College, Oxford. 

New Edition. Small 8mj. 3s. 

ander the Great in the Punjaub. Adapted bm 

Arrian, Book V. An Easy Greek Reading Book. Edited, witii 
Notes and a Map, l-y C. E. Mobeexv, M..&., formerly Schiiar 
of Baliiol Collige, Oxford. 




EDUCATIONAL LIST. 



I^mer'S Iliad. EdUcd. willi Notes at the end for the Use of Junior 
^ Students, by Akthub SidgWICk, M.A., Fetlam of Corpus Chrisd 
K Cclltgc, Oxford; late Assistant Malta- at Sugiy School, and Pdlmu 
\ of Trinity College, Cambridgt. 
B Books I. and II. as, td. 

on 



Book XXII. ij. 6d. 



*Omer without a Lex/con, for Beginners, iliad, 

Book VI. Edited, with Notes giving tlie meanings of all the less 
common words, iyj. Surtbes Phillfotts, M.A., HeadMasteraf 
Bedford Grammar School. 

Fifth Edition. \zmo. 31. ^d. 

Homer for Beginners, iliad, eooks 1.-111. wiih English 

Notes. By Thomas Kerchever Arnold, M.A. 
Fifth Edition. l2mo. I2s. 

The Iliad of Homer. with English Notes and Grammatical 
References. By Thomas Kerchever Arnold, M.A. 



The Iliad of Homer. books I.-Xll. From the Text of 
Dindorf. With Preface and Notes. By S. H. Eevnolds, M.A., 
late FtUsai and Tutor of Brasencse ColUge, Oxford. 



Myths of the Odyssey in Art and Literature. 

Illustrated with Outline Drawings. By J. E. Harrison. 
New Edition, iz/hk, gs. 

A Complete Greek and Enalish Lexicon for 
the Poems of Homer and the HomeridcB, By G. 

Ch. CKUiius. Translated from the German. Edited by T. K. 
' Arnold, M.A. 

Cra-jjH %ve. 41. bd. 

Isocratis Orationes. ad demonicum et panegyricus. 

Edited by John Edwin Sandvs, M.A., Fclleai and Tutor of St. 
John's College, Cambridge, and Public Orator of the Uni-oersi/y. 



Waterloo Place, London. 
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9tf9, i6f. 

Hellenica. A Collection of Eaaai/s on Qreeh Poetrg, 
Philosophy, History, and Religion. EdUed by Evelyn 

Abbott, M.A., LL.D., Fellow and Tutor of Balliol College^ Oxford. 

CONTKNTS. — ^Aesch}^us. E. Myers. M.A.— The Theolocy and Ethics of Sophocles. 
E. Abbott, M.A., LL.O. — Sjrstem of Education in Plato's Republic R. L. Nettleship, 
M.A. — ^Aristotle's Omception of the State. A. C. Bradley, m.a. — Epicurus. W. L. 
Courtney, m.a.— The Speeches of Thucjrdides. R. C Jebb. m. a.,lx.o.— ^Luiophon. H. G. 
Dakyns, M.A.~P6lybias. J. L. S. Davidson, m.a.— Greek Grades. F* W. H. Myers, M.A. 

8zv. I&r. 

The Antiquities of Greece, the state. TrmsUttedfrDm 

the German of G. F. Schoemann. By £. G. Hardy, M.A., 
Head Master of the Grammar School, Grantham; and J. S. Mann, 
M.A., Fellow of Trinity College, Oxford. 

Crown $vo, 

Herodoti Historia. EdUed ^ h, g. woods, ma., Feiurw 

of Trinity Collage, Oxford. 

Book I. 6s. Book IL ^. 

i2mo. 

Demosthenes. Edited, with English Notes] and Grammatical 
References, iy Thomas Kerchever Arnold, NLA. 

OLYNTHIAC ORATIONS. Third Edition, y. 

ORATION ON THE CROWN. Second Edition. 4s. 6d. 

Crown $vo. $s. 

Demosthenis Orationes Priuatce. de corona. 

Edited by Arthur Holmes, M.A., late Senior Fellow and Dean 
of Clare College, Cambridge. 

Crown Svo. 

Demosthenis Orationes Publicce. Edited by g. h. 

Heslop, M.A., late Fellow and Assistant Tutor of QueerC s Coll^, 
Oxford ; Head Master of St. Bees. 

OLYNTHIACS, 2s. 6d. \ ^^ . ^„^ v^in«»o ac (^ 
PHIUPPICS, y. \ ""^^ "^ ^°^ Volume, 4^. 6^. 

DE FALSA LEGATIONE, 6s. 

Crown $ZHf. , 

Aristophanis ComoBdicB. Edited by w. c. green, m.a., 

late Fellow of Kin^s College, Cambridge; Assistant Master at 
Rugby School. 

THE ACHARNIANS and THE KNIGHTS. 4J. 

THE CLOUDS, y. 6d. THE WASPS, y. 6d. 

Waterloo Place, London. 
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Second EdUion^ Revised and Enlarged, Crown ^vo. los, 6d, 

An Introduction to Aristotle's Ethics, books liv. 

(Book X., c. vi.-ix. in an Appendix). With a Continuous Analysis 
and Notes. Intended for the use of Beginners and Junior Students. 
By the Rev. Edward Moore, B.D., Principal of St, Edmund Hall, 
and late Fellow and Tutor of Queen* s College, Oxford, 

Second Edition. Crown ^o, 5^. 6d, 

Selections from Aristotle 's Organon. Edited by John 

R. Magrath, D.D., Provost of Queen's College, Oxford. 

izmo, 

Sophocles. Edited by T. K. Arnold, M.A., Archdeacon Paul, 
and Henry Brown, M. A. 

AJAX. y. OEDIPUS TYRANNUS. 4^. 

Crown Sz/o. 

Sophoclis TragoBdicB. Edited by r. c. jebb, m. a., ll.d., 

Professor of Greek at the University of Glasgow, late Fellow and 
Tutor of Trinity College, Cambridge, 

ELECTRA. 3J. 6^. AJAX. is. td. 

Crown ?ajo. %s. 6d, 

Sophocles. Translated into English Verse, -ffy Robert Whitelaw, 
M.A., Assistant Master in Rugby School ; late Fellow of Trinity 
College, Cambridge, 

Crown Svo, 6s, 

ThuCydidiS Historia. books I. and II. EdUed by Charles 
Bigg, D.D., IcUe Senior Student and Tutor of Christ Church, 
Oxford ; formerly Principal of Brighton College, 

Crown Sivo. 6s. 

Thucydidis Historia. books hi. and iv. Edued byG.A. 

SiMCOx, M.A., Fellow of Queen's College, Oxford. 

Sixth Edition. &1/0. 2ls. 

A Copious Phraseological English-Greek Lexicon. 



Founded on a work prepared by], W. Fradersdorff, Ph.D., late 
Professor of Modem Languages, Queen^s College, Belfast, Revised, 
Enlarged, and Im^oved by Thomas Kerchever Arnold, M.A., 



Professor of Modem Languages, Queer^s College, Belfast, Revised, 
~ irged, and Imjproved by T¥. 
and HENRY Browne, M.A. 

Waterloo Place, London, 
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7%ird Edition, Crown $vo, 2s, 6d, 

Short Notes on the Greek Text of the Gospel of 

8t Mark. By J. Hamblin smith, M.A., of Gonville and 
Caius College^ Cambridge, 

Crown 9ivo, 4s, 6d, 

Notes on the Greek Text of the Acts of the 

Apostles. By J, Hamblin Smith, M.A., of Gonville and Cams 
College^ Cambridge, 

Crown Svo, 6s, 

Notes on the Gospel According to S. Luke. 

By the Rev. Arthur Carr, M.A., Assistant Master at Wellington 
Collie f late Fellow of Oriel College^ Oxford, 

Neiv Edition. 4 vols, Sfz/o, 102s, 

The Greek Testament with a Cntically Revised Text; a 
Digest of Various Readings ; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical 
Commentary. For the use of Theological Students and Ministers. 
By Henry Alford, D.D., late Dean of Canterbury. 

The Volumes are sold separately, as follows : — 

Vol. I.— THE FOUR GOSPELS. z%5. 
Vol. II.— ACTS TO 2 CORINTHIANS. 24?. 
Vol. III.— GALATIANS to PHILEMON. \%5, 
Vol IV.— HEBREWS to REVELATION. 32J. 

' New Edition, 2 vols. Imperial ^0, 60s, 

The Greek Testament, with Notes, introductions, and index. 
By Chr. Wordsworth, D.D., Bishop of Lincoln, 

The Parts may be had separately, as follows : 

THE GOSPELS. i6x. 

THE ACTS. &. 

St. PAUL'S EPISTLES. 23X. 

GENERAL EPISTLES, REVELATION, and INDEX. i6j. 

Waterloo Place, London. 
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CATENA CLASSICORUM 

Crown %vo, 

Aristophanis Comoediae, By w. c. Green, m.a. 

THE ACHARNIANS AND THE KNIGHTS. 4f. 
THE WASPS, y, 6d. THE CLOUDS. 3j. 6d, 

Demosthenis Orationes Publicae. By G. H. Heslop, m. a. 

THE OLYNTHIACS. 2s. 6d.\^^ . n«-v«i„«>« .. /;v 
THE PHILIPPICS. 3^. / ''^' "" ^""^ Volume, ^. 6d. 

DE FALSA LEGATIONE. 6s. 

Demosthenis Orationes Privatae. By A. Holmes, m.a. 

DE CORONA. 5J. 

Herodoti Historia. By H. G. Woods, m.a. 

Book I., 6s, Book II., $s, 

Homeri Ilias. By S. H. Reynolds, M.A. 

Books I. -XII. 6s, 

Horati Opera. By], M. Marshall, M.A. 

THE ODES, CARMEN SECULARE, and EPODES. ^s, 6d, 
THE ODES. Books I. to IV. separately, is, 6d. each. 

ISOCratiS Orationes. ^;/ John Edwin Sandys, M.A. 
AD DEMONICUM ET PANEGYRICUS. 4j. 6d, 

Juvenalis Satirae. By G. A. Simcox, m.a. 5^. 
Persii Satirae. By A. Pretor, m.a. y, 6d, 
Sophoclis Tragoediae. By R. c. Jebb, m.a. 

THE ELECTRA. 3^. 6d, THE AJAX. y, 6d, 

Taciti Historiae. By w. H. Simcox, m.a. 

Books I. and II., 6s, Books III. IV. and V., 6s, 

Terenti ComcBdise. By T. l. Papillon, m.a. 

• ANDRIA AND EUNUCHUS. With Introduction on 
Prosody. 4^.6^. Qt separately, 
ANDRIA. With Introduction on Prosody, y, 6d, 
EUNUCHUS. 3^. 

Thucydidis Historia, 

Books I. and II. By Charles Bigg, D.D. 6s, 
Books III. and IV. By G. A. Simcox, M.A. 6s, 

Waterloo Place, London. 
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DIVINITY 

^ew and Raised Editions. Sntall Ssw. y, 6d, each. Sold separately. 

Manuals of Religious Instruction. Edued by 

John Pilkington Norris, D.D., Archdeacon qf Bristol, 

The Old Testament. | The New Testament. 

The Prayer Book. 

Cheap Edition, Small 9a/o, is. 6d, each. 

Keys to Christian Knowledge. sytA^K^v.j.a. 

Blunt, D.D., Editor of the "Annotated Book of Common Prayer." 



The Holy Bible. 
The Book of Common 
Prayer. 



The Church Catechism. 
Church History, Ancient. 
Church History,Modern. 



J?y John Pilkington Norris, D.D., Archdeacon of Bristol. 

The Four Gospels. | The Acts of the Apostles. 



l%fno. \s. 6d. 

Easy Lessons Addressed to Candidates for Con- 
firmation. By J. P. Norris, D.D., Archdeacon of Bristol. 

New Edition. Small Svo. is. 6d. 

A Manual of Confirmation. By edward meyrick goul- 

BURN, D.D., Dean of Norwich. 

Crown Svo, Js, 6d, 

Some Helps for School Life, sermons preached at ciifton 

College, 1862-1879. By J. Percival, M.A., LL.D., President of 
Trinity College^ Oxford^ and late Head Master of Clifton College, 

Crown ^0. 5j. 

Modern Laodiceans and other Sermons, chiefly 

preached to Bradfield Boys. By the Rev. H. B. Gray, M.A., 
Warden of Bradfield College. Berks, 

Crown Svo. is. Cloth limp, is. 6d. 

Study of the Church Catechism. Adapted for use as a 

Class Book. By C. J. Sherwill Dawe, M.A., Lecturer and 
Assistant Chaplain at St. Mark's College, Chelsea. 

Waterloo Place, London. 
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New Edition^ Small ^vo» $s, 6d, 

Household . Theology, a Handbook of Religious Information 
respecting the Holy Bible, the Prayer Book, the Church, the 
Ministry, Divine Worship, the Creeds, &c. &c By the Rev. John 
Henry Blunt, D.D., F.S.A. 

Second Edition^ Rezdsed, Croivn ^vo. 7 j. 6d, 

Rudiments of Theology, a First Book for students. By 
John Pilkington Norris, D.D., Archdeacon of Bristol, 

i6mOf is, 6d, ; Paper Covers^ is, ; or in Three Paris, 6d, each. 

The Young Churchman's Companion to the Prayer 

Book. By the Rev. J. W. Gedge, M.A., Diocesan Inspector of 
Schools for the Archdecu:onry of Surrey, 

Part I.— MORNING and EVENING PRAYER, and LITANY. 
Part II.— BAPTISMAL and CONFIRMATION SERVICES. 
Part III.— THE HOLY COMMUNION. 

Second Edition, Large type, 2^0, is. 

Prayers for a Young Schoolboy. By the Rey,E,B.TvsEY, 

D.D. Editedy with a Preface, by H. P. LiDDON, D.D., Canon 
Residentiary of St, PauVs, 

Second Edition, i%mo, is, 6d, 

The Way of Life, a Book of Prayers and Instruction for the 
Young at School. With a Preparation for Holy Communion. 
Com fled by a Priest. Edited by the Rev. T, T. Carter, M. A. 

l(imo, 2s, 6d, 

A Plain Exposition of the Thirty-nine Articles of 

the Church of England. For the use of Schools. By the 
Rev. William Baker, D.D., Head Master of Merchant Taylors^ 
School^ and Prebendary of St. Paulas, 

Crown l6mo. Cloth limp, is, 6d, 

A Manual of Deuotion, chiefly for the Use of 

Schoolboys, By William Baker, D.D., Head Master of 
Merchant Taylori School, With Preface by J. R. Woodford, D.D., 
Lord Bishop of Ely, 

Waterloo Place, London. 
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GERMAN 

New EdiHoftf Revised, 4/^. 3^. 6d, 

A German Accidence for the Use of Schools. 

By J. W. J. Vecqueray, Assistant Master at Rugby School, 

Crown ^0. 2s, 

First German Exercises. Adapted to Vecqueray's " German 
Accidence for the Use of Schools." By E. F. Grenfell, M.A., 
iate Assistant Master at Rugdy School, 

Crown Svo, 2s. 6d. 

German Exercises. Part II. with Hints for the Translation 
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M. A., late Assistant Master at Rugby School, 

New Edition. Crown %vo, 4s. 6d. 

Selections from Hauff's Stories, a First German 

Reading Book. Edited by W. E. Mullins, M. A. , Assistant Master 
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Also, separately, crown ^0. 2s, 

Kalif Stork and The Phantom Crew. 

Eighth Edition. i2mo. $s. 6d, 

The First German Book. By t. k. Arnold, m.a., and 

J. W. Fradersdorff, Ph.D. Key, 2s. 6d. 

Second Edition, Crown Svo, 2s. 6d, 

LeSSing'S Fables. Arranged in order of difficulty. A First 
German Reading Book. By F. Storr, B.A., Chief Master of 
Modern Subjects in Merchant Taylors* School, and late Assistant 
Master in Marlborough College. 

Crown Svo. Js. 6d, 

Goethe's Faust, part I. Text, with English Notes, Essays, and 
Verse Translations. By E. J. Turner, M.A., and E. D. A. 
Morshead, M. a., Assistant Masters at Winchester College. 

Waterloo Place, London. 



FBEirOH.] EDUCATIONAL LIST. 35 



FRENCH 

Crown Siz/o» 

Exercises in French Syntax, with Rules. By g. 

Sharp, M.A., Assistant Master at Marlborough College. 

Crown Svo, 

Passages for Unseen French Translation. By 

C. H. Parry, M.A., Assistant Master at Charterhouse, 
New Edition, Small Svo, 2s, 

A Graduated French Reader wuh an introduction on 

the Pronunciation of Consonants and the Connection of Final 
Letters, a Vocabulary, and Notes, and a Table of Irregular Verbs 
with the Latin Infinitives. By Paul Barbier, Professor at Uni- 
versity College^ Cardiff, 

Crown ?ajo. 

The Campaigns of Napoleon, The Text {in French) from 
M. Thiers* "Histoire de la Revolution rran9aise," and "Histoire 
du Consulat et de 1' Empire." Edited^ with English Notes and 
Maps, for the use of Schools, by Edward E. Bo wen, M.A., 
Master of the Modem Side, Harrow School, 

ARCOLA. 4J. ed, MARENGO. 4J. 6d, 

JENA. 3J. 6d, WATERLOO. 6s, 

New Editions, Crown Svo, 3^. 6d, each. 

Selections from Modern French Authors. Edited, 

with English Notes and Introductory Notice, by Henri Van Laun, 
Translator of Taine*s " History of English Literature." 

HONORS DE BALZAC. H. A. TAINE. 

Small Svo, 2s, 

La Fontaine's Fables, books i. and ii. Edited, with 

English Notes at the end, by Rev. P. Bowden-Smith, M.A., 
Assistant Master at Rugby School, 

Sixth Edition, i2mo, 5 J. 6d, 

The First French Book. By t. k. Arnold, m.a. 

Key, 2j. dd, 

Waterloo Place, London. 
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MISCELLANEOUS 

IViUA Maps, Small &i/o. 

A Geography, Physical, Political, and Descriptive. 

For Beginners. By L. B. Lang. Edited by the Rev. M. 
Creighton, M.A., LL.D., late Fellow and Tutor of Merton College^ 
Oxford, 

Vol. L the BRITISH EMPIRE. 2j. 6</. 
Part I. Thb British Isles, is. 6d. Part II. The British Possessions, zs. 6d. 

Vol. II. THE CONTINENT OF EUROPE, y. 

Vol. III. ASIA, AFRICA, AND AMERICA. 3j. 

Small ^0, 25, 6d, each part. 

Modern Geography for the Use of Schools. 

By C. K MOBSRLY, M.A., formerly Scholar of Balliol College^ 
Oxford, 

Part I. NORTHERN EUROPE. 

Part II. THE MEDITERRANEAN & ITS PENINSULAS. 

Crown Svo, 3j. 6d, 

At Home and Abroad ; or, First Lessons in 

Geography. By j, k. laughton, m. a., f.r.a.s., f.r.g.s., 

Mathematical Instructor and Lecturer cU the Royal Naval College, 
Second Edition, Crown Svo, 2s, 6d, 

The Chorister's Guide. By w. a. barrett, mus. Bac. 

Oxen., Vicar Choral of St, PauVs Cathedrcd^ Author of " Flowers 
and Festivals," dr»f. 

Crown Svo, 2s, 6d, 

An Introduction to Form and Instrumentation. 

For the use of Beginners in Composition. By W. A. Barrett, 
Mus. Bac Oxon., Ficar Choral of St, Paul's Cathedral, 

Seventh Edition, Revised, \2mo, 'js, 6d, 

The First Hebrew Book. By t. k. Arnold, m.a. 

Key, 3j. 6d, 

Waterloo Place, London. 
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By y. Hamblin Smith. 

Elementary Algebra. Small %(vo, y. Without Answers, 2s, ed. 

Key to Elementary Algebra. Crawn Svo, gs. 
Exercises on Algebra. Small ^o, 2s, 6d. 
Arithmetic, smaii ^0, 3^. 6d, 
Key to Arithmetic. Crawn Svo, gs. 
Elements of Geometry. SmaiiSvo, 3s. 6d. 

Books I. and II., limp cloth, price is, 6d,, may be had separately. 

Key to Elements of Geometry. Crown &vo, Ss, 6^. 

Trigonometry. Smaii Sm, 4s. 6d. 

Key to Trigonometry. croTvn Svo, 7s. 6d. 

Elementary Statics, smaii Svo, y. 

Elementary Hydrostatics. Small Svo, y. 

Key to Elementary Statics and Hydrostatics. Crown 

Svo, 6s, 

Book of Enunciations for Hamblin Smith's Geometry, Al- 
gebra, Trigonometry, Statics, and Hydrostatics. Small Svo, is. 

An Introduction to the Study of Heat. Small Svo, ss. 

Latin Grammar. Crown Svo, ss. 6d. 

Exercises on the Elementary Principles of Latin 

Prose Composition. Crown Svo, 3J. 6d. 

Key to Exercises on Latin Prose Composition. 

Crown Svo, $s. 

An Elementary Greek Grammar. Crown Svo, 4s. 6d. 

The Rudiments of English Grammar and Compo- 
sition. Crown Svo, 2s, 6d. 

Notes on the Greek Text of the Acts of the Apostles. 

Crown Svo, 4s. 6d. 

Notes on the Greek Text of the Gospel of St. Mark. 

Crown Svo, 2s, 6d. 

Waterloo Place, London. 
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By Arthur Stdgwick. 
An Introduction to Greek Prose Composition. 

Crown $v(ff 5j. A Key, y. 

An Introduction to Greek Verse Composition. 

CroTvn Sz/o, ^s, A Key, 5j. 

A First Greek Writer. Crawn Svo, jj. 6d. A Key, sj. 
Cicero de Amicitia. Sma/i ^o, 2s. 

Homer's Iliad, SmaliSvo. books L andll., 2J. 6d. BOOK 
XXI., IS. 6d. BOOK XXII., is. 6d. 

Scenes from Greek Plays. Smaii Svo, each \s, ea. 

ARISTOPHANES : The Clouds, The Frogs, The Knights, Plutus. 
EURIPIDES : Iphigenia in Tauris, The Cyclops, Ion, Electra, 
Alcestis, Bacchse, Hecuba. 

By George L. Bennett. 

First Latin Writer, Cr<ywn Svo, y. 6d. A Key, sj. 

First Latin Exercises. Crawn 8«/^, 2s, 6d. 

First Latin Accidence. Crawn Svo, is. 6d, 

Second Latin Writer. Crcmm 8w, y. 6d. A Key, 5^. 

Easy Latin Stories for Beginners. Cr.%vo, 2s. 6d. A Key, 5^. 

Viri lUustres Urbis Romae, Small Svo. 

Second Latin Reading Book. cr. Svo, 2s, 6d. A Key, sj. 

Selections from Caesar. The Gallic War. Small Svo, 2s. 

Selections from Vergil. Smaii ^0, is. 6d. 

Easy Unseen Latin Passages. i6mo, is. A Key, 3^. &/, 

By R. W. Taylor. 

Xenophon'S Anabasis. Crcmn Svo. Books I. and IL, 3J. 6d. ; 
III. and IV., 3J 6d. Also separately, Book I., 2s. 6d. II., 2s. 

Xenophon'S Agesilaus. Crawn ^0, 2s. 6d. 

A Short Greek Syntax. Crmvn 8w, gd. 

Stories from Ovid in Elegiac Verse. Crcnvn 8w, 3^. 6d. 

Stories from Ovid in Hexameter Verse, metamor- 
phoses. Crcnvn %vo, 2s. 6d. 

Scott's Lady of the Lake. Forming a Volume of the " EngKsh 

School Classics." Small Svo^ 2s.; or in Three FartSf each gd. 
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